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Abstract. For a two-dimensional curved waveguide, it is well known that the spectrum
of the Dirichlet Laplacian is unstable with respect to waveguide deformations. This
means that if the waveguide is a straight strip then the spectrum of the Dirichlet
Laplacian is purely essential. From the other hand, the perturbation of the straight strip
produces eigenvalues below the essential spectrum. In this paper, the Dirichlet—Laplace
operator with a magnetic field is considered. We explicitly prove that the spectrum
of the magnetic Laplacian is stable under small but non-local deformations of the
waveguide.
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1. INTRODUCTION

It has long been known that an appropriate bending of a two dimensional quantum
waveguide induces the existence of bound states, [8, 9] and [5]. From a mathematical
point of mathematical point of view, this means that the Dirichlet Laplacian on
a smooth asymptotically straight planar waveguide has at least one isolated eigenvalue
below the threshold of the essential spectrum. Similar results have been obtained for
a locally deformed waveguide, which corresponds to adding a small “bump” to the
straight waveguide, see [4] and [2]. As a result at least one isolated eigenvalue appears
below the essential spectrum for any nonzero curvature, satisfying certain regularity
properties.

As is well-known, that a magnetic field, even a local one, can significantly affect the
behaviour of waveguide systems, in particular the existence of a geometrically induced
discrete spectrum. While a particle confined in a fixed-profile tube with a hard-wall
boundary can exist in localized states whenever the tube is bent or locally deformed
(and asymptotically straight), cf. [7] for a comprehensive review of quantum waveguide
theory, the presence of a local magnetic field can destroy such a discrete spectrum.
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The analogous effect of bound state existence resulting from the geometry of the
interaction support has been observed is a class of singular Schrédinger operators,
usually dubbed leaky quantum wires, with attractive contact interaction supported by
a curve [7]. It was established in [1] that the presence of a local magnetic field can again
destroy such a discrete spectrum. Another similar result has been established in [3],
where the authors consider the magnetic Schrédinger operator with a non-negative
potential supported over a strip which is a local deformation of a straight one, and
the magnetic field is assumed to be nonzero and local. The object of our interest in
this paper will be the magnetic Dirichlet Laplacian, which is constructed as follows.
Consider the closed quadratic form

||(ZV+A)UHL2(Q)7 u € H(l)(Q)7

where the real-value function A is a vector potential.

By the first representation theorem [10] there is a unique nonnegative self-adjoint

operator

Hq(A) = (iV + A)? (1.1)
associated with this form. In the case studied in this work the boundary of € is smooth,
and the magnetic field is compactly supported which allows us to define the domain
of the operator (1.1) as H}(Q) N H2(Q).

Our main results are presented in Section 3. Here we prove the stability of the
essential spectrum of the operator (1.1) with respect to the situation when the strip is
a smooth asymptotically straight planar waveguide and the magnetic field is non-zero
and vanishing at infinity. We also give a sufficient condition for the absence of the
discrete spectrum. Let us mention that the similar results have been obtained in [6],
but the authors in that work deal only with compactly supported perturbations of the
straight tube. In the present work it has been shown that the vanishing and non-zero
magnetic field can destroy the discrete spectrum even if the perturbation of the tube
is not local.

2. CURVED WAVEGUIDES

The domain 2 studied in our paper is assumed to be a curved planar strip of a width d.
Its points are described by the curvilinear coordinates s € R, u € (0, d) as follows:

x=z(s,u) = a(s) — u.l')(s), 2.1)
y = y(s,u) = b(s) + uas),

where dot marks the derivative with respect to s and a,b are sufficiently smooth
functions characterizing the reference curve I' = {(a(s),b(s)) : s € R}. We assume

a(s)? 4 b(s)? =1, (2.2)

so s is the arc length of T', and u € (0,d) is the distance of the point (z,y) from T
It is useful to introduce the signed curvature y(s) of T,

7(s) = b(s)ils) — a(s)b(s). (2.3)
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The characterization of the region (2.1) by the curvilinear coordinate only makes
sense if the latter can be uniquely defined, which imposes two different restrictions.
First, the transverse size must not be too large, the inequality d|vy(s)| < 1 must hold
at every point of the curve. In addition, the region €2 does not intersect itself. For
obvious reasons, €2 is called a curved quantum waveguide.

