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Abstract. Let ©Q be a bounded domain in R"® (n > 2) with a smooth boundary 992. We
discuss in this paper the existence and the asymptotic behavior of positive solutions of the
following semilinear elliptic system

—Au = a1 (z)uv" inQ, wuleg =0,
—Av = (J,Q(ZC)UBUS inQ, vlag =0.

Here r,s € R, o, 8 < 1 such that v:= (1 — a)(1 — 8) — rs > 0 and the functions a; (1 =1,2)
are nonnegative and satisfy some appropriate conditions with reference to Karamata regular
variation theory.
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1. INTRODUCTION

Let Q be a bounded domain in R™ (n > 2) with a smooth boundary 9. This paper
deals with the study of the following semilinear elliptic system

—Au = ai(x)u*v”, u >0 inQ,
—Av = ag(x)vPu®, v>0 inQ, (1.1)
u=v=0 on 012,

where r,s € R and «, 8 < 1 such that

vyi=1-a)(1—-p)—rs>0. (1.2)
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The weight functions a;,as are nonnegative on €2 and satisfy a suitable condition
with reference to a functional class K called the Karamata class and defined on (0, 7],
(n > diam(Q2)) by

K:= {t»—>L(t) = cexp(/ﬂz(!:)ds% ¢>0 and zeC([0,n]), =(0) :O}.

t

The Karamata regular variation theory is an innovation in the study of differential
nonlinear equations where we not only discuss the existence of solutions vanishing on
092 but also the blow-up boundary solutions and give an asymptotic behavior of such
solutions (see, e.g. [2-5,13-16,18,19] and references therein).

By a classical solution of (1.1), we understand a pair (u,v) such that u,v €
C%(Q) N C(Q) and satisfy (1.1) point wise.

Existence of such solutions and their behavior have been extensively investigated
in the literature with various methods (see, e.g. [1,6-13,17,21] and references therein).
Indeed, systems of type (1.1) with a; = as = 1 and r, s, a, § > 0 have received much
attention in the last decade. Namely, Maniwa proved in [17] the existence and the
uniqueness of a positive solution for the following more general Dirichlet problem

{—Aui = H;‘V:I u?“, u; >0 in Q,

qu:O, iZl,Q,...,N,
where p;; > 0 and the matrix P = (p;;) satisfies the following assumption
I — Pis a nonsingular irreducible M-matrix, (1.3)

where I is the identity matrix (see [17, Definition 1-2]).
Especially, for the case N = 2, putting

a r
P::(S ﬂ)’

condition (1.3) is satisfied if and only if (1.2) is satisfied with r,s > 0 and o, 8 < 1.

Most recently, there has been some interest in systems of type (1.1) where the
authors considered a; = as = 1 on €2, but where the exponents r,s,«, 5 are not
necessarily positive. In [12], Ghergu showed the following.

Theorem 1.1 ([12]). Let o, < 0,7, s < 0 satisfying (1.2) and one of the following

conditions:
(i) —rmin{1, 12173} <l+a—-s<2,
(i) —smin{l, 252} <1+ 3, —r <2,

(iii) a, 8 < —1 and r,s > —2.
Then the following system

—Au=u*", u>0 inQQ,
—Av =2, v>0 inQ, (1.4)
u=v=0, on 082,

has at least one solution.
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Later, inspired by the above result, Zhang studied in [21] system (1.4) for a different
range of exponents to those in [12]. Indeed, he proved that for «, 8,7, s < 0 satisfying
some appropriate conditions, problem (1.4) has at least one classical solution (u,v)
satisfying,

2046-1)

md(z) < u(z) < M(z) ,
20ta=s)

mé(z) < v(z) < Mé(x) ,
where m, M are positive constants and §(z) = dist(x, dQ). Zhang proved also in [21]
an exact boundary behavior and a uniqueness result to system (1.4).

