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Abstract. In this paper, we study the existence of a nonnegative weak solution to
the following nonlocal variational inequality:

/(—A)gu(—A)%(v —u)dzr + /(1 + AM (2))u(v — u)dx > / fu)(v —u)dx,
RN

RN RN

for all v € K, where s € (0,1) and M is a continuous steep potential well on RY.
Using penalization techniques from del Pino and Felmer, as well as from Bensoussan
and Lions, we establish the existence of nonnegative weak solutions. These solutions
localize near the potential well Int(M ~1(0)).
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1. INTRODUCTION

In this work, we focus our attention on the following nonlocal variational inequality,
for u € K,

/(fA)%u(fA)% (v —u)dx + /(1 + AM (z))u(v — u)dz > / flu)(v —u)dz, Vv € K,
RN

RN RN

(1.1)
where s € (0,1), A > 0, the function M : RN — R is a continuous steep potential well,
that is,
(My) M(z) >0 for all z € RV,

(Mz) there exists an open, connected and bounded domain Q C RY with smooth
boundary, such that € := Int(M~1({0})) # 0.
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We define
K={veFE:v>pae inQ},

where

E=<( uc H(RY): /M(a:)|u|2da? <00 P,
RN
and p € H*(RN), ot # 0, supp(p*) C Q. Moreover, for the nonlinearity f, we require
that
Ft) = ptt™t %
for any ¢ > 0, with 2 < ¢ < 2%, > 0 and f vanishes in (—o00,0).

Variational inequalities are well-known in the applied mathematics literature.
They originated in Italy with Fichera’s work in 1963 on elasticity problems and
Stampacchia’s work in 1964 within the framework of potential theory in connection
with capacity [33]. The classical physical application of a variational inequality is
the problem of determining the equilibrium position that a membrane reaches in the
presence of a rigid body. Its simplest mathematical formulation is to seek for minimizer
of the energy functional

I(u) :/|Vu|2dx
Q

among all functions u satisfying u > ¢ in 2, for a given smooth obstacle . If u is
a minimizer of I subject to the boundary conditions u = 0 on 9f2, then w is a solution
of the Euler-Lagrange equation

u>p in Q,
Au=0 in{u> ¢},
—Au >0 in .

Many extensions of this problem have been considered in the literature, particularly
for taking into account nonlinear elastic reactions of the membrane, non commutative
effects and nonlocal interactions [1, 2, 8, 9, 18, 23, 24, 30-32]. Fractional problems
with obstacle type constrain were first considered by Silvestre in [35]. Since then, many
obstacle type problems with various nonlocal operators have been considered in the
last years, see for example [8, 15, 20, 26, 34, 36, 39] and the references therein.

Recently, Alves et al. [1] pointed out that there are three methods for researching
variational inequalities: the nonsmooth critical point theory [12, 13, 27, 29], the
minimax principles [19, 40, 41] and the penalization method [7, 30, 31]. They also
combined penalization method and the mountain pass theorem to get the existence of
positive solution for the variational inequality:

u € K,
/ VuV (v —u)dx + /(1 + AV (z))u(v — u)dz > / fw)(v —u)dz, Yvek,

(1.2)
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where V' is a continuous function that satisfies the following conditions:

(V1) V(x) >0, for all z € RV,

(Vo) Q = Int(V=1({0})) # 0 is a connected and bounded set of RY with smooth
boundary,

(V3) there is My > 0 such that the set £ = {x € RV : V(x) < My} is nonempty with
finite measure,

and f is a suitable continuous function. We also mention the recent work by Deng
et al. [15], where the existence of a positive weak solution for a class of fractional
Kirchhoff variational inequality was considered under (V;)—(V3).

The elliptic problem with critical growth like

(=AY u+ NV (2)u = pu? ' +u%"1 inRY, (1.3)

where s € (0, 1], has been extensively studied by many authors. Recently, for s = 1,
Alves and Barros [3] considered the existence and multiplicity for (1.3), assuming that
V satisfies (V1)—(V3). Based on the important research in [3], Alves et al. [1, 2] solved
(1.2) by using the penalization method under different conditions on V. Moreover,
as for a class of problems which X is large enough to get existence result in (1.3), we
refer to [6, 11, 17] and references therein.

