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Abstract. This work tackles the problem of spectral characterization of a class
of infinite matrices arising from the modeling of small oscillations in a system of
interacting particles. The class of matrices under discussion corresponds to the infinite
Marchenko—Slavin class. The spectral functions of these matrices are completely
characterized, and an algorithm is provided for the reconstruction of the matrix from
its spectral function. The techniques used in this work are based on recent results
for the spectral characterization of infinite band symmetric matrices with so-called
degenerations.
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1. INTRODUCTION

It follows from Lagrangian mechanics that the mechanical characteristics of a system
of interacting particles, when the potential energy depends only on each particle’s
spatial position, is given by a finite Hermitian block matrix [10, Chap. 8]. This matrix
encodes the potential energy in the approximation obtained when each particle is
very close to the equilibrium state. The relevance of this matrix is that its spectral
function determines the movement of each particle. The dimension of the matrix’s
blocks corresponds to the degrees of freedom of the particles. For instance, in the theory
of small oscillations, any linear arrangement of particles interacting only between
immediate neighbors and moving only along the line of interaction is mechanically
equivalent to a string of masses and springs. In this case the matrix of the system’s
mechanical characteristics is a finite scalar Jacobi matrix [11]. Still with one degree
of freedom, but with interactions occurring not only between immediate neighbors,
the mechanical matrix is a scalar Hermitian band matrix. Intricate arrangements of
interacting particles with n degrees of freedom correspond to Hermitian matrices with
n x n block entries.
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To illustrate the main ideas of the theory of small oscillations, let us delve into
the details of the simplest mechanical system referred above, viz. a linear mass-spring
system of N particles which is modeled by an N x N Jacobi matrix. In this case the
(k,1) entry of the matrix encodes, among other mechanical properties, the interaction
between the k-th and [-th particles. Thus, the one-degree of freedom movement of the
k-th particle, when the [-th particle is excited by imposing to it the velocity v, is given
by the function (cf. [10, Egs. 1.11 and 8.14])

(k. t) = Z\/> Sm\ﬁt (1.1)

where my, and m; are the masses of the k-th and I-th particles, respectively, and Ej;(k, ()
is the (k,l) entry of the orthogonal projector onto the eigenspace corresponding to
the positive eigenvalue A;. The function (1.1) is the solution to the direct mechanical
problem which is the result of solving the direct spectral problem.

Due to the fact that Jacobi matrices are simple selfadjoint operators, the spectral
function is completely determined by the scalar measure p given by its projection onto
the first element of the canonical basis (since it is a cyclic vector), i.e.

t)=> E;(1,1).

j<t

This corresponds to the fact that the Jacobi matrix can be reconstructed by this
scalar measure via an orthonormalizing procedure. Moreover, by observing the small
oscillations of the first particle of the system, one determines the mechanical charac-
teristics of it and therefore the oscillations of all the interacting particles close to the
equilibrium state. Indeed (see [10, Lem. 1]),

lim —
T1~>oo T

\/>sm \/>tdt ,1). (1.2)

0

This formula provides a connection between the inverse spectral problem and the
inverse mechanical problem.

In the more general setting of arbitrary block Hermitian matrices, which model
a system of interacting particles having one or more degrees of freedom, Marchenko and
Slavin tackled the inverse problem by characterizing in [10] a class of block Hermitian
matrices corresponding to systems of interacting particles for which the observation of
a subset of particles is sufficient for unambiguously find their mechanical parameters.
Solving this problem not only amounts to finding the spectral function and the
generating space of the corresponding operator, but requires, firstly, establishing that
the movement of the above mentioned subset of particles determines the corresponding
projections of the spectral functions and, secondly, finding an algorithm for the
reconstruction of the matrix from the spectral function. The class of matrices given by
Marchenko and Slavin are the result of using the theory of extendable sets which is
introduced in [10, Chap. 12]. This theory connects the structure of a block Hermitian
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matrix with the theory of unitary invariants of the spectral measure (see [3, Sec. 7.4]).
In [10, Chap. 9], the generalization of (1.2) is given, while a reconstruction algorithm
is provided in [10, Chap. 14].

In this work, we study direct and inverse spectral problems for the infinite di-
mensional generalization of the Marchenko—Slavin matrices (see in [10, Chap. 15] the
definition of the class for finite matrices). We restrict ourselves to infinite matrices with
scalar entries and focus on developing a general approach suitable for a generalization
to infinite matrices with matrix entries (block matrices). It is worth mentioning that
the theory of extendable sets is inherently finite and, thus, for the infinite case, one has
to rely on other techniques which are rather build up on the theory developed in [9].

The theory pertaining to the class of infinite matrices studied in [9], denoted in
this work by M and illustrated in Figure 3, is based on the results of [7] where a linear
multidimensional interpolation problem is treated (see Section 4). Actually, the finite
and infinite classes of matrices given in [8] and [9], respectively, were tailor-made to
fit the structure of the solutions to that interpolation problem. Indeed, the vector
polynomials arising from the so-called “degenerations” of the matrix (see Figure 3)
generate all the solutions to the above mentioned linear multidimensional interpolation
problem [7, Sec.4]. Noteworthily, the degenerations of the matrix are interpreted as
inner boundary conditions [8, Sec.2] of the associated difference equation and are
relevant in the theory of such equations.