We study in this paper system (1.1) in a more general situation that treat the

cases a1, as 7 1 with no restriction on the sign of the exponents. Our approach relies
on the asymptotic behavior of solutions to the following singular elliptic problem

—Au =a(z)u®, u>0 inQ,
u=20 on 01,

(1.5)

where o < 1 and a satisfies
(Ho) a € CY,

loc

(Q),0 < p < 1, satisfying for each z € 2
a(w) = 6(x) " L(3()),
n
where A < 2 and L € K such that [t!7AL(¢)dt < cc.
0

Here and throughout, the notation f(z) = g(z), € S, for f and g nonnegative
functions defined on a set S, means that there exists ¢ > 0 such that 2g(z) < f(z) <
cg(z) for each z € S.

In [14], Maagli showed the following.

Theorem 1.2 ([14]). Let a < 1 and assume (Hy). Then problem (1.5) has a unique
classical solution u satisfying for x € €,

u(e) =~ ()™ L(5(a)),
where L is the function defined on (0,7] by

1

tL T—o
<ffj>ds> if A =2,
0
L) = (L(t))T= fl+a< <2,
B 7IL ﬁ
<f S)ds> ifA=1+a,
t
1 fA<1l+a.

Our approach relies closely on the result of [14] stated in Theorem 1.2 above.
So, by applying the Karamata regular variation theory, we improve and extend the
estimates established in [12,21]. The proof of the existence in this paper is based on
the sub-supersolution method.
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2. MAIN RESULTS

Let us introduce our condition.

(H) For i = 1,2, the function a; is in C!

loc

(), 0 < p < Lsatistying for each z € Q
ai(z) & §(x) ™ Li(6(x)),

where \; € R and L; € K.

We also introduce the quantities

. 2— A . 24+5— X
o1 :mln{l }, o2 :mln{l,i}7

T1-p 1-p
2 — 1-— 2 — 2 — 1-— 2—
gy = G AMA=B+rC2=A) g R )0 a)+s2 M)
v v
The above values of o; (i = 1,...,4) are related to the boundary behavior of solutions

to problem (1.1), as it will be explained in our main results stated in the following
theorems.

Theorem 2.1. Assume (H) and that the exponents o, 8 < 1 and r,s € R satisfy
(1.2). Suppose that

A —ro1 =2, )\2<2, )\2#14-5
and Ly, Ly satisfy

(a) fi B @EO TP g o0 if 148 < Ay < 2,
(b) fir Bt < o0 if Ao < 1+ B.
Then system (1.1) has a classical solution (u,v) satisfying
u(z) = L1(6(x)) and v(z) = 6(x)* La(d(x)),
where Zl, Ly, e K.

Theorem 2.2. Assume (H) and that the exponents o, 8 < 1 and r,s € R satisfy
(1.2). Suppose that

M—rog<14+a,dg<2+s and (A, o) # (1+a+r1+3+s).
Then system (1.1) has a classical solution (u,v) satisfying
uw(z) = 6(x)L1(6(x)) and v(x)~ §(x)72Ly(d(x)),

where Ly, Ly € K.
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Theorem 2.3. Assume (H) and that the exponents o, < 1 and r,s € R satisfy
(1.2). Suppose that

14+48<A—503<2 and l4+a< )\ —rog<2,

or equivalently
0<o3<1l and 0<oy4<1.

Then system (1.1) has a classical solution (u,v) satisfying
u(x) ~ 0(x)7*L1(8(x)) and v(x) = 6(x)°* La(5(x)),

where Ly, Ly € K.

Remark 2.4. (i) Since system (1.1) is invariant under the transform
(u,v,a,ﬂ,r,s) — (U,U,67Q,S7T),

then we have also the existence of a classical solution (u,v) for system (1.1) that
behave like 6(z)? L(d(x)) where o € [0, 1] depends on «, 3,7,s,A1,A2 and L € K, if
one of the following conditions holds:

(a) Ay —smin{1, 21_3‘1} =2, 1 <2and A\ #1+q,

[e3%

(b) Ao —smin{l, 2523 <148, Ay <247 and (A, X2) # (L+a+r,1+8+5s).

(ii) Theorems 2.1, 2.2 and 2.3 extend results in a previous work [13] due to
Giacomoni, Hernandez and Sauvy in the semi linear case, which involve a smaller class
of nonlinearities.