In the nonlocal case, that is s € (0,1), Yan and Liu [42] considered the multiplicity
and concentration of solutions for (1.3), when there is a general nonlinearity without
the critical term in it and V satisfying (V1)—(V3). He and Zou [22] studied the existence
and concentration result of (1.3) when V' (z) is replaced by 1+ AV (z) with V satisfying
(V1)—(V2) and f is a general nonlinearity. Moreover, if we consider the impact of A in
different fractional equations the readers can see [10, 21, 28, 37] and references therein.

In this paper, mainly motivated by [2, 4], we intend to prove the existence of
positive solution for problem (1.1) by dropping condition (V3). More precisely, our
main result in this paper can be stated as follows:

Theorem 1.1. Suppose that M satisfies (M1)—(Ms). Then there exist A > 0 and
s > 0 such that problem (1.1) has at least one positive weak solution uy for X > A,
> . Furthermore, for any sequence \, — +00, there exists a subsequence, still
denoted by {\,}, such that {uy,} converges strongly in H*(R™N) to a function u with
u =0 a.e. in QU°, where u is a solution of the variational inequality

// (u(z) = uy))((v —w)(z) = (v = w)(y))
Q

P— dxdy + /u(v — u)dx
Q

> [l )t~
Q

for every v € K, where
K={veHQ):v>¢p ae inQ},
and Q = RV \ (Q° x Q°).
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Remark 1.2. Compared with the previous results, Theorem 1.1 can be regarded as
an extension of Theorem 1.1 in [2] from the local to nonlocal case. Secondly, we note
that one of the main challenges is associated with fact that we need to prove that,
if u,, — u in HY(RY), the limit below must hold

/f(un)und:c%/f(u)udx. (1.4)
RN RN

This limit is not easy to be proved because there is no compact embedding of H*(RY)
into LP(RY) for p € (2,2*) and hence the energy functional does not satisfy the (P.S)
condition at any level c.

As we see in [1, 15], condition (V3) is used to get a compactness control when A is
large enough, and consequently, it is possible to show that (1.4) holds. In this work
we do not consider condition (V3), making it more challenging to prove that (1.4) is
satisfied and, as a result, to verify that the energy functional meets the (P.S) condition.
To overcome this difficulty, we use the penalization method found in del Pino and
Felmer [14] combined with the penalization method due to Bensoussan and Lions [7],
which helps us to transform an inequality into an equality.

On the other hand, it should be noted that in many works it is assumed that
V(z) > Vp > 0, that is, V is bounded away from 0 (see [5, 11, 14, 17, 22, 39] and the
references therein). This is not the case in our situation, since by condition (Ms)
the potential V' is not bounded away from 0.

The remainder part of this paper is organized as follows. In Section 2, we present the
variational setting of the problem, and we show some preliminary results. In Section 3,
we study the penalized problem. In Section 4, we deal with the modified inequality.
Finally, in Section 5, we present the main part proof of Theorem 1.1.

Throughout the paper, we will use the following notation. The letter C' changes
from line to line. By B,.(r), we understand the ball in R centered at z € RV with
radius r. The symbol I'® means RY \ T, where I' C RY. The notation | - |, refers to
the norm in L"(RY) and |ul,(ar) == ([, lu|"dz)*, where M C RN and u € L"(RV).

2. ABSTRACT SETTING AND PRELIMINARY RESULTS

We now collect some preliminary results for the fractional Laplacian. A complete
introduction to fractional Sobolev space can be found in [5]. For s € (0, 1), we define
the fractional Sobolev space H*(RY) as

H*RN) = {u € L*(RY) : [u] < oo},

where

[U}Q _ / |u($) — u(y)|2d:cdy

o — oV
R2N
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is the so-called Gagliardo norm of w. It is well-known that H*(R") is a Hilbert space,
under the norm u(
u(x
|ul|? = / |N+2 d dy + / lu|?dzx.

From now on, we work on the Hilbert space

E\ = {u € H*(RY) ;R[ AM (z)u?dx < oo},

endowed with the inner product

(u, )y = // yg(ﬁ W) iy + /(1 + AM (2))uvdz.