Let us create the following identity that we will use later. Given (2.3) and (2.2)
we have

= (b)i(s) - als)b(s)) . (2.4)
= a(s)? — a(s)?a(s)” + b(s)?a(s)® — 2a(s)b(s)b(s)a(s)-
With respect to identity (2.2), we have
a(s)a(s) + b(s)b(s) = 0. (2.5)
Therefore, (2.4) implies
1(s)* = i(s)* — b(s)*b(s)* + b(s)?a(s)® + 2b(s)*b(s)* = a(s)® + b(s)?. (2.6)

During our work will need the following conditions:

(a)
B
14 s2’

@) ()l )] [77(s)] <

where 8 > 0 is some constant to be described later.
(b) Suppose that the magnetic vector potential A(x,y) = (a1(z,y), az(z,y)) is such

that for j = 1,2 the functions a;, %, %‘;j vanish for large values of x.

sEeR,

3. MAIN RESULTS

We shall establish the stability of the essential spectrum and the absence of the
discrete spectrum below the threshold of the essential spectrum of the operator (1.1)
defined on an asymptotically straight curved waveguide under the assumptions (a)
and (b). Let us start with the absence of the discrete spectrum due to a non-zero
magnetic field. Before stating the result, it is useful to mention that later we shall show
that the essential spectrum of the operator (1.1) coincides with the half-line [Z—z, oo).

3.1. ABSENCE OF THE DISCRETE SPECTRUM

Theorem 3.1. Let B = rot(A) € C*(R?) be a real-valued magnetic field which is
non-trivial in Q. Assume that assumptions (a) and (b) hold. There exists a positive
number By such that for 8 € (0, By) the discrete spectrum of the operator (1.1) below

g—j is empty.
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Proof. Let us denote by ¢ the quadratic form of the operator (1.1). Then

Oy 2
a0 (p) = / ( ) da dy,
Q
where A = (a1, a2).

2
) 0y
11— + algo‘ + [t=— tazp
Ox
We shall restrict ourselves from the beginning by the requirement

dy

1

BO<E

which guarantees that

14 uy(s) >1—dBy > 0.
Define the unitary operator
U:L*(Q) — L*(Q), Q=R x(0,d),
which for any ¢ € L?(Q2) acts as
U(s,u) == (Up)(s,u) = V1 +uy(s) plals) — ub(s), b(s) + ua(s)).

Moreover, if ¢|aq = 0, then the same is true for ¢: 9|sq, = 0.
Let us now follow the calculations of [6]. We can check that the Jacobian

Ox,y) _
o(s,u) L+uy(s)
and
dp .0 0 Y
3 = (1+uy)™! (aas - (b+ua)8u> (M) ,
g

Then, using the notation

A(s,u) = (a1(s,u), da(s, u))
= (a1 (a(s) — ub(s),b(s) + ua(s)) , az (a(s) — ub(s), b(s) + ua(s)))

(3.6)
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we rewrite the quadratic form g (¢), ¢ € HS(Q2), as follows:

qé‘(@)Z/(K : (ai_(b+“é)£>+dl>( 11—iu7)

14wy

[ 5 ) ) ()

1+ wy
(1 + wy)ds du.

Using (2.5) and (2.6) expression (3.7) performs

N 1 ovl® ilady + bay) (Ov— 0% B,
q”(@)/<(1+uv)2 ds 1+ uy <55w¢08)+‘3u
Qo +Z-(_(b+ud)dl+(a—u6)d2) (az/;w_wavﬁ)

2

ou

. 1 —i—;; o ou _— (3.8)
wy - gl o
R (%s * aﬁ”) Tt (%u * M)

2

u? (4)” v s\

1" +a: ds du.