The infinite dimensional Marchenko—Slavin class, introduced in Definition 2.2,
illustrated in Figure 1 and denoted by 90, contains properly the class 9. However,
it is proven in Theorem 6.6, that every matrix in 9 is unitary equivalent to a ma-
trix in 9. This equivalence between 9t and 91 has implications in both the linear
multidimensional interpolation problem and the modeling of systems of interacting
particles. Indeed, a system of the more general type modeled by a matrix in 9t can
always be reduced to a system whose mechanical characteristics are given by a simpler
matrix in 9. N

Proving the equivalence of the classes 9t and 90t requires firstly a complete charac-
terization of the spectral functions of a given matrix in 2t (see Definition 5.8) and,
secondly, the application of the reconstruction algorithm developed in [9]. For finding
the spectral functions of the infinite matrix, one needs to characterize the spectral
functions of finite submatrices of the matrix (see Section 2) and recur to a limit process.
This involves solving a problem related to the truncated moment problem which can
be studied by means of finite matrices (see Theorem 5.3).

2. THE CLASS 9 OF SEMI-INFINITE MATRICES

Let I5(N) be the Hilbert space of square summable sequences with entries in C and
{0k }ken be the canonical orthonormal basis of it. Along the text, a sequence {uy }ren is
identified with w = >"77 | udy. Also, we consider square summable sequences {uy }rec,
where G C N, and denote the corresponding space by l3(G).
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Definition 2.1. For F C G and any u € l2(G), define:

(i) o pu = {uk}rec, where

up = ug, k€ F,
UL =
"Tlun=0, keG\F

(ii) HG_>FU = {uk}kep.
Note that IIg_, p is an orthogonal projector while ﬁGH F is not.

Let us agree on the following terminology. The nonzero entries of a matrix to the
right of which there are only zero entries on the same row are called row-edge entries.
Similarly, the nonzero entries of a matrix for which there are only zero entries on the
same column are called column-edge entries.

The following matrices form the class of infinite Marchenko—Slavin matrices (see
in [10] the finite analogue of this class).

Definition 2.2. The matrix M = {m,}, ken is in the class 9 when mj, = Ty,
for any j,k € N and the following conditions are met.

(1) There is I € N such that there is one row-edge entry on each of the columns
I+ 1,1+ 2,.... Denote either by nj; or n the minimal [ with this property.
(2) There are numbers j, k € N with k& > j such that

Myjkes Mj+1k+1y Mj42k+25 - - -

are simultaneously row-edge and column-edge entries. Denote by jg, ko the smallest
j, k having this property.

The condition (2) of Definition 2.2 gives the “tail” of the matrix. An illustration of
a matrix in 97 is given in Figure 1, where we agree on considering only one row-edge
entry in the columns n+1,n+2, . ... In what follows, we always assume this convention
for any matrix in 9.

|
|| g -
|
gl
[ | .. .; o A zero entry
|| [1 Any entry

n o . ...F -+ M A nonzero entry

Fig. 1. An example of an element of M
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According to [2, Sec. 47, Thm. 4], given an orthonormal basis in /5(N), one can
construct uniquely from the matrix M a closed symmetric operator, which is denoted
by M, in such a way that M is its matrix representation with respect to the given
orthonormal basis (see [2, Sec.47]).

The analysis of the spectral function of operator M is carried out by means of
the auxiliary operator My = Ny M [1,(ay)s Where G, :={1,...,s} and N > n.
Note that My can be identified with the operator whose matrix representation is
the finite dimensional submatrix corresponding to the N x N upper-left corner of M
which is denoted by My . Note that, since N > n, any matrix My determines a set
K C Gy such that for each k € K the k-th row has no row-edge entry of M inside
My in the columns n + 1,..., N, and the cardinality of K is always equal to n (see
Definition 2.2 (1)).

3. SPECTRAL FUNCTIONS OF SUBMATRICES

For a matrix M € 9, consider the finite submatrix Mpy. To study the spectral
properties of the operator My, one recurs to the equation

Mpntp = 2z (3.1)
for ¢ € I3(G). To solve this equation, one starts by finding the solution to
gy gt (My — 2Dy =0, (3.2)

where K1 is the complement in Gy of the set K given at the end of the previous
section.

The solution to (3.2) is constructed recursively as follows: one gives the first n
elements of the sequence ¥ and finds 1,11 from the first row equation of (3.2) (see
(3.3) in Example 3.1 below). It is possible to solve this equation due to the fact that
the row-edge entry, which is on the n + 1-th column, is not zero. Having found 1,
one finds the subsequent elements of the solution using the row equations where there
are row-edge entries (that is, row equations corresponding to K=).

Example 3.1. If one has the matrix M7 corresponding to Figure 2, then the difference
equations corresponding to the rows are

m111 + mi2ve + migs + mighy = 291, (3.3)
ma11 + MaztPe + Mmagths + Mmagy + masths + MagtPs = 242,
m31¥1 + m32v2 + M3zPs + m3ats + MasPs + maes = 23, (3.4)
ma1P1 + MazP2 + Mazths + Mmaats + MysPs = 214,
M52 + Ms33 + Msaths + M55 + msePe = 245, (3.5)

Mme2t)2 + Me33 + mestPs + Meethe + Merhr = 296,
mreths + mertbr = 217, (3.6)
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where the row-edge entries have been denoted in bold typeface. Note that in (3.4),
(3.5) and (3.6) there are no row-edge entries. In this case, the system (3.1), without
equations (3.4), (3.5), (3.6) (i.e., the system corresponding to (3.2)) and with boundary
conditions given by the numbers 11, 19, 13, has the following solution:

1 Py

po o

3 3

Ya | = myy (2101 — mighs — miathe — myzids)

Y5 M (2004 — Marthy — Magtha — Mazths — Magtdy)

Vs Mg (202 — ma1thy — Maothy — Magths — moathy — mosths)
¥7 mg; (2106 — meathy — me3ths — Mesths — Mests )

!