RN

Then, the norm related to the inner product is given by

u\xr
||u\|)\—/ ful |N+25 dxdy+/(1+)\M(sc))|u|2da:.
]R2N RN

By (M), for any u € E), we get
[[ull < flullx-

This means the embedding Ey < L"(RY) is continuous for any r € [2,2%] and the
embedding Ey — L (RY) is compact for any r € [1,2%). The following Sobolev
inequality can be found in [5]: for all u € E), we have

l

2>

3. THE PENALIZED PROBLEM

To establish the existence of positive solutions, we modify this inequality adapting
some arguments explored in [14]. More precisely, we fix k = qQTqQ > 2 and a > 0 such

that f(a) = £, and we consider the following function:
r3 f(t)v t S ’
t) =
ji { e

Let A C RY be a bounded, connected set such that Q@ C A. We introduce the penalized
nonlinearity ¢ : R x R — R by setting

M$U=XM@NU+O—XM@V@-
Define G(z,t) fo
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From the definition of f, it follows that g verifies the following properties:

t
g1 @ =0 uniformly inz € RY,

(91) lim
(92) g(z,t) < plt|e~ <=1 for any € RY and t € R,
(93) 0 < qG(x,t) < tg(x, t) for any x € A and t > 0,
(94) 0
(9

94) 0 <2G(z,t) < tg(x,t) < £(1+ AM(z))t? for each x € A° and ¢ > 0,
5) g(z,t) =0 for all z € RY and ¢ < 0.

Now we study the following modified inequality: for u € K|

/(—A)%u(—A)%(v—u)de—i—/(1—|—)\M(x))u(u—u)dm > /g(m,u)(v—u)dm,Vv e K.

RN RN RN
(3.1)
As the method in [2, 7], we get the penalized problem of (3.1),
1
(=8) u+ (1 +AM(2)u = —(p = u)"xo = g(z,u) nRY, (3-2)
where ¢ > 0 is the penalization parameter. Let (P(u),v) = — [,(¢ — u)Tvdx.

We know that P is the penalty operator and é fQ (¢ —u)tTwvdz is the penalization term.
The associated energy functional to problem (3.2) is

Tl = 5l + 5 [l =0 Pdo— [ Glau)ds
RN

Q
It is easy to check that J) . € C(E\,R) and its differential is defined as

Jye(w)v = (u,v)x — é/(g@ —u)Tvdr — /g(x,u)vdm,

Q RN

for any v € E). Let us note that if u € K satisfies

(u,v —u)y > /g(axu)(v —u)dzr for all v € K, (3.3)
RN
and
lu| <a forall x € A°, (3.4)

then w is a solution to (1.1).
Firstly, we will show that the functional Jj (u) satisfies the mountain pass
geometry [38].

Lemma 3.1.
(i) There exist constant r,, p, > 0, with vy, p, — 0 as p — 400, independent of \
and €, such that
Ine(w) = pu for ulx =ryu.
(i) There is e € Ey with ||e||x > r, and Jy (e) < 0.
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Proof. (i) From (g2), for any fixed 8 > 0, there exists Cz > 0, such that

lg(z, )| < pBlt|T™r + Calt)* ™1 for all z € RY 1 € R, (3.5)
and o
|G(z,1)| < ”q—ﬁ|t|q + Q—fm?Z for all z € RV, ¢t € R. (3.6)

Then, by the Sobolev embedding, we have

Chp

2S
— NG
q

1 Cs
Dne(w) Z Sllul} = == lullf = 52 llu

As 2 < g < 2}, if we choose 7, > 0 satisfying
i d (372 mE [ 3¢ \T°
r, < min , ,
M 802 801/1,

1
Tne(u) = o= pu for [lully =1

we will get

(i) As o1 € E) and supp(p™) C Q, we have
Pnele®) < gllet B = 5ot 1P,
Choose ¢ ™| small enough such that
12

1
§||sﬁ < pu-

Besides,

2dy fort € RV,

t? +25
[ Gatetian =12 [1gtran - T [ 1ot
RN Q " Q

/ (o — ™) 2z = 0
Q

and

for ¢ > 1. Thus, we have
t2 i £ .
Teltet) = Sl 1P = 2 [t - o [lotid,
2 q 25
Q Q

which implies that Jy ((t¢™) — —00 as t — 4o00. Therefore, as ty is large enough with
e=(1+to)p™,
Jre(e) <0 and |le|x = el > rp. O
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From [38, Theorem 1.15], there exists a (PS)., . sequence {u,} C Ej such that
Ire(un) = cx,e and J;\’E(un) — 0, where ¢y is the mountain pass level character-
ized by

. = inf Iy ((t
Oxe = Inf max J, (v(®))

and
I'={yeC(0,1], Ex) : 7(0) = T and (1) = e}.