To simplify our statements, we give some notations to be used later. We refer to
C (Q) as the collection of all continuous functions in  and Cy(€2) the subclass of C/(Q2)
consisting of functions which vanish continuously on 0€2. We denote by Gq(z,y) the
Green function of the Laplace operator —A in €, with Dirichlet boundary conditions.
The potential kernel V is defined on BT (Q2) by

Vf(x) = /Gﬂ(x,y)f(y)dy, x e Q.
)

We recall that if f € C¥ _(Q),0 < p < 1, then V f € C*(Q) N Cy(Q) and satisfies

oc loc
CAVf=f in Q.

The letter ¢ denotes a generic positive constant which may vary from line to line.

The rest of the paper is as follows. In Section 3, we give an existence result based
on the sub-supersolution method that is a key tool to prove the existence of solutions
in Theorems 2.1, 2.2 and 2.3. In Section 4, we recall some already known properties
of functions in K and we give the proof of our main results. Section 5 deals with an
example that illustrates the asymptotic behavior of solutions in Theorems 2.1, 2.2, 2.3
and that involves further some limiting cases which we reach in this example.
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3. TECHNICAL CONDITION TO EXISTENCE RESULT

In this section, we adopt a sub-supersolution method. We consider the more general
system
—Au = hy(z,u,v), u>0 inQ,
—Av = ho(x,u,v), v>0 inQ, (3.1)
u=v=0 on 0.

Definition 3.1. A pair of positive functions (u,v) € C?(2) N C(Q) is called a
supersolution to problem (3.1) if

—Au > hy(z,u,v) in€Q,
—Av > ho(z,u,v) in €,
u=v=0 on 0f).

If the above inequalities are reversed, (u,v) is called a subsolution to problem (3.1).

Lemma 3.2 ([21, Lemma 3.1]). Let h; : © x (0,00) x (0,00) — R be a continuous
function for (i = 1,2). Suppose that problem (3.1) has a supersolution (u,v) and a
subsolution (u,v) such that u < u and v < v on Q, then system (3.1) has a positive
solution (u,v) € C2(Q) N C(Q) such that u < u < and v < v < v in .

Proposition 3.3. Assume (H) and that the exponents a, 8 < 1 and r,s € R satisfy
(1.2). Suppose that there exist nonnegative functions 0 and ¢ in Co(QY) satisfying for
each x € €,

V(a10%0")(x) = 0(z) and V(a20°0®)(z) =~ ¢(z). (3.2)

Then system (1.1) has a classical solution (u,v) satisfying for each x € §,
u(z) = 0(x) and v(x) = p(x).

Proof. Let ¢ > 1 and 6, ¢ be nonnegative functions in Cy(f2) satisfying for each = € ,

£6(2) £ V(@6°)(@) < cf(o)

and

[

(@) <V(a:0"¢")(2) < cp(w).

We point that in view of (1.2), there exist vq,v2 > 0 such that

(I1-—a)vy —rve >0,
—SV1+(1—6)V2 > 0.

Hence, put ¢; = m** and c; = m*? for m large enough, we have c1,co > 1 and

al|+|r l—a —1r
C‘ | |‘Scl 02 ,

s|+(8 —s.1-5
C‘l ‘ ‘Scl Cy .
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Put

Since 6,  are nonnegative functions in Co(€2), then (u, v) and (u,v) are in C2(2)NCo(£2)
and satisfy v < u and v < v. Moreover, we have
—AU = c1a10%p"
> ¢l eyay (V(a160%97))* (V (a26°¢%))"

—la|—|r| J1—a
=51

=c c; a1 u®v" > a u®v”

and

—Au = cl_lalﬁo‘cpr

< el e ay (V(ar99"))* (V(a26°97))"

:C\a|+\r\c(11—lc£a1gayr < algayr.

Similarly, we have
—Av = cQagﬁsgoB
> ¢ I ley (V(a10%97))* (V (a26°0”))”
= c“m_‘slcéfﬁcfsagﬂsﬁﬁ > a o’
and

—Av = c; tagh® P
< Pl Yag (V(ar60%9"))* (V (a26°97))?
_ B B gy

< agu’v”.