Fig. 2. A submatrix of 9 with N =7 and n =3

As was already mentioned, the first n elements of the sequence v play the role
of boundary conditions for the difference equation. For assigning these conditions,
we introduce an n x n upper triangular, invertible matrix T = {#;;}}',_; which will be

called boundary matriz. Let ij(Z) (j € G,) be an N-dimensional vector solution to
(3.2) such that <51-, ¢%(z)> =t;; for i € G,. Thus,

ﬁGNHGn\II{‘T(Z) = “T*v (37)
where U (z) is the N x n matrix whose columns are the solutions 1% (z), ..., ¥%(z).
We may use the notation:

Ur(z) = (V3(2) ¥5(z) ... vE(2). (3.8)

Lemma 3.2. For any z € C, the N-dimensional vector n(z) is a solution to (3.2) if
and only if n(z) = ¥5(2)C, where C is an n-dimensional vector. If C1 and Cs are
two linearly independent vectors in lo(G,), then Ug(2)Cy and ¥ (2)Cy are linearly
independent solutions to (3.2).

Proof. The fact that U5 (2)C is a solution to (3.2) is straightforward. Let 1 be a solution
to (3.2) for a fixed z. Since 7 is a triangular invertible matrix, there is a vector C,,
such that ¥ (2)C, has the same first n entries as 1. Therefore, n — ¥ (2)C, is the
trivial solution (see the paragraph above Example 3.1). For proving the second part,
one uses that null ¥(z) = 0 which again follows from the invertibility of T. O
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Proposition 3.3. Let My be a submatriz of M € M. Define
@7(2) = ﬁGN%K(MN — ZI)\IJQ'(Z) (39)

The spectrum of My is given by the zeros of the polynomial det ©(2). Moreover,
if A\ € spec(My), then there is a mnonzero vector C* such that the corresponding
normalized eigenvector o is given by

o = Ugr(N)C. (3.10)

Proof. If X is an eigenvalue and ¢ is the corresponding eigenvector of My, then (3.1)
and (3.2) are satisfied for z = A and 1 = ¢*. Due to Lemma 3.2 there is a nonzero
vector C* such that p* = Uy (\)C*. Also,

0 =g,k (My — AX)¥s(N)C

(3.11)
= 05(\)C*.

Hence, the homogeneous linear system (3.11) has a nontrivial solution if and only

if det ©5(\) = 0. The normalization of the vector ¢* can clearly be achieved by

modifying C* appropriately. O

Corollary 3.4. The multiplicity of the eigenvalues of My is no greater than n. If
{)\k}{f:l 1s the spectrum of the matriz enumerated so that the multiplicity of eigenvalues
is taken into account, then there is a finite sequence of vectors, {™}N_,, being an
orthonormal basis of la(Gn).

Proof. Tt follows from (3.10) that the dimension of the eigenspaces is at most n since
C? is n-dimensional. The second assertion of the corollary is a consequence of My
being selfadjoint. O

Henceforth, the spectrum of My is written as {\;}2_,, where the eigenvalues
are enumerated so that the multiplicity of them is taken into account, and the
corresponding normalized eigenvectors are denoted by ™', ..., ¢ V. Also, C’é" is
the nonzero n-dimensional vector determined by ¢** through (3.10).

Using the notation introduced in (3.8), one defines

A::diag{)\l,...,)\N} and ¢ = (SD)\I (p)\N)'

Thus,
O*My®=A, and PP* =P*P=1.

Let us also define B
‘130 = HGN—>Gn(I)'

Lemma 3.5. Let I,, == ﬁGN_@nI li.(Gn)- The following decomposition takes place

L, =T )" C3*(Cq*)*T.
keGn
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Proof. One verifies, on the basis of the unitary properties of ®, that
OoD; = L,.
Note, however that ®5Pg # I,,. If @S"“ = ﬁGNHG”gp’\k' = ®ydy, then
1, = @y} = @ ( ) mz) %= 3 0= D @) (312)
keGn kEGN keGN
Now, it follows from (3.7) and (3.10) that
T*O* = " (3.13)

Thus, combining (3.12) and (3.13), one has

Li= Y @0 (ge) = Y TCoH(C*)' T =T Y Co*(Ca*)*T. O
keGn keGn keGN

The next assertion is an immediate consequence of the previous result.

Corollary 3.6. The following property of the vectors C’é’“, k=1,...,N takes place
(Cx ... O 6, #£0 forall j=1,...,n,
where gj = ﬁN—>G,,,5j'
Proof. If there is jy € G, such that
(X ... o) e, =0,

then the matrix C’é’“ (C’é’“)* would have a zero row (the jo-th one) for all k € Gy,
which contradicts Lemma 3.5 in view of the properties of 7. O
Definition 3.7. Define the matrix-valued function

ol (t) =Y C3*(C*)*, teR,

A<t
and the space of n-dimensional vector valued functions L (R, o3;) with inner product
F.9) o) = [ (FO.d5 090,
R

Note that o3, has N points of growth so L2(R, o3;) is an N-dimensional space and
the inner product can be expressed as follows

D ramor) = D FOR)CF(C3*) g(M)- (3.14)

keGn
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Definition 3.8. Define the n-dimensional vector polynomials:

\IIT(Z)*(;k, ke GN, (315)
q;(z) = 0g5(2)"0;, j€Gy, (3.16)

i)
=
—~
™R
~
Il

where U (z) and Og(z) are given in (3.8) and (3.9), respectively.
Remark 3.9. It follows from Definition 3.8 that
eyokx(My—20)(py - py) =(¢1 - @) (3.17)

and
Mgy ks (My—2I)(py ... py) =0. (3.18)

Note that, with the help of the characteristic function for a subset G of N given by

1 ifked
k) = ’
xa (k) {0 if keGP,

the expressions (3.17) and (3.18) can be written as follows

wpy(2) = Y mri pi(2) + xx (k) @y, (3.19)
€GN

where my; are the entries of My and (k) is such that k is the v(k)-th element of K.