Lemma 3.2. There are 7 > 0 and p. = pi(7) > 0 such that

-2
c>\76<qTS%—’r forall A > 0,e >0 and p > pix.
q

Proof. Firstly, we fix the following path v € I':
v:[0,1] 3t () = (1 +tto)pt € E,.
Since (1 + ttg)pt > ¢, we get

/ (i — (14 to)p™)*|2dz = 0,
Q

and

L+ tto)” p(1 + tty)? 1+ tho)
Ie(r() = %”‘PHF* %/|gﬁ+|qd1—%/|w+

2o dx

Q

(1 + ttg)? (14 tto)?
< et P - S [ et
q
Q

Taking A = 1{|¢™|? and B = % Jen l@T]%dz, we then consider the following function:

1,(t) = At> — uBt? for all t € [0, c0).
w

2A

1
5g)7 2 > 0,50

The maximum point of I, iS tmax = (

< (¢
Cre < ax Ine(v(2))

1+ ttg)? (1 + ttg)?
< e L0 e HOEEOE g,

for A > 0,¢ > 0 and p > p., where pu, is sufficiently large. O
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Lemma 3.3. The (PS).,, sequence {u,} of Jxc is bounded in Ej.

Proof. For any sequence {u,} C E\, we get

[(p— un)+]2 + (¢ = un) un > (0 —un) o
Since ¢ > 2, it follows that

1

1 1
L o V2 = o+ S = o \F
5 (0 = un) " ]"dx + = /(@ Up) T updr > - /(@ un) T pd.

Q Q Q

If {u,} is a (PS)., . sequence of .J) , then from (g3), (94), the Hélder inequality and
the Sobolev embedding, we obtain

1 1 1 1 1
Incltn) = 2 ) = (5= 2 ) unll + o [ 0= ) e = el
Q
1/1 1 1
>-ls—- n 3 — n d
>3 (53 )l = o [ el + Dol
Q
q—2

Y

1 1
?Hunlli - %Iw@ = g2 Pllunlly

which yields

q—2
4q

Thus, {u,} is bounded in E}. O

1 1
lun3 < exe+0n(1) + gl@l% *(on (1) + Zlel2)llunll.

The following lemma can be found in [1, Lemma 3.4] and [39, Lemma 2.2].
Lemma 3.4. {u}} is also a (PS)., . sequence of Jyc, where u;} = max{uy,0}.

Remark 3.5. From Lemmas 3.2 and 3.4, we have
q—2,x
Cre € O,TSQS—T forall A > 0,e >0 and pu > .
q

Due to the presence of the critical Sobolev exponent, we will use the well-known
concentration-compactness principle to get our compact result.

Lemma 3.6. Letc e [O, QQ;QQS% — 7'). Then Jy . satisfies the Palais—Smale condition
at the level c.
Proof. Let {u,} be a (PS). sequence of Jy ., then Jy (un) — ¢ and J} (un) — 0.
From Lemmas 3.3 and 3.4, the sequence {u,} is bounded and nonnegative. Conse-
quently, we may assume that:

up — u  weakly in Ey,

u, — u  strongly in L7 (RY) for any r € [1,2%), (3.7)

up — u for a.e. z € RV,
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Next, we divide the proof into four steps.

Step 1. We show {u,} is tight. That means for any ¢ > 0, there exists R = R¢ > 0
such that A C Bg and

2
limsup// |N’;§i)) dzdy+/(1+/\M(x))|un\2d;cgg. (3.8)

n—oo
c
R

Let ¢g € C°(RY,[0,1]) be such that 0 < ¢gr < 1, g =0 in Br, ¢ =1in By and

[Vir| < % for some C' > 0 independent of R. From (J} (un),¥run) = 0n(1)
and 2 C A, we get

|z — y| N2
]Rzzv RN
Q RN
~ [ g(e u)brund + 0,(1)
RN
Since

[ oke) = e enle) () = a4 g,
o — gV

// et |x_—un|N2r)22ewR(x)dxdy

// a (2) = () (@) — VR (@)nlw)

|.’L‘ |N+25

R2N

from (g4), we have

un(z) —u 20 (x
// n |x — n|N3_)29wR( )dmdy+ /(1 +)\M(x))1/13|un|2dx

RZN RN
// () — >><ngV )~ VR 4 g, (3.9)
R2N
+/%W¢R|un|2dx.

