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Abstract. In this paper, we study the following nonlinear first order partial differential
equation:
ft,z,u,0u,0zu) =0 with u(0,z) = 0.

The purpose of this paper is to determine the estimate of Gevrey order under the condition
that the equation is singular of a totally characteristic type. The Gevrey order is indicated
by the rate of divergence of a formal power series. This paper is a continuation of the
previous papers [Convergence of formal solutions of singular first order nonlinear partial
differential equations of totally characteristic type, Funkcial. Ekvac. 45 (2002), 187-208] and
[Masllet type theorem for singular first order nonlinear partial differential equations of totally
characteristic type, Surikaiseki Kenkyujo Kokyuroku, Kyoto University 1431 (2005), 94-106].
Especially the last-mentioned paper is regarded as part I of this paper.
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1. INTRODUCTION AND MAIN RESULTS

Let C be the set of complex numbers or a variable, t = (t;,...,tq) € C? and =
(x1,...,2,) € C". We consider the following first order nonlinear partial differential
equation:

{f(t, x, u, Opu, Opu) = 0, (1.1)

u(0,z) =0,
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where u(t, x) denotes the unknown function, dyu = (9, u, . . ., d¢,u) and J,u is defined
similarly. Here, we assume that the function f(¢,z,u,7,€) (1 = (71,...,74) € CY,
€= (&,...,&,) € C") is holomorphic in a neighborhood of the origin of C? x C™ x
C x C% x C", and is an entire function in 7 variables for any fixed ¢, , u and €.

The purpose of this paper is to characterize the rate of divergence of formal so-
lutions by using the “Gevrey order”, and such a characterization theorem is called
“Maillet type theorem”. In order to study the Maillet type theorem for the above
equation, we assume the following three assumptions.

Assumption 1.1 (Singular equation). The function f(¢,z,u,7,£) is singular in ¢
variables in the sense that

£(0,2,0,7,0) =0 (for all z € C" near 2 = 0, and all 7 € C%). (1.2)

Assumption 1.2 (Existence of formal solutions). The equation (1.1) has a formal
solution of the form

d
u(t,z) = Z (@)t + Z Uq pt%2?  for some {goj(a:)}?zl € C{z}?, (1.3)
Jj=1 la|>2,]8]>0

where C{z} denotes the set of holomorphic functions at z = 0, for & = (aq,...,aq) €
N? (N = {0,1,2,...}) we define |a| = aj + ...+ ag and t* = 7' ... 5%, and |3 and
x” are defined similarly for 8 = (31,...,3,) € N™.

Assumption 1.3 (Totally characteristic type). The equation (1.1) is of totally char-

acteristic type with respect to {¢;(z)} in (1.3), which means that the following con-
ditions hold:

fer (0,2,0,{;(x)},0) Z 0 -
{fsk(0,0,07 {¢;(0)},0) =0 for k=12,...,n. (1.4)

Remark 1.4. The functions {¢;(z)} in (1.3) are obtained as a solutions of the
following d-system of equations:

if(t, x,u(t, z), Opu(t, x), Oz u(t, z))

ot; 0
= fti (Oa z,0, {Spj(‘r)}a 0) + fu(oa z,0, {Spj(‘r)}a 0)301("17) (15)
+ Y £ (0.2,0. (@)}, 0) 55 (@) =0, i=12....d
k=1
In the case d = 1, a sufficient condition that the formal solution of (1.5) to be

convergent is obtained by Miyake and Shirai ([6]). In the case d > 2, a sufficient
condition obtained by Shirai ([13]).
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Now we put cp( ) =(0,2,0,{¢;(x)},0) for simplicity of notation. We define func-
tions a; j(x) (4,5 =1,...,d) and by(z) (k=1,...,n) by

0i5(2) = foum)(@(2)) + Fur, (0 +zy@& @5E@,
bele) = Jeu (o(2))- L7)

Remark 1.5. By the assumption of totally characteristic type, bp(z) satisfies
br(x) £0,b,(0)=0forall k=1,2,...,n

Let M; and M, be the Jordan canonical forms of (a; ;(0)) and J(b1,...,b,)(0)
respectively, where J(by,...,b,)(z) denotes the Jacobi matrix of (by(x),...,bn(z)),
we denote them by

(aij(0)) ~ My, J(bi,...,b,)(0) ~ M.
Then the following two cases were already studied by the author’s previous papers.

(a) M; and M are regular matrices with Poincaré condition (see Theorem 2.1 in §2
or [13]).