Hence (u,v) and (u,v) are respectively a subsolution and a supersolution to system
(1.1). Then, the result follows by using Lemma 3.2. O

4. EXISTENCE AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS

4.1. THE KARAMATA CLASS K

We recapitulate in this paragraph some properties of functions in the class K with
reference to Karamata regular variation theory which are useful for our study.
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Lemma 4.1 ([20]).
(i) A function L is in K if and only if L is a positive function in C*((0,n]) such that
tL'(¢)
150 L(t)
(ii) Let L1,Ls € K,p € R and € > 0, then we have
LiLs € IC, Llf e

=0.

and
e _
thmot Li(t)=0.

Lemma 4.2 ([3]). Let L € K be defined on (0,7n]. Then, we have

n
t»—)/%dxelc

t

If further fon @dt converges, then
/ L
t s / L) gy e k.
x
0
Lemma 4.3 (Karamata’s Theorem). Let L € K be defined on (0,71] and o € R. Then
(i) if o > —1, then fon t? L(t)dt converges and

¢

oLt

/SJL(S)dS ~ £T7L) as t— 0T,
oc+1

0

(ii) if o < =1, then [ t°L(t)dt diverges and
n

oLt
/s"L(s)ds ~ _ELE) as t— 0.
oc+1
t

Remark 4.4. According to Lemma 4.3, we need to verify condition [/ t'=*L(t)dt < co
in hypothesis (Hp), only for A = 2.

We give here a typical example of functions in K.

Example 4.5. Let p € N*, (A1, A2,...,Ap) € R? and w be a positive real number
sufficiently large such that the function

L(t) := kf[l <10gk (";))A

is well defined and positive on (0, 7], where log, (z) = logologo....olog(z) (k times).
Using Lemma 4.1 (i), we have clearly that L € K.
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4.2. PROOFS OF MAIN RESULTS

The main idea in order to prove Theorems 2.1, 2.2 and 2.3 is to find functions 6 and
o satisfying (3.2). This enable us to construct a subsolution and a supersolution to
system (1.1) of the form (cV (a10%¢"),cV (a260°¢?)) and to deduce by Proposition 3.3
the existence of a solution (u,v) to (1.1) satisfying

u(z) = 0(z) and v(z) = p(x).
To this end, we consider the following decoupled system

—Aw = p(z)wd, wy >0 inQ,

—Awy = q(:c)wg, we >0 in (4.1)

wy =wg =0 on 0,
where p(z) = a1(x)¢" (x) and ¢(x) = az(x)0%(x). The choice of § and ¢ depends closely
on cases according to the boundary behavior of a solution to the semilinear elliptic
problem (1.5) as described in Theorem 1.2. Hence a solution (wq,ws) of (4.1) is given
by Theorem 1.2 such that w; ~ 6 and ws ~ ¢. Consequently, the functions 6 and ¢

will satisfy
0 ~w =V(pw) = V(a160%¢"),

¢~ wy = V(quy) = V(az0°p?),

which is our principal aim.
We prove in the following our main results.

4.2.1. Proof of Theorem 2.1
Proof. Assume that
Al—ro1 =2, Ao<2 and Ay #1+47.

We divide the proof into two cases.
n _r_

Case 1. \q —7“211)232 =214+ < Ay <2and fwdt < o0.
0

Let

() T

and consider system (4.1). Using (H), we have

p(x) = (8(2))"*L1(8(x)) and  q(z) = (3(x))"** La(d(x)),
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where

and

s(1=8)
t ” Y

Zg(t) _ Lg(t) /Ll(x)(Lg(x))de

T
0

By Lemma 4.2 and Lemma 4.1 (ii), the functions L; and Ly are in K and we have

A-a)(1-5)
n r ¥

/ 1t(t) dt ~ / —Ll(t)(LQ(t))m dt < Q.
0

=

t
0

It follows by Theorem 1.2 that system (4.1) has a solution (w1, ws) satisfying for each
x €9,
1
6((13) - 11—«
L1 (t) 2—-2X> _1
wy(x) =~ dt ~0(x) and wa(x) =~ 0(x)TF (L2(0(x)))T7F = p(z).

Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
n

Case 2. \y —r =2, )\2<1+ﬁande17(t)dt<oo.
0

Let .
0(x) == Dt , (x) = d(x)
e

and consider system (4.1). Using (H), we have
p(@) = (8(x))"*L1(8(x)) and q(z) ~ (5(x)) 2 La(8(x)),

where .
t I—a

- L
Lo(t) = Lo(t) / L@,
x
0
By Lemma 4.2 and Lemma 4.1 (ii), the function L is in K. Using that I LIT(t)dt < 00,
it follows by Theorem 1.2 that system (4.1) has a solution (wj,ws) satisfying for each
x € Q,
1
5(z) T—a
Lq(t
wy(z) =~ / L)dt =0(x) and ws(x)=d(z) = ¢(x).

t
0
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Hence (3.2) is satisfied and so the result holds by using Proposition 3.3. This completes
the proof.
O

4.2.2. Proof of Theorem 2.2
Proof. Assume that

AM—roa<1l4+a, X<2+s and (M, X)) # (1+a+r1+5+s).

We divide the proof into five cases.
Case 1. A\ — 7222288 — 1 4 o 14+ 3 < Ay — s < 2. Let

1-8
ba) = 5@( / L1<t><Ltz<t>wdt> *
9

pla) i= 3(a) T (La(0(0))) 77 ( / L“’”(Lj(””dt)
o (x)

and consider system (4.1). Using (H), we have

p(x) = 8(z) " *L1(8(z)) and  q(z) = 8(z) "+ La(5(x)),

where H
Ly(t) = Ly (t)(La(t)) 77 /nLl(x)(L;(x))liﬁdx i
and K N
La(t) = La(t) / Lﬂx)(L;(m))l% e

In view of Lemma 4.2 and Lemma 4.1 (ii), the functions L; and Ly are in K. We
deduce from Theorem 1.2 that system (4.1) has a solution (wy,ws) satisfying for each
x €,

m(m)zé(x)( / th(t)dt> h zm)( / L(O(L) ™

5(x) (x)

1-8

dt) N =0(x)
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Case 2.\ —r=14aand Ao —s <14 . Let

O(z) :=6(x) / th(t) dt , o) =0(x)
6(x)

and consider system (4.1). Using (H), we have
p(z) = 6(x) M * Ly (8(x)) and  q(z) = 6(z) 2 La(6(2)),

Li(t) = Li(t) ( / Li’”)dx) N

t

where

In view of Lemma 4.2 and Lemma 4.1 (ii), L; € K. So by Theorem 1.2, system (4.1)
has a solution (w1, ws) satisfying for each x € Q,

wy(z) = 0(x) = 0(x)

and .
wa () ~ d(x) / L2t(t) dt = p(z).
&(z)

Case(?.)\l—r%?s<1+a,1—|—6</\2—s<2.Let

2—Xo+s
—B

0(x) :=6(x), @(x):=0d(x)T

and consider system (4.1). Using (H), we have

(La(8(x))) ™7

2

p() = 6(a) ™M Ly (3(0) (Lo (6(2) 7 and  q(x) = 3() 7 La(3(x)).

In view of Lemma 4.1 (ii) and Theorem 1.2, system (4.1) has a solution (wq,ws)
satisfying for each = € (,

2—Xg+s

wi (@) & §(z) = 0(x) and v(x) = o) T (La(6(x))) T = p(a).

Case 4. \1 —r <1+ a and Ay — s = 1 + . Interchanging the role of v and v, the
proof is the same as in Case 2 above.