+ (4(14_”7)4 +4(1+U’Y)2 +a1” +ap >|1/)| ) s du

We write the right-hand side of (3.8) as a perturbation of the form ¢4 as follows:

g (p) = @4 — 1(¥), (3.9)

where
A PR L B N
g6 () = i— + (ady + baz)y| + |i— 4 (=bdy + adz)v| dsdu,
0s ou
Qo
(2o | (O Y
) = [ (P S e+ ban) (G0 - 0
Qo
) . . ady — bdy 0Y— oY
—+ (’ybal + yaas + 1+’U/Y> (aqu - ’I/Jau)

uy oY oY v oY oY
+ 2(1 4 uvy)? <¢8s * asw) * 2(1 + ury) (wau * 8uw>
_ ( u? (7)2 + 72 )|w|2> ds du

41 +uy)* 41 + uy)? ’
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Now let us estimate (). We will use the notation || - ||oc = || - || (®). Since
€ (0,d), then given (2.2) and (2.6) we get

1)
2
< M+ Pl ||%o||/| |‘

< ds du
—d[|7ls

_ _ 0
dsau-+ 20Tl + Tl [ ol |52
Qo

— - 0
N A |v||w|\a§f\dsdu
Qo
2 TETE TR [, |0
. 20T A ] /Wlmdmu

1= dl
d / - o 1 oY
TR "dsdu+/7¢‘ ds du
a—dni-r ) 5, T AR
Qo
1
+—/|7| |¢2d5d“+—/72¢2d8du
= dlfy ) TPt g —gpge 10
0
A +dlee) | e i)/ \W
< (280 ee) 4 g/l 2 + a2l + = * s du
(S + VIR AT + s ) (o + )
Qo
2dm+1
+( TATE T Tl + lla |l l|a2]| )/ v = dsdu
—dl =)
] o 2dy/[@]% + [l + 1 d
+ (2d+/ a1 ]2 + lldz||% + = B
(2av/ @[ + Tl 2(1 — d]l) 2(1 - d7])?
40— dllo)* " AT = dly]lee)?
0
Let us denote
42 + dl[v]l) : : d
o = max 7+d a 2+CL 2+—7 3.11
o= max{ T AT TR + gy (1)
) o ||a~1|\2 @l + 1
a1 )|% + llaz|lZ, + = - ’
lan 1% + a2 ]1% (1= dv]lso) )
N _ d\/W+1 d
ag = 2d/||d1|| % + ||d2]|A + | d”EQH) +2(1—d||7|| )3
s o0 (3.12)

d? 1

- + .
A1 —dllyllee)* AL = d]Y]l0)?




Magnetic Dirichlet Laplacian in curved waveguides 299

Hence, the above inequality implies

()] < o / (7] + 31) IV ds du + az / (W + 72 + 5]+ 42) [ ds du.
Qo Qo

In view of (3.9) and the above estimate, we arrive

4 (p) > Gy — / (W] + 131) [V [Pds du — az/ (W] +% + 131 +4%) [¢lds du.
Qo Qo
(3.13)
One can easily check that for any magnetic potential A= (d1, dy) the following
pointwise inequality holds

2
VP <2|iVe+ Ap| +2(@7 + %) B, v e H Q).

In view of this fact and (3.13) we get

IOE / (1= p]) [V + Aup|? ds du — / pA1|2ds du, (3.14)
Q(] Q0

where )
pi = 2a1 (vl +14D),
p3 = 2a1 (@1° + @2°) (| + [31) + a2 (7] +77 + 4] +47) .
For the further proof we need the following Hardy-type inequality.

(3.15)

Lemma 3.2. For any function g € H}(Qo), the following estimate holds:

f2
1+ 52
Qo

. ~ 12 7T2
/O%W+M|dﬂ%©@mz%

Qo

P dsdut [ f7lgPds du,
Qo

where C 5 > 0 is a constant, A = (d1, dz) s the magnetic potential, f = f(s) : R— (0, 00)
is a smooth function.

Let us return to the proof of the lower bound (3.14). Using Lemma 3.2 with
F(s) = (1= pi(s)"” we get

71_2
o) -5 [ (= (o) uPdsdu
Qo
1= 1o (20 =p)e] + (07)?
ch/w|¢|2dsdu4/( RpETETE >|¢|2dsdu (3.16)
Qo Qo ( _pl)
—/p;|w|2dsdu.