(b) M; is a regular matrix with Poincaré condition and Ms is a nilpotent matrix (see
Theorem 2.2 in §2 or [15]).

In this paper we shall study the following two cases, and the main results are stated
as Theorem 1.6 and Theorem 1.7.

(a) M is a nilpotent matrix and My is a regular matrix with Poincaré condition.
(b) M; and Ms are nilpotent matrices.

In order to state our main theorems, we prepare some notations.
In case (c¢), we put My and My by

Ny 0
M, = . , where N; = ’ O . of size d;(> 1),
Np . 6. 0
H1
My = . '.u.Q . , 6=1, v;=0 or 1.
Un—1 Hn

We note that dy +da + ...+ d; = d. If the size d; = 1, then N; = (0).

Theorem 1.6. We consider case (c). Let Assumptions 1.1, 1.2, 1.3 and f,(¢(0)) # 0
be satisfied, and My, and Ms be as above. Moreover, we assume the nonresona-
nce-Poincaré condition for Ms, that is,

S 1 + ful(0)

k=1

>C(8+1) (1.8)
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by a positive constant C independent 8 € N™ for all 5. Then the formal solution u(t, x)
belongs to the Gevrey class of order at most (2dg,do + 1) by do := max{ds,...,ds}
(which is greater or equal to 1). This means that for the formal solution

u(t,x) = Z U, gt 2”,

|a|=1,]B=0

the power series

Ua,B a, B
pPRECE
la|>1,|8]>0 2ot

s convergent in a neighborhood of the origin.

In case (d), we have M; and My

N 0
Ny 6 0
M, = , where N; = . of size d;(> 1),
Ny 5§ 0
N, ) 0
N . 5 0
M, = . , where N = . . of size ng(>1).
Ny 5 0

We note that di +ds +...+dr=dand ny +ns+ ... +ny=n.

Theorem 1.7. We consider case (d). Let Assumptions 1.1, 1.2, 1.8 and f,(¢(0)) # 0
be satisfied and My and My be as above. Then the formal solution u(t,x) belongs to
the Gevrey class of order at most 2ng by ng := max{dy,...,dr,n1,...,ny;H(>1). This
means that for the formal solution

u(t,x) = Z Uq, g2,

|a|>1,]B]=0

the power series
Ua,B
)12no—1

e
(laf +18

|| >1,820

s convergent in a neighborhood of the origin.

2. RELATED RESULTS

For the formal solution u(¢,x), we put v(¢t,z) = u(t,x) — Z?:I pi(@)t; = O(|t|X)
(K > 2) as a new known function. By substituting u = v + Z?Zl @;(x)t; into the
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equation (1.1), v(t,x) satisfies the following singular first order nonlinear partial dif-
ferential equation:

d n
> aij(@)tidy, + > bil(@)0, + c(x) | v(t,2)
i,j=1 k=1
= Z da(x)ta+fK+1(tax»v(t’$)v8tv(t7x)vazv(tax))v (21)
|la|=K

v(t,z) = O(|t®),

where ¢(x) = fu(e(z)), do(z) is holomorphic in a neighborhood of the origin, and
frs1(t,z,v,7,€) is also holomorphic in a neighborhood of the origin with the Taylor
expansion

friatzom) = > fapgr(@)t vPTIE". (2:2)

V(a,p,q,r)>K+1

Here we used the following notation:
V(e,p,q,r) = la| + Kp+ (K = 1)|q| + K|r|, (2.3)

which denotes the order of zeros in ¢ for each terms t*v(t, )P (dwv(t, z))?(0zv(t, x))".
For the equation (2.1), if bx(x) =0 (k= 1,2,...,n), (2.1) is written as follows:

d

Z aivj(m)tiatj +c(x) | v(t,x)

i,j=1

= Z do ()t + fri1(t, z,v(t, x), Ow(t, z), Oxv(t, x)),
|la|=K

v(t,z) = O([t|™).

This equation is called the Fuchsian equation with respect to t wvariables. To this
equation, a lot of Maillet type theorems have been studied by many mathematicians.
For example, Gérard-Tahara, and Miyake-Shirai study the nonlinear case, which is
found in the book or papers [4,6,7] and [§]. They obtained the Maillet type theorem,
which include the convergent case.

The case of b, (x) # 0 and b;(0) = 0, which is the case of totally characteristic type,
Chen-Tahara studied the convergence of a formal solution in the case when (¢, z) € C?
and b (z) = O(z) with Poincaré condition ([3]). This result was extended to the case
of several space variables by Chen-Luo ([1]). Moreover, these results were generalized
by the author to the case of several time-space variables ([13]) (see Theorem 2.1).