Case 5. \{ —r<l+4+aand Ay —s <1+ 3. Let

0(z) = p() = d(x)
and consider system (4.1). Using (H), we have
p(z) 2 6(x) M * Ly (8(x)) and  q(x) = d(z) 2" Ly(6(2)).
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It follows by Theorem 1.2 that system (4.1) has a solution (w1, ws) satisfying for each
x e,

and
wa(x) = 0(x) = ¢(z).
Then the result follows by Proposition 3.3. This completes the proof. O

4.2.3. Proof of Theorem 2.3
Proof. Suppose that
1+8<A—s03<2 and 14+a< ) —rog<2.

Let e i
O0(x) == 6(2)7*(L1(6(2))) 7 (L2(6(2)))7,

(d=a)

() = 8(x)" (L2 (6(2))) 7 (L1 (8(x)))*
and consider system (4.1). Using (H), we have

pla) = (3(x)" M Li(6(z)) and  q(z) = (8(2))** Lo (8(2)),

where

- r(i-a) 1-a)1-p) < s(1-5) (1-a)1-8)
Ly(t) = (L2(t))” 7 (La(8) and  Ly(t) = (La(8) 7 (L2(8) .
By Lemma 4.1 (ii), the functions L, and Ly are in K. Put H1 = A\ — royg and
ta = Ao — ros. Since 1 € (1 + «,2) and ps € (1 + 3,2), then by Theorem 1.2, we
deduce that system (4.1) has a solution (w1, ws) satisfying for each = € Q,

2—p1 , ~ 1

wi () = 6(x) 7= (L1(0(x))) ==

and
wa(x) ~ 8(x) 7 (La(8(2))) 77

By calculus, we have 21:‘;1 = o3 and 211‘232 = o4. This implies that w; = 6 and ws ~ .
The result is given by Proposition 3.3. This completes the proof. O]

5. EXTREMAL CASES

In some examples, we can extend results of Theorems 2.1 and 2.2 by reaching some
extremal cases. To illustrate this, we discuss in this section the example of functions
a; (i =1,2) in system (1.1) satisfying

ai(x) ~ §(z)~N (log 6(‘%))7%7

where w > 2diam(Q2) and p; € R.
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Namely, we apply Theorems 2.1, 2.2 and 2.3 to give explicitly the asymptotic
behavior of solutions of system (1.1) in this example. Moreover, we prove the existence
and we describe the asymptotic behavior of solutions to system (1.1) in some extremal
cases. This is stated in Theorem 6 below.

First, we give the following elementary lemma.

Lemma 5.1. Let p € R, w > 2diam(Q2) and diam(Q) < n < w, then for x € ) we

have
1, if u>1,
n
1 - . ,
/7(1ogf) "t ~ log(logm)’ if p=1, (5.1)
t t 1
5(a) (log%) ifp<l.

If we suppose further u > 1, then for x € Q we have

6(x)

[30) " (ongi) &

Theorem 5.2. Let L;i(t) = (log ¥)™#, (i = 1,2). Assume (H) and that the exponents
a,B <1 and r,s € R satisfy (1.2).

(i) Assume that \y = Ao = 2 and suppose that
1-B81Q—p1)+r(l—p2) <0 and (1—a)(l—p2)+s(l—p1)<O0.

Then, system (1.1) has a classical solution (u,v) satisfying for each x € Q,

A=p)A—p1)+r(1—p2)
w ~

u(z) ~ (log 3@

and

w A—a)(A—po)+s(l—pi)
v
v(z) = <log 75(.%‘))

(ii) Assume that \y —ro; = 2 and Az < 2.
(a) If 14+ 5 < A2 <2and (1 —B)(1—p1)—rue <0, then system (1.1) has a
classical solution (u,v) satisfying for each x € ,

A=B)A—p1)—rp
v

u(zx) =~ (log %)

and
s(A—py)—po(l—o)
2-X9 w -~
v(w) ~ 8(x) T (log =~
(z)
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(0) If Ao =148, (1=B)(1—p1)+r(1—p2) <0 and (1—a)(1—pz)+s(1—p1) >0,
then system (1.1) has a classical solution (u,v) satisfying for each x € €,

A-B)A—p1)+r(1—p2)
w Bl

u(z) ~ (log 5

and
(A—a)(A—po)+s(I—pq)
Yy

v(z) = 5(x)<log %)

(¢) If o =148, p1 >1and (1 —a)(1 —p2)+ s(1 — p1) <0, then system (1.1)
has a classical solution (u,v) satisfying for each x € (Q,

1—py
w T—a
~ (log =) ~ 6(x).
u(x) ( og ) and v(x) = §(x)
(d) If \a < 14 and py1 > 1, then system (1.1) has a classical solution (u,v)
satisfying for each x € §,

—H1

u(z) ~ <log (;(;))i_a and v(z) = §(x).