Qo
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Let us choose a positive number 8y < 4 in assumption (a) such that for any
B € (0, 5y) we have

oo 1 (20 =D+ (%) a2y . Ca .

This establishes that

A ? 2 A ? 2
qQ(W)*ﬁ ] dsdu:qQ(w)*ﬁ l¢[“ds du > 0,
QO QO

which proves that the discrete spectrum below Tdr—s of the operator (1.1) is empty. O

3.2. STABILITY OF THE ESSENTIAL SPECTRUM

Theorem 3.3. Suppose that the magnetic vector potential A = (a1, as) is such that
for j = 1,2 the functions a;, %, %’Z are vanishing for large values of x. Then the
essential spectrum of the operator (1.1) coincides with the half-line [g—z, oo).

Proof. To prove that any non-negative number g > g—j belongs to the essential

spectrum of Hq(A), we will use Weyl’s criterion [11, Thm. VII.12]: we have to find
a sequence {152, C D(Hq(A)) of unit vectors, ||¢,|| = 1, which converges weakly
to zero and

[Ho(A)pn — ppnll =0 as n — o0

holds.
First, let us rewrite operator (1.1) in the following form:
‘ 0 0 . (Oai  Oas
Ho(A) = —A +2i (alax +a28y> +i (ax + 83/) + (af +a3) .
Then

/ |Ho(A)pn — pion|? d dy

2
dx dy

Q

_ . (9(,0” aﬁon . Oay Oas 2 2

—/‘_A@n + 22(&1 o + GQTy) + Z(% + aiy)()on + (al + a2)@n — U¥n
Q

and
/ |Ho(A)pn — pion|? dz dy
Q

Opn  Opnl?

ai

< 4/ |~ Ay — ppn|? dady + 16/
Q Q

2
g 2l P dedy+ 4 [ (o + ) o dady.
Q
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For each pu = Z—z + k%, k € Z, we will separately estimate each integral in (3.17).
Let us mention that, using the transformation (3.2), it was established in [8] that the
Dirichlet Laplacian —A on € can be rewritten as the operator Hy on L?(€), which
acts as

0 1 oY 0%
H, = (— ) -l w
(o) =~ 5 (e gt ) Gas + V(s 00
2 5 w242
Wm0 W) 5 )
41 +uy(s)?  2(14uy(s)?® 4 (1+uy(s))

and Dirichlet boundary conditions are imposed at u = 0, d.

Given the unitary equivalence, it is sufficient to estimate the first integral in
(3.17) for the operator Hy. We will construct the Weyl sequence ¢,, € C§°(€2) in such
a way that the corresponding mapping (3.2) sequence ¢, € C§°(€) is the following
normalized sequence

Pn(s,u) = f ( ) 9 sin (ﬂdu) , neN, (3.18)

where f € C§°(R) is a smooth function with support in the interval (1,2) with L? norm
equal to one.
We have

/IHown — whn|? dx dy

2
dsdu

:lki(uﬂhmfﬁﬁ—§?+wwww—wn
e (2 G+ )
S () ) - ()
) e () ()
Q\wa(l() 1G)) - (e ()5 )

0

B k% (2uy + u?y?)

S (3) e wer (2)]

Because of assumption (a), it is easy to check that the right-hand side of the above
estimate is O (#),

sin (F) ds du.

1
/lHOwn - /“/)n|2 drdy =0 (TL2> : (319)
Qo
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Let us pass to the second term in the right-hand side of (3.17) and estimate as

the first [, a%‘% ’2 dx dy. We pass to the curvilinear coordinates and use (3.4), (3.5)
and the notations from (3.6). With the notation

Wn = {(:L‘(S, u)7 y(87 u))SG(n,Zn), uG(O,d)}
one gets

don |?
[+l

ox
Q

:ldﬂ (14 uy)™? (ai_(b+“a)aa) (J%)

A

dx dy

2
(14 uy)dsdu

wn uary

/‘ a 0 "
T (1—dllv]le)? S VT +uy 2(1 +uy)3/2 7"

(b+ ui) O, (b + ui)y
RV = + (1+m)3/2¢n

< 4||a~1H2L°°(w") /( a2 ‘61/)" 2 d2d2,>/2
— (T=dllle)® )\ (1 = dllvlloc) | D5 A1 = d|7]l0)?
0

(3.20)

(1 + uy)ds du

|t |?