On the other hand, Chen-Luo-Tahara studied the Maillet type theorem in the case
of (t,z) € C% and by(z) = O(2¥) (K > 2) ([2]), and they obtained that the formal
solution belongs to the Gevrey class of order K /(K — 1). Their Maillet type theorem
was generalized by the author to the case of several time-space variables ([15]) (see
Theorem 2.2).
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The statements of [13] and [15] are written as follows.

Theorem 2.1 ([13]). If all eigenvalues {\;}j=12...4 of (a;;(0))ij=1,2,. .4 and all
eigenvalues {pgtr=1,..n of the Jacobi matriz J(by,...,b,)(0) satisfy the Poincaré
condition Ch({\;},{ur}) Z 0 (convex hull of points {\;} and {u}), then the formal
solution converges in a neighborhood of the origin.

Theorem 2.2 ([15]). If all eigenvalues {\;}j=1.. 4 of (@i ;(0))i j=1,2.. 4 satisfy the
Poincaré condition Ch({\;}) # 0, and J(b1,...,b,)(0) is nilpotent, then the formal
solution belongs to the Gevrey class of order at most 2dy in (t,x), where dy denotes
the mazimum of size of nilpotent Jordan blocks of J(by,...,b,)(0).

3. REFINEMENT OF THEOREM 1.6

In order to prove Theorem 1.6, we shall estimate the Gevrey order in each variables
(t1,...,tq,21,...,2,) of formal solution of (2.1). To do so, we reduce (2.1) to a more
exact form.

First, we set a; j(x) = a;,;(0) —a; ;(x) = O(|z|). Then the vector field with respect
to t variables is written by

d a171(0) s aLd(O) 8,51 d
S, =t | 2 [ ]S e
1,j=1 ad,l(o) - ad,d(o) 8td i,j=1

Here we introduce new variables 7 = (71, ... 7)) e €2, () = (Tj1s--->Tja;) €

Cdj,d=d1—|—...+d]) by
(W Dy = (t1,.. ta) P, P (ai;(0)P = M.
By this linear change of variables, the above vector field is reduced to

N 8.0

AR : - Z i1t (2)Ti, jOry 1
Ny \o.y) ik

where >

ikl is a summation taken over

1<i<I, 1<j<d;, 1<k<I, 1<]<dy.

Next, we write the differential operator with respect to x variables by the following
form:

8931 n
be(2)0z, = (21, .., n)J(b1,...,0,)(0) | : —lek(x)axk,
d, k=1

bl
-
i

n
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where by(z) = O(|z]?) (k = 1,...,n). Then we introduce new variables £ =
(&1,-..,&) €C" by

(617 cee 7§n) = (371, cee 7xn)Q7 Q_l’](bh .. abn)(O)Q = MQ-

By this linear change of variables x, the above vector field is reduced to

n n—1 n
> k€ide, + > vi€rir10e, — D B(€)de, .
k=1 k=1 k=1

where 4(€) = O(IEP) (k= 1,....n).
Hereafter we rewrite (7,¢) by (¢,x) again. Then the equation (2.1) is reduced to
the following one.

N+D+Aw= Z aijkl(@ti,jatk,lv + Z Br(2) 0z, v
k=1

0,95kl =

‘H](x)v + E Cfl(x)ta +gK+1(t’xaUa6tUa8$U)a (31)
la|=K
u(t,z) = O(|t|"),

where the operators A/, D and A are

I d].,l
N = Z Z 0t k1104, .5 (3.2)
j=1 k=1
D=3 marde, +c(0), (c(0) = fule(0))), (3.3)
k=1
n—1
A= Z Vk$k+1amk, (34)
k=1

respectively. Moreover, n(z) = ¢(0) — c(z)(= fu(e(0)) — fule(z))) = O(|z|), and
9x+1(t, x,v,7,£) has the similar Taylor expansion with (2.2).
In order to give our refinement form, we prepare notations and definitions.

Definition 3.1 (Borel transform). Let R>; = {z € R|z > 1}, and let s =
($1,.--,84) € R>1)4, o = (01,...,04) € (R>1)". For a formal power series
u(t,z) = Y uq pt®2?, we define the s-Borel transform in ¢, the o-Borel transform
in z and the (s, o)-Borel transform in (¢, z) as follows, respectively:

|

— s-Borel transform in ¢ : B (u)(t,z) = Z Wto‘xﬁ,
|

— o-Borel transform in z : BY (u)(t,z) = Z ?a’5%|" P,
o-B)!