RN
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Moreover, by the Holder inequality, we obtain

/ / (un(2) = un(y) Wr(2) — Yr(Y))un(y) ;. dy

o =y

R2N

// |lx — yN+2s)) dxdy /N/ |z — lei)Q)j“rQL(y)

1
2

[N

<c / (Yr(x r())*u; (y)

|N+25

Then, from [4, Lemma 3.2], we get

2,2
limsuplimsup/ Wr(@ (y))"us (y) =0.

R—oo mn—oo y|N+2s

Combining this with (3.9), we can see for any £ > 0, as R is large enough, (3.8) is
satisfied.

Step 2. We will show that

n— oo
c c
BR BR

lim [ g(x,up)u,de = /g(x,u)udsc. (3.10)

From (g2), Step 1 and the Sobolev embedding, we obtain that for any £ > 0, there

exists R = R¢ > 0, such that
%de | <0 (53 +£3") :

/g(m,un)und;v <C /\un\qu—i—
Bg Bg

By

Moreover, choosing R large enough, we get

/ (e, w)udz < €.

By
Then (3.10) is satisfied.
Step 3. We will show that
li_}In 9(x, up ) updr = / g(x,u)udx. (3.11)

BrNA© BrNAc©
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From (g4), we get

(I+ AM(x))

un|? forany x e A
k

9(@, un)uy, <

Since Br N A€ is bounded, by the Dominated Convergence Theorem and (3.7), we can
deduce that (3.11) is satisfied.

Step 4. We will show that

n— 00
A A

lim g(x,un)undz:/g(z,u)udx. (3.12)

At this point, we firstly prove u, — u in L% (A). If this happens, from (g2) and the
Dominated Convergence Theorem, (3.12) is true.

From Step 1 and the concentration compactness principle, we can find an at most
countable index set I, and {z;} € RN, {u;}, {v;} C (0, 00) such that for any i € I,

2

V= |u\ + Xiervily,, 12> |(—A)%u|2 + Yierpidy, and p; > SZ/:;

Let us show that {z;} NA = (. Assume by contradiction that x; € A for some ¢ € I. For
any p > 0, we define 1, (z) = (*=*), where 9 € C° (RM,[0,1]) is such that ¢ =1

in By, ¢ =0 in Bf, and V| < g We suppose that supp(y,) C A for a suitably
chosen p. Since {1 uy} is bounded in E}, from (g2) and Step 1, we get

Un () — un(y))?,(z
o

/ / U (%) — un(y ))(%(af)—wp(y))“n(x)dxdy

|(E _ y‘N+2s
R2N
+ - /((p — up) Tupth,dr + / (@, up )unt,da
Q RN
R
(un () — un(y) (Wp(x) — Yr(Y))un(z)
_// |z — ;‘N+2s - dzdy
R2N
+ % /(cp — up) Tupth,de + p / |t |0, d
Q RN

2§¢pdx + on(1).
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Due to the fact that i, has compact support and (3.7), we observe that

lim lim [ plup|%,de = lim / plulf,dr = 0.
p—0

p—0n—oo
RN By (i)

Moreover, let

1
I, = g /((P - un)+unwpdxu
Q

then from the Holder inequality, we get

I, < (p— un)+un1/1pdx

Bp(-"«'i)

/ (Il + tn unthy

Bp(x'i)

1

IN

IN

- ([l + up)undz
Bp(mi)

1 9 9 1 / 9
p|°d nl“d + - nl7d
6 /|| x /\u\ x . |t |“dx

B,,(:c,) Bp(z,) Bp(m7)

IN
I

Since

lim lim / |, |?d2 = 0,

p—0n—o0
By (z4)

we get
lim lim |I,| =0.

p—0n—oo

Furthermore, by applying a variable substitution in Step 1, we also have

lim sup lim sup
p—0 n—oo

[ el vl i)
R2N |x B y|N+2S |
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Therefore, taking limits as n — oo and p — 0 in (3.13), we obtain v; > S2:. Using
(g93) and (g4), we can deduce that, as n — oo,

1
Cxe +0n(1) = Iy c(un) — 5<J§\e(un)»un>

= <2 B q> ”u"”?\ + Z /[(4,0 - un)+]2d$ + % /((p — un)+undz
Q2 Q
1
a)

which gives a contradiction. This means that u, — u in L% (A).