(iii) Assume that \y —ros =1+ a and As — s < 2.
(a) If 148 < Aa—s < 2, then system (1.1) has a classical solution (u,v) satisfying
for each x € Q,
A=B)A—py)—ruy
(log%) ’ ,if (L= B)(1 = ) —rpz > 0,

1-8

g (1o 525) ) (1= )1 ) — e =0,

1, if (1= B)(1 = p1) —rpz <0
and o
(logss) 7 . #O=AO-m)—rae >0,
o) = 80) T 3 (1o 522 ) T (oo 525) 5. if (1= B)(L— ) — vz =0,
<log%) = if (1= B)(1 — 1) — rpa < 0.

(b) If\a—s =1+8, (1-B)(1—p1)+r(1—p2) > 0 and (1—a)(1—p)+s(1—p1) > 0,
then system (1.1) has a classical solution (u,v) satisfying for each x € Q,

A=p)A—p1)+r(1—p3)
v

and
(1—a)(1—pg)+s(i—py)
vy
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(¢) If \a—s =140, pu1 > 1 and pz > 1, then system (1.1) has a classical solution
(u,v) satisfying for each x € Q,

u(z) = é(x) and v(x)=i(z).

(d) If a—s=14+p5, p1 <1 and (1 —a)(1 — p2) +s(1 — 1) <0, then system
(1.1) has a classical solution (u,v) satisfying for each x € €,

1—pq

u(z) ~ 5(x)<log %) Y and v(z) = ().

(e) If \a—s=1+0, pa <1 and (1 —B)(1 — p1) +r(1 — p2) <0, then system
(1.1) has a classical solution (u,v) such that

u(z) = o(x) and v(z)= 5($)(10g %x)) L

(f) If Ao — s < 1+ B, then system (1.1) has a classical solution (u,v) satisfying
for each x € Q,

1—pg

logsty) if <1,

1

1-8
1og(logég;))> Cifm=1,

if pp >1

/N

=N
&
2
By
=
/~

and

v(z) = §(z).

(iv) Assume that A\ —ros < 1+ a, A —s < 2.

(a) If 148 < Aa—s < 2, then system (1.1) has a classical solution (u,v) satisfying
for each x € Q,

2

u(z) = dé(x) and v(z)= 5(17)2?;5)2 (log i )ﬁ

o(z)

() If \a — s =1+ 3, then system (1.1) has a classical solution (u,v) satisfying
for each x € Q,

and -
1-—a .
(log55) " if 1o <1,
1
~ o
v($) ~ 5(55) <10g <10g 5&))) , Z'f/,LQ =1,

1, if o > 1.

(¢) If \a — s < 14 S, then system (1.1) has a classical solution (u,v) satisfying
for each x € Q,

u(z) = é(x) and v(x)=i(z).
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(v) Assume that 14+ 8 < XAy —s03 <2 and 1 + a < \; — rog < 2, then system (1.1)
has a classical solution (u,v) satisfying for each x € €,

—(1—=B)py—rpa

u(z) ~ 6(m)”3(10g %) !

and
—(A—a)pg—spy

g4 w Y
Proof. The cases

— (ii) (a) and (d) follow by Theorem 2.1,
— (iii) (a) and (f) follow by Theorem 2.2,
— (iv) follows by Theorem 2.2,
— (v) follows by Theorem 2.3.

So, we shall prove existence of solutions to system (1.1) only in the extremal cases.
Set
(=80 =)+ 71— ) (1—a)( —p2) +s(1 — p)

M1 = and ﬂg = .
v Y

Case (i). In this case we have fi; < 0 and iz < 0. Let

w w

O(x) := <log 6(95)),&’ o(z) = <log 6(90))1[2

and consider system (4.1). Using (H), we have
~ -2 d
ple) = (3(0)~* (log 55

It follows by Theorem 1.2 that system (4.1) has a solution (w7, ws) satisfying for each
x € Q,

)*H1+T/12 w )*M2+8ﬂ1

and q(z) ~ (<5(gc))*2(1ogm

1

5(w) T—a
1 —p1 T
wy(x) =~ / ;(log %) 0
0
and 1
6(x) =B
1 —p2tsp
we(x) ~ / E(log %) dt
0

Since g = 1 — p1 + rpip and gia = 1 — o + sy, it follows by (5.2) that
wy(z) = 0(x) and wa(x) =~ p(z).

Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
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Case (ii)(b). In this case we have gi; < 0 and iy > 0. Let

0(z) = <log %)“ p(x) = 5(x)(1og 5(%))”

and consider system (4.1). Using (H), we have

w ) —p1tri2

p(a?) ~ (5(x))—2(log m w )*Mﬁsﬂl

and q(z) = (6(z))"177° (log 3@

It follows by Theorem 1.2 that system (4.1) has a solution (w1, ws) satisfying for each

T €,
o(x) 1

1 W\ —H1FTH2 1=
wy(x) ~ < / E(log?) dt)

0

n B =
1 —p2+sp
wa(x) ~5(x)< / g(log %) dt) .
5

Using (5.2) and (5.1) we deduce that

and

wy(z) =~ O(x) and we(z) =~ p(x).

Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
Case (ii)(c). In this case we have iy < 0. Let

1—pq
w

0(z) := (log @) T p(a) =0()

and consider system (4.1). Using (H), we have

1
w w >_”2+3 e

pla) ~ <6<x>>*2(log@)_”l and  q(x) ~ <5<ae>)*1*5(logm

It follows by Theorem 1.2 that system (4.1) has a solution (w1, ws) satisfying for each

x e,
&(x) 1

(i)

0

7 1y e
1 —pats

/ f(logg) S dt) .
t t

(=)

Using (5.2) and (5.1) we deduce that

and

wa(x) & () (
§

wy(z) = 0(x) and wa(x) =~ p(z).
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Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
Case (iii)(b). In this case we have fi; > 0 and iz > 0. Let

w w

0(z) == 5(3:)(10g m)m7 o(z) = 5(m)(log m)‘b’

and consider system (4.1). Using (H), we have

w ) — 1+

p(x) ~ (5(x))*1*0¢(10g m w )*uersu‘l

and  g(z) ~ (5(x))*1*ﬁ(1og )

It follows by Theorem 1.2 and (5.1) that system (4.1) has a solution (wy, ws) satisfying
for each x € Q,

n =

1 W\ —H1t+TH2

wy(z) =~ d(x) < / E(log ?) dt) ~ 6(x)
o(x)

and )
/ 1 W\ —HztsH1 =7
wo(x) & d(x) < / ¥<log ?) dt) =~ o(x).
o(x)

Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
Case (iii)(c). Let
0(z) = p(x) := 0(z)
and consider system (4.1). Using (H), we have
—H1 w —H2
~ (8(x) 1 (log —— d ~ (8(x) P (log —) .
ple) = (5@) ' (log ) T and - alw) = (5(e) " (o 5 5)

It follows by Theorem 1.2 and (5.1) that system (4.1) has a solution (wy, ws) satisfying
for each x € Q,

wy () ~ 6(33)( / %(log L:)mdt> - ~ 0(x)
5
and . L
weo(x) ~ 5(x)< / %<log L:)_Mdt> ~ o(x).

5(x)

Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
Case (iii)(d). In this case we have fiz < 0. Let

1—pg

w

0(z) := 6(m)(log Tz)) T p(a) = 0()
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and consider system (4.1). Using (H), we have

p(x) ~ (6(x))_1_a(log %)—m and q(z) ~ (5($))_1_ﬁ(10g (Szux))—uﬁsll_ﬂal

It follows by Theorem 1.2 and (5.1) that system (4.1) has a solution (wy, ws) satisfying
for each x € Q,

and
n 1

1
1 W\ —Ho+s Tt 1=
o(x)

Hence (3.2) is satisfied and so the result holds by using Proposition 3.3.
Case (iii)(e). In this case we have ;7 < 0. Interchanging the role of w and v, the proof
is the same as in Case (iii)(d) above.

This completes the proof. O

wo(x) = 6(x) <
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