— (s, 0)-Borel transform in (¢,z) : Bﬁj") (u)(t,z) = (B o B9 )(u) = (BY o BY)(u),

where s - a denotes s - a = sja1 + ... + Sqagq, (o - 5 is also a similar definition) and
al=T(a+1).
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Definition 3.2 (Gevrey class). We define u(t,z) € gt(j"’), which is called of (s, o)
Gevrey class in (t,x) variables, if Bgfc’a)(u)(t,x) is convergent in a neighborhood of
the origin.

By an easy calculation, the following relation holds:

BED (u)(t,2) € 657 — u(t,z) € gETE 0TI 1)

x
where 14 = (1,...,1) € N4,
Now, we obtain the following refinement of Theorem 1.6.
Theorem 3.3. Let s/ = (1,2,...,d;) € N4 (j = 1,2,...,1), and let dy =
max{dy,ds,...,dr}. Then under the assumptions 1.1, 1.2, 1.3 and the nonresona-

nee-Poincaré condition (1.8), the formal solution of (7.1) belongs to the Gevrey class
of order at most (s8',0') by

(s 0") = (s +dp,d2+1,) e Nt if a;ije(z) Z0 for some 1i,j,k,l,
’ (s +d',1,) € Nitn if aijjri(z) =0 forall i,j,k,1,

where s = (s',...,8") € N4, d} = (do,...,do) € N, d2 = (dy,...,dy) € N" and
d=(d,...,d)eR? where

do
d = max { ——————— (< dp). 3.5
,p,q,r { V(ayp,q,7) — K} (< do) (3.5)
Theorem 1.6 is an immediate consequence of Theorem 3.3. Indeed, all the com-
ponents of (s',...,s) are estimated by dy. Therefore, all the components of s’ are

estimated by 2dy, which gives the conclusion of Theorem 1.6.

4. EXAMPLES FOR THEOREM 3.3

In this section, we give typical examples for Theorem 3.3.

Example 4.1. Let t = (t;,t2) € C% and 2 € C. We consider the equation

(t20r, + 20y + V)u = z(t1 + t2)? + 2104, u + (t20:,u) (D),
u(t, ) = O(Jt?).
In the linear part of derivatives in the right hand side of the equation, there exists

a derivative related to ¢t. Hence, by Theorem 3.3, the formal solution belongs to the
Gevrey class of order at most (s1,s2,0) = (3,4, 3).

Example 4.2. Let t = (t1,t2) € C and = € C. We consider the equation
(t20y, + 20y + V)u = x(ty + t2)? + 2%t10,u + (t20;,u)(0u),
u(t, ) = O([t]*).
In the linear part of derivatives in the right hand side of the equation, there does not

exist a derivative related to ¢t. Hence, by Theorem 3.3, the formal solution belongs to
the Gevrey class of order at most (s1,s2,0) = (3,4, 1).
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5. PROOF OF THEOREM 3.3

We define the set of homogeneous polynomials of degree L in ¢ and degree M in x by

CltlL[x]m = { Z U, gtz ‘ Uap € (C}. (5.1)

le|=L,|B|=M
First we give a following lemma.

Lemma 5.1.

(i) The operator P := N + D + A is invertible on C[t|p[z]a for all L > K and
M > 0.

(ii) Let s = (s',...,s!) e N (87 = (1,2,...,d;) e N4), and T =t; +... +t4 € C,
X =x1+...+x, € C. For u(t,) € Clt|pl[z]nm, if a majorant relation
Bi(u)(t,r) < WL yTEXM (Wp o > 0) holds, then the following majorant
relation holds by a positive constant Cy independent of L and M.

B (P lu)(t,z) < W uTEXM = Cy(X0x + 1) ' Wy TEXM. (5.2)

0
M+1

We omit the proof of Lemma 5.1, since the similar proposition is already proved
in [14, Lemma 1].

By Lemma 5.1, the operator P is invertible on C|[t, ]|k by
Clitallk = |J Cllclelu

L>K,M>0

Here we put U(t,x) = Pu(t,z) as a new unknown function. Then U (¢, z) satisfies
the following:

Z az_]k:l t,]atkl 1U+Zﬁk; aka 1U

1,5,k,1
P7U + Calz
pagat o

+9x41(t,z, P71U,0,P~1U,0,P~1U),

U(t,z) = O(|t").