From Steps 2—4, we get

lim / o2t Yndz — / oz, wyuda. (3.14)

n— oo
RN RN

Since {u,} is a (PS). sequence, we obtain
1
||Un||§ = - /(4,0 - un)Jrundx + /g(xa Up )undz + on(1). (3.15)
Q RN

Moreover, by the density of C5°(RY) in E), we have

1
|ul|3 = - /((p — ) udzr + /g(x,u)udx. (3.16)
Q RN
Hence, from (3.7), (3.14), (3.15), (3.16) and the Dominated Convergence Theorem,
we infer that ||u,||x — ||u||x. This completes the lemma. O

Lemma 3.7. Let {u,} C Ex be a (PS)., . sequence for Jy . with
-2
onee 0.0 255 7).
2q

Then one of the following conditions holds:

(i) up — 0 in E),
(ii) there exists a sequence (y,) C RN and constants R, 3 > 0 such that

lim inf / lun|2dx > B > 0.

n— o0
BR(yn)
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Proof. Assume that (ii) does not occur. Then, for every R > 0, we have

lim sup /|un|2da::0.

n—oo yGRN
Br(y)

Therefore, since (2 is a bounded domain, we have
/(gp — up) Tupdr = 0,(1).
Q

Besides, from the fractional Lions Lemma, we obtain u, — 0 in L"(RY) for all
7€ (2,25). By (J3 c(un), uu) = 0, (1), we get

fuali3 = [

RN

%dx + 0, (1).

From Lemma 3.3, we can assume that there is m > 0 such that

25dz — m.

||un||§\ —m and /|un
RN

On the one hand, if m = 0, then (i) holds.
On the other hand, if m > 0, then by

w=s| [
s

N
we have m > S'z. Moreover,

2
3
2\‘

% dx ,

1
exe = Iae(un) — 6<J§\e(un)aun> + 0n(1)

1 1 1 1
(3= 3l + 5 [t - wn) P+ - [ (o= un) unds
Q Q

+ E /g(z,un)un — qG(z,up)dz + 0,(1)

q
RN
11 g—2 x
>(=-= 2410,(1) > —=873,
> (3P +o 2 4
which leads to a contradiction. Therefore, m = 0, and (i) is true. O

Remark 3.8. From Lemmas 3.1, 3.2 and 3.6, there exists p, > 0 such that for every
> pye and A e > 0, problem (3.2) has at least one weak solution u.. Besides, from
Lemmas 3.4 and 3.7, u. is positive.
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4. THE MODIFIED INEQUALITY

Now, for any v € E), making the change of notations
o Jn=1Jxe and  Jn(un) = = o,

we get
(Up, V)5 — n/(go —up) Tvdr = /g(x,un)vdx. (4.1)
Q RN
Lemma 4.1 ([1, Lemma 3.11]). Let u,, satisfy (4.1), then there is u € Ey such that,
up to a subsequence, u,, — u in Ex. Moreover, u € K.

From the following lemma, we can transition from equality to inequality.
Lemma 4.2. We have u, — u in E).

Proof. Since J/ (u,) =0, we have

lenll3 = (T (1) ) — 1P (a1 ), 1) + / 0@, un)unda
RN

and
—(Up, uy = (J) (un),w) + n{P(uy),u) — /g(x,un)udx.
RN
Then, by u, — u in F), we get

lwn —ull3 = n(P(up),u — u,) + /g(x,un)un — g(x, up)udz + 0, (1).
RN

From the property of P in [1] and Lemma 4.1, we have

|t — ul3 < /g(x,un)un — g(x, up)udz + 0, (1). (4.2)
R3
Moreover, from u, — u in Ey, we get u,, — u in L} (RY) for ¢ € [1,2%) and u,, = u
a.e. in RV,
By Lemma 3.6, first, we can conclude that the sequence {uy,} is bounded. Then,

we choose ¥ u, — 1, as a test function to ensure that the penalization term is
negative, as shown in [2, Lemma 3.12], i.e.