For Example 3.1, the expression (3.17) gives the following equalities:

q:(2) = (m33 — 2)P3 + M31P; + M32Py + M3aPy + M3s5P5 + M36Pg,
q5(z) = (Mms5 — 2)ps + Ms2Py + Ms3P3 + MsaPy + Mis6Pe,
q5(z) = (m77 — 2)py + M76Pg

and (3.18) can be solved recursively as follows:

)P1(2) — mi2ps(2) — mizps(2)],
Ps\z) = m251 (2 = maa)py(2) — ma1py () — Mazps(2) — mazps(2)]
Pel2) = m2_61 [(z — ma2)Ps(2) — m21P1(C) — Ma3p3(2) — maapy(2) — masps(2)],
p7(2) = mg; [(z — mee)Pg(2) — me2p(() — mesps(z) — mesps(2)]

where gj is given in Corollary 3.6.
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Proposition 3.10. The vector polynomials {p,(2)}_,, defined by (3.15), satisfy
<pj’pk>L2(R,az-'5) =6, for jkeGn,

where 01, is the Kronecker symbol.

Proof. Using (3.14) and (3.15), one obtains

PiP) rymor) = D (PiAR) O3 (C3) P, (M)
keGn

= Y 5T (MO (CFF) Ty (M)
keGN
> GreM (M) 8y = 676, = 6,

keGN

where in the third equality, one recurs to (3.10). O

Corollary 3.11. The function Y(t) (see (3.7)) witht € R gives rise to a map T
by means of the expression

(GN) 3 u D U (Hu € Ly(R, 0F).

This map is an isometry.

Proof. Indeed, by (3.15), To maps the canonical basis into the orthonormal basis
{Pe}ily in Lo(R, 0%). 0
Proposition 3.12. The isometry Yg transforms the operator My into the operator
of multiplication by the independent variable in La(R,o3;).

Proof. Taking into account that My =3 ;a0 Ak (@ )* together with (3.10) and
(3.14), one obtains

(6is MNG}) 1yiany = 00 D ™ (™))" 5
keG N
D b UCHH(CFF) ™55
keGN
= D Ali(A) G (Ca*) pi (M)

keG N
= <pi(t)7tpj(t)>L2(R’ggf) : O

Remark 3.13. In view of the spectral theorem, Proposition 3.12 is somehow straight-
forward. However, the concrete realization for the boundary matrix T together with
the construction algorithm are relevant for the further discussion and elaborations.

Proposition 3.14. The vector polynomials {q;}}_,, defined in (3.16), have zero norm
mn L2 (R, 0’%) .
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Proof. By (3.14) and (3.16), one has

(4:95) 1,007y = D GO CF(C3) a5 (M)
keGn
= Y 505(M)CH(C3*) 05 (k)" 5;.

keGN

The assertion then follows after noticing that
O3 (M) O =T, 5 (My — M I) U (M) C* = 0
due to the fact that \IJ:T(/\;C)C@"‘ = Mk, O

Theorem 3.15. The function o3,(t) given in Definition 3.7 is a spectral function
of My, that is, a complete measure’) with the following properties:

(I) It is a nondecreasing monotone step function which is continuous from the left.
(IT) Each jump is a matriz of rank not greater than n.
IIT) The sum of the ranks of all jumps equals N.
J

Proof. The fact that o3 is a spectral function for My is a consequence of Corollary 3.11
and Proposition 3.12. Note that completeness of the spectral measure is also given by
Proposition 3.12. The property (I) is an immediate outcome of Definition 3.7 since the
quadratic form f*C’{}’“ (Cék)* f is the norm squared of the vector (C’{}’“)* f. To prove
(IT) and (III), one uses Corollary 3.4 and the fact that C?"‘ (C’é’“)* is a rank one matrix

since C?’“ is a nonzero vector. O

Remark 3.16. For any complete function o satisfying (I)—(III) of Definition 3.7 and

having jumps in j1,. .., N, there are n-dimensional vectors C1, ..., C" such that
o(t)=>_ CHchy, (3.20)

pr<t

where there are no zero elements in the collection C',...,CY, and it satisfies Corol-

lary 3.6 with C’,’I\’“ =CF forany k=1,..., N (see [6, Thm.2.2] and [8, Sec.?2]). As has

been shown in this section, any such collection of vectors C1,...,C" and numbers

p1s- .., pn determine uniquely by (3.20) a complete function which satisfies (I)—(III).

4. BAND DIAGONAL MATRICES WITH DEGENERATIONS

Definition 4.1. The matrix M € 9 (see Definition 2.2) is in the class M when the
following conditions are met.

(a) If (k(j),n + j) are the coordinates of the row-edge entries for j € N, then
k(j) <k(j+1) for j € N.
(b) All the row-edge entries are simultaneously column-edge entries.

1) Completeness of a spectral measure is given in [3, Chap. 5, Sec. 1.1]. Here it means that
T Y ey O (C3")*T =1, see [8, Lem. 2.3].
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Remark 4.2. Note that item (a) in Definition 4.1 allows for the existence of rows
without row-edge entries. We say that there is a degeneration in each such row (see
Figure 3). It is straightforward to verify that the class 9t is equivalent to the class
given in [9, Def. 1].

Degenerations

(the dashed arrow points to con-
secutive degenerations)

-

A zero entry

5 | Any entry
‘ B A nonzero entry

Fig. 3. The structure of a matrix in m

ghEEs

In [8, Thm.4.1] the next result is proven. It plays an important role in our further
considerations.

Theorem 4.3. If o is a n X n-matriz-valued function defined on the real line and sat-
isfying (1) of Theorem 8.15, then there is an upper-triangular invertible n X n-matriz T
and a matriz M € O such that o = 5}{,. Here 5}{, is the function given by Definition 3.7
for the matrix MN,

Remark 4.4. The results of [8, Sec. 4] give a constructive algorithm for finding the
entries of My on the basis of the function o.