For the equation (5.3), we apply the Borel transform of order s = (s!,...,s!) € N?
in ¢, then the equation is reduced to the following:

BY(U)(t,w) =B | Y aim()t 0, P'U +BS<Zﬁk )0y, P~ 1U>

.3,k k=1
+ B (n(@)PU) + > C“S o|§| o (5-4)
jal=K

n Bf{gK_H (t,z, P~U,8,P~1T, 81P‘1U)}.
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In order to estimate the Borel transforms of products and derivatives with respect
to t and x, we give the following lemma.

Lemma 5.2.

(i) For two formal power series u(t,x),v(t,x) € C[[t,z]], there exists a positive con-
stant Cy depending only on s such that the following majorant relation holds.

B (uv)(t, ) < C1B7 (|ul)(t, ) x B ([v])(t, ), (5:5)

where for u(t,x) = > uast®a?, lu|(t,z) is defined by |u|(t,z) = |uap|t®z?.

(ii) Weput T = t1+ ... +tg and X = 1 + ... + x,. Let W(T,X) be a formal
power series in T and X . If B (u)(t,z) < W (T, X), then the following majorant
relations hold by a positive constant Cs.

BS (atl,jp*lu) (t,2) < Codr(TOr Y1 (X0x + 1)~ "W (T, X)
< Co0r(TOr) "W (T, X),
BS (8$kP_1u) (t,7) < Codx (XOx + 1)~ W(T, X) < Cy x S(W)(T, X), (5.7)

(5.6)

where S(W)(T, X) is the shift function in X defined by

S(W)(T, X) = W(T7X>); W(T,0). (5.8)

We omit the proof of Lemma 5.2, since the similar proposition is already proved
in [14, Lemma 2|.

By Lemma 5.2, if a majorant relation Bf (U)(t,z) < W (T, X) holds, then there
exists a positive constant Cs > 0 such that the following majorant relations hold.

BS (aijkl(m)tijatklP_lU) (t,2) < Cslagu|(X)(TOr)'W (T, X), (5.9)
B (B1()02, P10 (t,2) < G|l (X)S(W)(T, X), (5.10)
B (n(@) P ) (t,2) < sl (X)W (T, X), (5.11)

S Slbe < | 3 k) | 7 = e, (512
la|=K ’ la|l=K

BS (gKH(t,:m P1U,8,P7U, BIP‘lU)) -
< gre 1 [(T, X, C3W, {C30r (T~ W} j, {C3S(W)}i).

We remark that 1 < j < dy for j in (5.13). Moreover, since W (T, X) is a majo-
rant series of B} (u)(t, z), we have W (T, X) > 0. Therefore, we obtain the following
majorant relation.

XSW)(T,X) =W(T,X) — W(T,0) < W(T, X). (5.14)



Maillet type theorem for singular first order nonlinear partial differential equations... 699

Since |Bi|(X) = O(X?), we put a holomorphic function |3|(X) by [Be|(X) :=
|Bk|(X)/X = O(X). Then the following majorant relation holds.

srlsw) = PUE sy < P gy = 1500w

We consider the following equation.

W= ayu(X 1%~W+zﬁk W+ G(X)W + ((X)TK

0.5,k k=1 (5.15)
+gr+1|(T, X, CsW,{C300(TOr)? ' W}, j,{C3S(W)}i),
W = O(TK),

where &;;11(X) = Cslagjm|(X), Bk(X) = Cg|3k|(X), 7(X) = C3|n|(X). These are
all holomorphic functions in a neighborhood of X = 0 and vanish at X = 0. By the
construction of this equation, it is easily seen that

B (U)(t,z) < W(T, X).

Here we put F(X) =1—>,_ L Br(X) — 7(X). Since F(0) =1 # 0, 1/F(X) is
holomorphic in a nelghborhood of X = 0. Therefore, by multiplying 1/F(X) for both
sides, the equation (5.15) is reduced to the following.

W Z Oz”kl TaT) W+C( )
1,5kl

+ Gr1 (T, X, CsW,{C30r(TOr )~ Wy 5, {CaS(W)}),
where R
i (X) = i (X)/F(X) = O(X),  ((X) =((X)/F(X)
and
GK+1(T7XaU77-7£) = |9K+1‘(T’X7u77—7€)/F(X)'

For the equation (5.16), the following lemma holds.
Lemma 5.3. If &1 (X) #Z 0 for some i,37,k,1, then the formal solution W (T, X)
belongs to the Gevrey class Gr % (dot+1,do+1), If Gijri(X) = 0 for all 4,5, k,1, then the
formal solution W (T, X) belongs to the Gevrey class Q(d S where d is the constant
defined by (3.5).