LYY R
’(/Jn ) 1 +d Yoo ds du.
1= d|lyllo S T EA Al
In view of (2.2) and (2.6) and the construction of 1,

) O |
/a% dxdy:(’)<||a1||2Loo(wn)) / (’ s
Q Q

0

=0 (l1 I3 -

In the same way one can estimate the integrals

/ag drdy =0 (||d2H2Loo<wn)) .
Q

For the remaining third and fourth integrals, we have

2
(5 + 5] 1 anan=o (= )
L (wy)

ox Lo (con)
2 ~ ~
[ (@ + @) e dody = O (il oy + 2l e,
Q

don |?

Ay, |?
ox

ou

+!

+ |¢n|2> ds du
(3.21)

den|?

dy

H aag

Combining the last four expressions, (3.19) and the inequality (3.17) one establishes
our claim. |
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4. PROOF OF LEMMA 3.2
Let us denote h(s,u) := f(s)g(s,u). Then
/ |iVh + Ah|* ds du
Qo
dg ?
:/ z’fg +arfg+if'g dsdu+/
Qo Qo

2
:/f2 dsduz’/(igg+dlg) ff'gdsdu
S
Qo

0

+i/(—ig§—|—a~1g> ff’gdsdu—F/f’2\92|dsdu+/f2
Q() QD

0

2
:/f2 dsdu—i—/%ff’gdsdu

Qo Qo
+ @ffl ds d 120 2 ds d 2
9sl 1998 ut [ fPlgldsdu+ [ f
Qo Qo Qo

:/f2|ng+flg|2 dsdu—l—/%ff’gdsdu—k/%ff’gdsdu—i—/fﬂgﬂdsdu.
Qo Qo Qo Qo

2
dsdu

.0 .
ﬁ§+@m
u

0g
1= 4 a
D5 + a9

2
dsdu

0 .
@%*wg
(4.1)

09
z% +aig

2
dsdu

0g
Z%‘Fazg

One can check that
0 g
/i’ff’gdsdu 4 / O%ff’gds du = —/(f’2 + ) |g|2ds du.
Qo Qo Qo

Hence, the right-hand side of (4.1) becomes

/|Nh+/1h|2dsdu:/f2|Ng+Ag|2 dsduf/f”|g|2dsdu. (4.2)
Qo Qo Qo

Now we are going to use the following Hardy-type inequality, see e.g. [6].

Theorem 4.1. Let B € CY(R?) be a real-valued magnetic field such that B # 0
in D =R x (0,7). Then

Jul? : 2 2
CB/ T2 dsdu < (|1Vu + Au|” — |u] ) dsdu
D D

holds for all u € H{(D), where A is a magnetic vector potential associated with
B: B =rot(A) and cp is a positive constant.
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Theorem 4.1 can be transformed as follows:

Theorem 4.2. Let B € CY(R?) be a real-valued magnetic field such that B # 0
in Qo =R x (0,d). Then

~ Juf? ; 2 T
B | 11 2 dsdu < [iVu + Au|” — EM dsdu
Qo Q0

holds for all u € H}(Qo), where A is a magnetic vector potential associated with
B : B =rot(A) and the constant in the left-hand side is represented via the constant
from the theorem above as follows:

Employing above theorem at the left-hand side of (4.2) one obtains

14 52

hl? 2 N
6B/Ldsdu+g—2/|h|2dsdu§/f2}ng+Ag]2 dsduf/f"|g|2dsdu,
Qo Qo (o) Qo

where B is the magnetic field corresponding to the magnetic potential A : B = rot(fi).
This establishes the statement of Lemma 3.2 with the constant C'; = ¢5.
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