<P(un)7¢pun - wp@+> S 07

where 1), is from Step 4 in Lemma, 3.6. Therefore, following the approach in Lemma, 3.6,
U, — u in L% (A). From (4.2), we obtain u, — u in Ey. O

Remark 4.3. For any v € K, taking v —u,, as a test function in (4.1), from Lemma 4.1,
we know u # 0. Besides, from Lemma 4.2, we can obtain  is a positive solution for (3.3).
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5. PROOF OF THE THEOREM 1.1

This final section is devoted to proving the main result of this paper. We will show
that (3.4) holds. For this purpose, we need the third strong convergence of {u,},
which will be defined later, and use a variant of the Moser iteration scheme [25]. From
Remark 4.3, let u,, € K satisfy

(Un, U — Up)r, > /g(m,un)(v — up)dz, (5.1)
RN
for all v € K.
Lemma 5.1. If {u,} is defined as above, then, as A\, — oo,

4qag
_9’

lim sup HunHin <
n— 00

where oy :=supey,, e
neN

Proof. From Lemma 4.2, we have u,, — u in E). Moreover, from Lemmas 3.3 and 3.4,

4
limsup |Ju, |3 < limsup ||un,|3 < ally O
n— 00 " m—»o00 q—2

From Lemma 5.1, {u,} is bounded in H*(R"). Then, there exists a subsequence
of {uy,}, still denoted by {u,}, and u € H*(R") such that u,, — u in H*RY).

Lemma 5.2. Let {u,} C E\, and u be defined as above. Then:

(i) u=0 a.e. in Q°,
(i) |lupn —ullx, — 0.

Proof. (i) By the Fatou lemma, we have

2
funl, _

n—oo n— oo
RN

mn

/ M (x)u’dz < liminf / M (x)u?dz < liminf
RN

which implies that u = 0 a.e. in Q°.
(i) By 4, — u in H*(RY) and (i), we show that

(Uy Uy, —u)y, = /(—A) u(—A)2 (uy, — u)dx + /u(un —u)dx = o, (1).

RN Q

ol

Therefore,
l|wn — u||§n = (Un, Up — u)x, — (U U — U)x, = (Un, Up — U)x, + 0n(1).
Since u,, € K, it follows that v > ¢ a.e.in Q. From (5.1), we can get

(U, U, —u)n, < /g(x,un)(un — u)dx,
RN
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and thus,

lun — w2, < /g(m,un)(un —w)dz + on(1).
RN
To complete this proof, we need to show that u, — w in L% (A). As in Lemma 3.6,
define the same 1),. We suppose that supp(¢,) C A. Letting v, = u,, — ¥, (un — 1),

we get v, € K. Next, taking v, in (5.1) and proceeding as in Lemma 3.6, we obtain
llwn, — ul|x, — 0. O

From Lemma 5.2, we can directly obtain the following techniques.
Lemma 5.3 ([2, Proposition 3.13]). Let {u,} be from Lemma 5.2. Then:

(i) as A\, = o0 we have the following limits:

U, —u in HS(RY),

)\n/M (z)|un|*dz — 0,

|u(x
Jun / dedw .

where Q := R2N \ (Q¢ x Q°),
(ii) the function u is a solution to the fractional variational inequality

[ = 0 ) = 0 =0 gy [ -y

[y
Q Q

= /(Huq’2 +u* " )u(w — u)de,
Q

for every w € K, where
K={weHQ):w>p ae inQ}.
Next, we present the main proof of Theorem 1.1.

Lemma 5.4. Let u, € K be a solution to (5.1) for all v, € K. Then there exists
C > 0, such that

‘un|oo(AC) < C|un|2§(QC)
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Proof. For any L > 0 and n € N, we define u, ; = min{u,, L}. Let d = dist(2, 9A)
and r, R € (0,d), with » < R. Given z € A°, let

o2 (@) = (1 = w7 (@),

where ¢ € C§°(RY,[0,1]) is a function such that 0 < ¢ < 1, |[V|

IN
==

1, if z € B.(xp),
da) = b e € Brlo)
0, if x € B{(xo),

and S > 1 will be determined later.

Step 1. We will show v, 1, € K.
Since Q C B%(x¢), we have for a.e. z € (2, then

Un,L = Un,

that is, v, 1, > ¢ a.e. in (.