Theorem 4.5. For any M € 9 there is a M € M such that ny = ng (see

Definition 2.2) and My is unitary equivalent to MN Jor any N >n=ny =ng.

Here we actually mean that My is unitary equivalent to MVN (see the last paragraph
of Section 2).

Proof. For a matrix M € 9, consider the ny; x njy-matrix-valued function o3, given
in Definition 3.7 with N > njs and an arbitrary boundary matrix 7. On the basis of
Theorems 3.15 and 4.3 there is an upper-triangular invertible matrix 7 and a matrix
M € 9 such that oY = 03, where 53 is the spectral function of M n. Clearly,
na = ng;. For completing the proof, use Proposition 3.12. O

The interpolation problem for n-dimensional vector polynomials as stated in [7]
consists in finding n-dimensional vector polynomials r(z) such that

7 (1) CH(CF) () = 0 (4.1)

fork=1,...,N.Here C',...,C¥ is a collection of nonzero n-dimensional vectors and
W1, .-, N is a collection of real numbers in which each number can appear repeatedly
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at most n times. This problem is a generalization of the rational interpolation problem
(also known as Cauchy-Jacobi problem) studied in [12] and used by [5] for the spectral
analysis of CMV matrices.

In view of the second part of Remark 3.16 and Theorem 4.3, one can always consider
the collection of numbers y1, ..., un appearing in Remark 3.16 to be Aq,..., Ay, iLe.
the spectrum of My (M € 9M), and the collection of vectors C1, ..., C" to be the
corresponding eigenvectors Cél Yo ,Cé” for a boundary matrix J. Due to the fact
that C’{}’“ (C’{}’“)* is nonnegative, the interpolation problem is equivalent to finding
vector polynomials in the equivalence class of the zero function in Ly (R, o3;).

Definition 4.6. Let r(z) = (r1(2),72(2),...,7.(2))7 be an n-dimensional vector
polynomial. The height of r(z) is

h(r) = rrllax }{ndeg(rj) +j—1},

where it is assumed that deg0 := —oo and h(0) := —oco. The height of the set S is
defined by

h(S) = min{h(r) : 7 € S,r #£ 0}.

Definition 4.7. Denote by Sy the solutions to the interpolation problem, that is, the
set of all n-dimensional vector polynomials satisfying (4.1) for k = 1,..., N. Consider
g1 € Sy such that h(g,) = h(Sy) and g, € Sy \ span{M(g;) 5;11 such that

h(gy) = h(Sn \ span{M(g;)}:2}),

where M(7) :== {s : s(2) = s(z)7(2), s is an arbitrary scalar polynomial}. The vector
polynomial g, is the k-th generator of Sy .

If there are two elements of Sy with the same height, then they differ from each
other only by a multiplicative constant [7, Lem. 4.1]. On the basis of this, it is shown in
[7, Sec. 4] (see also [8, Prop. 3.3]) that the generators are unique modulo a multiplicative
constant and that

Sy =M(g1) + ...+ Mi(gn),

where 4 denotes direct sum. Note that the generators g, ..., g, have different heights
and the height of any element in M(g,) is h(g;) + kn with k¥ € NU {0}.

According to Proposition 3.14, q; € Sy for all j = 1,...,n. Moreover, the following
assertion is proven in [8, Thm. 3.1].

Proposition 4.8. Fix N € N. If M € ﬁ, then q; is the j-th generator of Sy
forj=1,...,n.

Remark 4.9. Using the notation of Definition 4.7, a way of restating the previous
proposition is to say that, for M € M, g, = g; (modulo a multiplicative constant) for

j=1,...,n. This implies that, when M € 9, the heights of g4, ..., g,, are in different
equivalent classes of Z/nZ.
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Remark 4.10. It is not true in general that, for M € 90, g, is the j-th generator

of Sy. This is a remarkable difference between the classes 9 and 9, actually 9T was
somehow tailored to have the property given by Proposition 4.8.

Proposition 4.11. Let M € M and Py, and q; be the corresponding vector polynomials
given by (3.15) and (3.16), respectively. The heights of the polynomials py,..., DN
are increasing and cannot coincide with the heights of any polynomial in Sy (see
[8, Lem. 3.9)).

Remark 4.12. For a matrix M € 91, Proposition 4.11 does not hold. There are cases
(see Example 4.14 below) where the heights of the polynomials p,,...,py are not
increasing or coincide with the heights of elements in Sy.

There is a relevant property for the heights of the vector polynomials considered
in the hypothesis of Proposition 4.11. Indeed, it turns out that the set of numbers
h(py),...,h(pN), h(qy) + nki,..., h(q,) + nk, with k1,...,k, € NU {0} cover all
nonnegative integers. As a consequence of this and the fact that any nonzero vector
polynomial of height h is decomposed in a linear combination of vector polynomials
of heights 0, ..., h [8, Prop. 3.1], one has the following proposition (see [8, Cor. 3.2]).

Proposition 4.13. Fiz N € N. Let M € M and Py, and q; be the corresponding
vector polynomials given by (3.15) and (3.16), respectively. Any vector polynomial v
admits the decomposition

r(z)= Y ap(z)+ Y R;(2)g;(2),

keGn JEG,
where ay, € C and R;(z) is a scalar polynomial for any k=1,...,N and j=1,...,n.
Example 4.14. Consider Example 3.1 again.

1. If mgs = 0 and mgs # 0, then h(ps) = h(q,) = 6 (see Remark 4.12) and h(gy) =9
which is in the same equivalence class of Z/3Z as h(q,) (see Remark 4.10).

2. If mas # 0 and mg5 = 0, then h(ps) = h(pg) = h(qy) = 6, h(p;) = h(gy) =9
h(gs) = 12. See Remarks 4.10 and 4.12 and note that in this case h(q;), h(q,) and
h(gs) all fall in the same equivalence class of Z/3Z.

3. If mgs = 0 and mgs = 0, then the set of numbers h(p,),...,h(p;), h(qy) + 3k,
..., h(qs) + 3ks with kq,...,ks € NU {0} cover all nonnegative integers. Here
h(qy), h(gy) and h(gs) fall in the three different equivalence classes of Z/3Z, but
the sequence h(p;),...,h(p;) is not increasing.

5. SPECTRAL FUNCTIONS FOR THE CLASS 9

The vector polynomials given in Definition 3.8 for a matrix M € 9t can be used in
a decompgiition similar to the one given in Proposition 4.13 which was restricted to
the class M. To prove this decomposition for the general case, the following simple
observation is needed.
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Lemma 5.1. Let M € 9 and N > n. Consider that n-dimensional vector polynomials
P, given by (3.15). For any given h € NU{0}, there are l € NU{0} and m € G,, (see
last paragraph of Section 2) such that

h(zlpm(z)) = h.

Proof. Write h = nl+k—1, where [ € NU{0} and k € G,,. By (3.15), h(py(2)) = k—1
for k € G,,. On the other hand, it follows from [7, Eq. 3] that

h(Z'p,(2) =nl+k—1 forany ke G,. O

The following assertion plays an important role in this section since it allows
us to expand any vector polynomial in terms of the vector polynomials given by
Definition 3.8.

Theorem 5.2. Let M € MM and N > n. For anyl € NU{0} and m € G,,, there are
ar € C (k € Gn) and scalar polynomials R; (j € G,,) such that

Pm(2) = Y api(z) + Y Ry(2)g;(2),

k€GN JEGn
where py, and q; are given by (3.15) and (3.16).

Proof. The assertion follows trivially for [ = 0. When | = 1, it is a consequence of
(3.17) and (3.18). If the statement holds for I, then

ZH_lpm(Z) = Z akzpk(z)+ Z ZR](Z)qj(Z)

keGN JEG,
= Z + Z arzpi(z) + Z 2R;(2)q,(2).
keKL keK JEGn

Observe that, due to (3.19),

Z arzpy(2) = Z a <Z mii Pi(2) + xx (k) qy(k)) :

keGn keGn €GN

Thus

)

Yo+ > Jazpi(x) + Y 2Ri(2)g;(2)

kEKL keK JEG

= Z arpy(z) + Z (ay-1(j) + 2R;(2)) q;(2). O

kEGN jeGn
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For a fixed M € M and N > n, consider the corresponding spectral function o3, (t).

Let {ex}7_, be the canonical basis in C", i.e.

1 0 0
0 1 .
es=1|.|,ea=1.|,..c,en=1]"1|- (5.1)
: : 0
0 0 1
Define a family of vector polynomials for k € N and i = 1,...,n as follows
eniii(2) = ZFe;. (5.2)

These vector polynomials give an expression for the entries of the (k 4 )-th matrix
moment, S4;(N), of the function o3;. Indeed,

(€i, Sp1(N)ej) = <ei7 tk+ld0}{,(t)ej>
/

= (enkti(t)s entr; (1) ym07) -
Theorem 5.3. Let M € 9. For any m € N there is N € N such that

/ th do (t) = / th do . (t)
R R
forany N' > N and k = 0,1,...,2m — 1,2m, where a}:\r, and cr]‘{,, are the spectral

functions of M and My, respectively.

Proof. Independently of the value of N > n, for 7,5 = 1,...,n, one has

k+l1 T k l —14k —141
/t o (t) = (t"e;, t ej>L2(R)U]7V = (T 'Fp, Tt pj>L2(R,U%) (5.3)
R

since Te; = p, for i € G,, (which in turn follows from (3.7) and (3.15)).

Thus, the goal is to find a decomposition involving the vector polynomials given in
Definition 3.8 for zlpi with [ € N and i € G,,. For the whole infinite matrix M and
i € Gj,—1, one obtains from (3.17) and (3.18) that

ko—1 n—ko+jo

wpi(2) = Y ayp(2)+ Y Ri(2)q;(2), (5.4)
k=1 =1

where aj, € C (k € Gn, i € Gj,1) and R} is a scalar polynomial (j € Gy gt jo
i € Gj,—1). Also, directly from Definition 2.2, one verifies that, for any
m € NU {0},
ko—14+m
ij0+m(z) = Z mjoer,jpj(Z) + Mo +m ko +mPlo+m> (5'5)
Jj=1
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where we have used the notation of Definition 2.2 for the entries of M and denote the
edge entry in bold typeface.

In the case jo < n, one recurs to (5.4) and (5.5) to find zp; for ¢ € G;,—1 and
i € Gy \ Gj,—1, respectively (in (5.5) put m =0,...,n — jo). If jo > n, then one only
uses (5.4) to determine zp, for i € G,,.

As it was done in the proof of Theorem 5.2 an induction argument, which involves
(5.4) and (5.5), yields

i+1(ko—jo) _ n—ko+jo _
dpiz) = Y aiDpe2)+ D Ri(l,2)q;(2), i€ G, (5.6)
k=1 j=1

for any [ € N, where we have indicated the dependence on [ of the coefficients.
If one considers the finite submatrix My, then (5.6) remains invariant as long as
N > n+ (ko — jo). This invariance is a consequence of the fact that all equations in
(5.5) correspond to rows of the matrix M on the tail (see (2) of Definition 2.2).
Now, it follows from (5.3), (5.4), (5.6), and Propositions 3.10 and 3.14 that the
entries of the moment matrix Ss(N), with s € Go; and N > n + l(ko — jo), are given
by T and the coefficients ai (), where k € Grti(ko—jo) and i € Gi. O

Note that Theorem 5.3 is more complex than its counterpart in the more simple
setting treated in [9]. This is a consequence of the different behavior of the vector
polynomials p, and g; with respect to heights in the classes I and M as stated in
Remark 4.12.