Step 2. We will finish this lemma.
Taking v, 1, in (5.1), we get

<umun¢2 25 1)>)\n < /g(x,un)unzﬁuiﬁ*l)dl‘.
]RN

Let

(@) = un () (un (@) @) (@) — un ) ()un O ()
e f

o — y[NF2s dedy

R2N
_//wam—w@MWuwﬁfk>—w@m”1&»w<ud
- |z — y|N+2s ray

R2N

n () — 1 (1)) (2 () — V2 (1))un ()} ()
// |2 —yIN“zJ S dedy
R2N

= ATlL + Ai.
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As for A2, from the Holder inequality and ¢ € C5°(RY), we get

" _ ¢2 " i(ﬁ*l)
|ﬁw/' ) = Ol ),
R2N
 [[ it 1H¢9(|L+QS W) 4
R2N

S2O‘%ﬁ_1</ W[Qmﬁ(zs) da d) (/ |1/|)ixz;%(+y2)s| dxdy)
R2N R2N
) — 2 :
<c< [ ¥

Br(zo) Br(zo)

lz — y/?
([ ] st [ ] e

Br(zo) |z— y|>R Br(zo) |[z—y|<R

[N

<C,

where a; := sup wu,(x). Moreover, as for AL, performing like in [4, Lemma 5.1],
Br(zo)

A1>C

32 |u" n, L (z0))"
By calculation, from (g2), we obtain for any ¢ > 0,

g(x,t) < pdlt] + Cslt*

thus

_ 2(8-1
' g:(BT(IO)) < C&/ (Un 7/’2 (B )) dx

B
72|u’ﬂun,L
g s

F o) [ (a2l dos 122

RN

(5.2)

Fixing 0 < § < i, from (5.2), we get

1 - 2% -1
C@\Unug,;g;(m(xo)) <GCs / (Uni/’%i(/z )) dx +C.
RN
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Therefore, by the Hélder inequality, choosing 8 = ==, we have
-1
[untt 2 32 (5, (o)
2 2% -2
27 2% 2% 23 (53)
<052< / (|un|2 20 >)2 dx) ( / (Jun|? %)% 2 2dx> +Cp2.
Br(zo) Br(zo)

Since u,, — u in H*(R"Y), for any 7 > 0, as R small enough, we obtain

/ un|? da < 7.

Br(zo)
2)® =D g (2D
Then, as L — oo, we get u,, € L (Br(20)). If we put g = =5~ with t = Pl
then 8 > 1, %5 <2} and u, € LT T(Bpg(zo)). Returning to (5.3), we have
|unu§;1 g;(Br(ro) < Cp%+Cp? / un* 721(/2 D de
Br(zo)
< OB+ Cp? / ure P 0y
Br(zo) (54)
1 =1
t t
* 2ﬁt
ccgvep| [ a) | [ e
Br(zo) Br(zo)
*y2
Note that u,, € L@(BR(VPCO)). From (5.4), we conclude
t—1
t
2 2 2t
Un,L13:(B, (20)) < OB up " dz . (5.5)
Br(zo)
Thus, by (5.5),
28 23 t—1
256 258 I
* * 28t
uifdw < / (unuif)%dm‘ < Cp? / up dx
B (z0) B (z0) Br(zo)

As L — oo, from the Fatou lemma,

2
Iunlw(B (wo)) S OB |Un|2ﬁt(B ()"
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2:(5;1), b= 2L and let 3 = a™, then by iterating this process, we can

—1°
XY

If we set a =

obtain -
|un|am+1b(Br(xo) -1 |un|ab(BR(:c0))~

Letting m — oo, we obtain

[un|oo(B, (z0)) < Cltn 2z (B (zo))-

Since Bg(x¢) C Q° and ¢ is arbitrary in Xc, then

|un|cx>(AU) < C|un 2*(Br(z0)) < C|un 2*(Qe)- (56)

Now, we are ready to complete the proof of Theorem 1.1.

Proof. We will show u,, satisfies (3.4). Since u,, — u in H*(R™), by Sobolev embedding,
we get as \,, = 00

2: < Ollup —ul| = 0.

0<|up,—u
From Lemma 5.2 (i), we get

/|un—u2:dx=/|un

Qc Qc

2 dx — 0.

Combining this with (5.6), we have for any & > 0, there exists ng € N, for all n > ny,
|tin|oo(acy < k. Therefore, there is A* > 0 such that

uy <a,Vre A® and >\
Then, (3.4) holds true. Therefore, uy satisfies (1.1). O
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