Having Theorem 5.3 at our disposal, the following assertion is a direct consequence
of [9, Lems. 3.1,3.2 and Prop.3.1]. The proof is omitted here since the reasoning
repeats the one used in [9], which in turn relies on generalizations of Helly’s theorems
(see [4, Thms. 4.3 and 4.4]) and the argumentation found in [1, Sec.2.1].

Theorem 5.4. Let M € M and | € N and consider the spectral functions U}{, of My
with N > n+ (ko — jo) for a certain boundary matriz T (see Section 3), then there
exists a subsequence {U}:\r,j }‘;‘;1 converging pointwise to a matriz-valued function o such

that
/ t*do (t) = / thdo(t)

R R

for any nonnegative integer k < 2.

As a result of Theorem 5.3, the matrix moments of a spectral function of the
submatrix My do not depend on N > 1. More specifically, by defining

Sy, = / thda (1) (5.7)
R
for any k =0,1,... as long as N > n+ (kg — jo) and k < 2[, Theorem 5.4 yields that

o is a solution to the moment problem given by the sequence {Sj}7°, which in turn
is determined by M € 91 and the boundary matrix 7.
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In Section 3, we considered the finite sequence of polynomials {pk}fcvzl associated,
via Definition 3.8, with the submatrix My of a matrix M € 9. Here we consider
the infinite sequence {p;}72 , given again by Definition 3.8. Also, we now substitute
the n x n-matrix-valued function o3 in Definition 3.7 with the n x n-matrix-valued
function o obtained in Theorem 5.4.

Lemma 5.5. The sequence of vector polynomials {p, }7>, is an orthonormal sequence
in Lo(R, o), where o is the function given in Theorem 5.4.

Proof. Tt is a consequence of Proposition 3.10 and Theorem 5.4 that, for N sufficiently
large (depending on k and j), it is satisfied that

5jk = <pjvpk>L2(R7glﬂ\']) = <pjvpk>L2(R,a) : -

Due to the fact that the space Ly (R, o) is infinite dimensional, one has the following
assertion.

Corollary 5.6. The function o to which the subsequence {U}:\r,j }‘;‘;1 converges according
to Theorem 5.4 is a solution with an infinite number of growing points to the matrix
moment problem given by the sequence {Si}72 .

Lemma 5.7. If o is the function given in Theorem 5.4, then each vector polynomial
q;, J € Guorjo, has zero norm.

Proof. If one fixes j € Gy,—py+j, and considers N > 1, then

2
0= quHLQ(R,g;{r) :/<qj7d0-13\}qj>
R

as a result of Proposition 3.14. Now, by Theorem 5.4 there is a subsequence {O'%i}?il

such that

2

0=/<qjvd03£qj> =/<qj’d0qj> =gl 5.0, s
R R

Definition 5.8. A nondecreasing n x n matrix-valued function o with an infinite
number of growing points and finite moments is said to belong to the class &,, when
fR do is invertible. A function o € &,, is called a spectral function of a matrix M
in M (actually we mean the spectral function of M; see Section 2) when there exist
a boundary matrix T such that, in Ly(R, o), {p,}7>, is an orthonormal sequence and
g, is in the equivalence class of zero for j € Gpn—y,+j,-

Remark 5.9. Due to Lemmas 5.5 and 5.7, and Corollary 5.6, any M € 91 has at
least one spectral function. Indeed, the function o given in Theorem 5.4 is a matrix
valued function having an infinite number of growing points and fR do is invertible since

[ o =1y,
R

where T is the boundary matrix involved in Theorem 5.4.
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By Definition 5.8, one constructs an isometry U between l5(N) and the closure of
the polynomials in Ly(R, o) by associating the orthonormal basis {J;}72, with the
orthonormal system {p,}72,, i.e. Ud, = p,, for all k € N.

Theorem 5.10. Let o be the spectral function of M € M given in Definition 5.8
and consider the isometry U given above. If A is the operator of multiplication by
the independent variable defined on its maximal domain in the closure of the vector
polynomials in Ly(R, o), then UL AU is a selfadjoint extension of M.

Proof. Note that A, i.e. the operator of multiplication by the independent variable
defined on its maximal domain in Ly(R, o), is selfadjoint. Moreover, on the basis of
(3.19), one has

(1 APi) 50y = [ (B0 oty ()

R

/< ), do Z mgi p; (t) + xx (k) q'y(k)(t)>

R €GN

for a sufficiently large N € N. Thus,

<p]aApk Lo(R Z mkl/ p] dapz )>

1€EGN
= E Mg 6]75 § mkz ji = M.
€GN €GN

This means that the operator UM/ ~! is a restriction of the operator of multiplication
by the independent variable. O

Remark 5.11. Theorem 5.10 justifies the name given to the function of Definition 5.8.
Note that in general the image of U is a subspace of La(R, o). The vector polynomials
are densely contained in Ly(R, o) only when the orthonormal system {p;,}?°, turns
out to be complete, i.e. when Ulx(N) = Ly(R, o).

Remark 5.12. Taking into account the notation of Theorem 5.10, if there is only one
solution to the moment problem given by the sequence {Sj}7°, (see (5.7)), then the
operator of multiplication A is such that Y1 AU = M, i.e. M is selfadjoint. Note
that if one changes the boundary matrix T, then one has another spectral function
for the same operator. In this case the moment problem changes, but all the time
there is only one solution to the problem (determinate moment problem). If there is
more than one solution to the moment problem (indeterminate moment problem),
then the selfadjoint extension & ~* AU does not necessarily correspond to a canonical
selfadjoint extension® of M [2, Appx.I].

2) A canonical selfadjoint extension of a symmetric nonselfadjoint operator A is a restriction of A*
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6. RECONSTRUCTION OF THE MATRIX

The goal of this section is to reconstruct a matrix from an arbitrary function ¢ € G,
(see Definition 5.8). In the previous sections, we constructed a spectral function for
a given matrix in 9. This spectral function turned out to belong to &,,. Now, we deal
with the inverse problem whose solution provides a complete characterization of the
spectral functions of the operators related to the matrices in 9.

In [9, Sec.5] the inverse problem of reconstructing a matrix from its spectral
function was addressed. The starting point there is a function in &,, just as in this
section. Thus, we use the results found there and bring up some of their details below
for the reader convenience.

The following statement is a rephrasing of [9, Lem. 5.1 and Prop. 5.1].

Proposition 6.1. Given a function o € &, there is an infinite sequence of or-
thonormal polynomials {p,, : k € N} in La(R,0) and a finite sequence {q; : j € Gp,},
ng < n such that H’(LH =0 for any j € Gp,. Moreover, for any n-dimensional vector
polynomial v, there is | € N such that

r(z)= Y ab(z) + Y Ri(2)q;(2),

keG, JEGn,

where each ay, is a complex number (k € G;) and each R; is a scalar polynomial

(j € Gpy)-

The proof of this assertion if based on the Gram-Schmidt procedure taking into
account the properties of a function in &,,. The algorithm is illustrated in the flow
chart of Figure 4, where the polynomials e (k € N) are given in (5.1) and (5.2).

Remark 6.2. It follows directly from the algorithm (see Figure 4) that the heights of
{p, : k € N} are increasing with k& and cannot coincide with the heights of the vector
polynomials in M(g;) for any j € G,,.

Remark 6.3. If o is nondecreasing n X n-matrix-valued function such that fR do
is invertible, but it has N growing points, then ny = n because the corresponding
interpolation problem has n generators (see Proposition 4.8). In this case, the algo-
rithm (Figure 4) yields ||p,|| = 0 for all s > N (this is why the space L2(R, o) is
N-dimensional). On the other hand, when o € &,,, the algorithm can give us zero-norm
polynomials, but it should be that ng < n since otherwise Ly(R, o) would be finite
dimensional which is impossible when there is an infinite number of growing points.

Remark 6.4. Clearly, {p, : k¥ € N} is an orthonormal basis of the closure of the
polynomials in Ly (R, o). However, the polynomials might not be dense in La(R, o).
The density of polynomials in Ly(R, o) is an intrinsic property of the measure.

As in the previous section, let us denote by A the operator of multiplication by
the independent variable defined in its maximal domain in the Hilbert space $ being
the closure of the polynomials in Ly(R, o) (0 € &,,). On the basis of Proposition 6.1,
it is shown in [9, Thm. 5.1] that the numbers <ﬁj, Aﬁk> form a matrix in the class 9.
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leN, i€y

~ ~ no
qj = Dg 4>
yes
yes
no
Pi=er— Y @-,ekm}
1<k

[Pl = 07

Fig. 4. Orthonormalization algorithm

If this matrix is denoted by M , then [9, Thm. 5.1] actually says that A is unitary
equivalent to a selfadjoint extension of M (the operator corresponding to M). Recall
that according to [2, Sec.47], M is the minimal closed operator satisfying

(8;, M&y) = (B, Ap),) forall k,je€N,

where {0y }ren is the canonical basis in [3(N).

Having constructed the matrix M , there is a boundary matrix 7 such that the
polynomials p, given by (3.15) coincide with p, for & = 1,...,n. Then any of
the polynomials p, and q; given by (3.15) and (3.16) for £ > n and j = 1,...,n9
differ from p, and g;, respectively, only by polynomials in the equivalence class of
zero (see [9, Egs. 5.7 and 5.8]). This implies, according to Definition 5.8, that o is
a spectral function of M with respect to 7.

Let us summarize the above paragraph in the following statement which turns out
to be a rewording of [9, Thms. 5.1 and 5.2].

Proposition 6.5. If o € &,,, then there is a matric Mé M and a boundary matriz
T such that o is the corresponding spectral function of M with respect to T.
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The above result, which solves the inverse problem posed at the beginning of this
section, has a remarkable repercussion for the infinite Marchenko—Slavin class 9.
Indeed, according to Definition 5.8, the following statement is a consequence of
Lemmas 5.5 and 5.7, Corollary 5.6, and Proposition 6.5.

Theorem 6.6. If M € M and o is a spectral function of M with respect to a boundary
matriz T, then there is M € I _and a boundary matriz T such that o is also a spectral
function of M with respect to 7.

Due to the theory of unitary invariants for spectral functions [3, Sec. 7.4], Theo-
rem 6.6 immediately gives the following result.

Corollary 6.7. Any operator associated with a matriz in M is unitary equivalent to
an operator associated with a matriz in .

Note that Corollary 6.7 not only holds for infinite matrices, but also for any finite
submatrix of an arbitrary matrix in 9, namely, for a fix N € N and M € 90, there is
a unitary map V : lo(Gn) — l2(Gn) and a matrix M € 90 such that

VMyVL = My.

A consequence of Corollary 6.7 is that it gives a new way of constructing solutions
to a linear multidimensional interpolation problem (see Section 4). Also, the fact
that a matrix in the Marchenko—Slavin class is unitary equivalent to a matrix in the
subclass given in Definition 4.1 implies that systems of interacting particles can always
be treated by their equivalent model corresponding to a finite submatrix in 91. In the
infinite dimensional setting, this equivalence is relevant in studying the properties of
spaces La(R, o) for an arbitrary o € &,,.
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