By Lemma 5.3, which will be proved in the next section, W(T, X)) € g(d°+1 rdot1)

if G (X) # 0 for some i, j, k,l or W(T, X) € g(T”f)jl D ¢ Gijri(X) =0 for all 4,7, k, L.
On the other hand, for s = (s!,...,s!) (s* = (1,2,...,d;)), the majorant relation
B (U)(t,z) < W(T, X) holds. By combining these properties, we have

BE(U)(t,2) = BEM(U)(t,2) € G5+ or g HY.

t,x
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Therefore, the Gevrey order (s',0") of U(t,x) is obtained by

S—f—(d0—|—1,...7d0—|—1)—].d:S—|—(d0,...,do)7
if G5 (X) # 0 for some i, 7, k, I,

S =
+(d+1,...,d+1)-13=8+(d,...,d),
if &5 (X) =0 for all 4,5, k, 1,
1,+(do+1,....,do+1) =1, =(do+1,...,do+ 1),
o = if G (X) # 0 for some 4,5, k, 1,

(X)
1,+1,-1,=1,, if &5 (X) =0 for all 4, 4, k,1,

which proves Theorem 3.3.

6. PROOF OF LEMMA 5.3

First we consider the case when &;;,(X) # 0 for some i,7,k,l. Let &;;,(X) =
YoMt aijklMXM be the Taylor expansion of é&;;xi(X). For the sake of simplicity of
notation, we put Cs = 1. By putting W(T, X) = >, < Wr.(X)T" and by substitut-
ing this into (5.16) we obtain the following recurrence formula for {W(X)} 1> k.

Z azykl K WK( ) + é(X)a (61)
i,7,k,l
Z Gl (X ) L'WL(X) (6.2)
,5,k,1

+Z@Wmﬂpma

d; Qij n T
T W 00 T TS0, 5.
1=1j5=1[=1 k=11=1

where the summation Y is taken over V(a,p,q,7) > K + 1 and

3

d;  4ij Tk

|a|+ZLk+ZZZ z]l_]- -I—ZZLM:L (63)
i=1j=11=1 k=1 1=1
The first recurrence formula (6.1) is an easier situation than (6.2). Therefore, in the
following, we consider the case of (6.2).
We put WL(X) =3 1/50 Wo,m XM, By substituting this in the formula (6.2), we
get the following recurrence formula for {Wp ar}tr>k m>o0-

M
1
W= E E L oy Wr vi—
i,5,k,0 M1=1

— - (6.4)

+Z Z Gapgrm H WL, H H H ) WM H HWLkl,Mlirla

i=1j=11=1 k=11=1
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where the summation 3" is taken over
di  dij n
TESITED S 9 DIED 3 3AE .
i=1j=11=1 k=1 l=1

We set Y = Wi v /(L+ M)!9 . Then {Y1,m} satisfies the following recurrence
formula.

M
Yo = E E Cragjrnn Yo, M—M,

iy4,k,l Mi=1
6.6
"y di Qij n ( )
+ZZ CoGapgrmr HYLk’MkHHHYLU“MHl HHYL’CZ’M"I+1’
i=1j=11=1 k=11=1
where C’l, éz = C’g(a,p,q,T) and
o LY L + M — My)!de
LT L+ M)
1 I di 4ij
2 = (L+Mld0XHHH Ul
i=1j5=1[=1
P I d;i 4ij n o Tk
Tk 30 T LB M TT ETCEac M+ .
k=1 i=1j=11=1

k=1

~

=1

Since [ < dy and M; > 1, we get the following estimate for C’l

A LYUL + M — Mj)!%
o (L+ 1)

LYL 4+ M — 1)l
LT (L + M)l =

Ll
(L + M)!do

T (LMD~

For the estimate of Cy, we need the following lemma which is proved in [12, Lemma 6]

Lemma 6.1. Let L and m; be nonnegative integers such that m; > L for all
j=1,2,...,n. Then the following inequality holds:

mi!...omy! < (IN""Hmy + ... Fmp — (n—1)L). (6.7)
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By using Lemma 6.1, we can estimate Co = C(a, p, ¢, 1) as follows.

d; Qij
HHHLm
A i=175=1[=1
O e S
2 (L+M)'d0
d; Qij
Lk + M)l H H H i1+ Mij)!® H H Li + My + 1)1%
1=1j5=11=1 k=11=1
I d; Qi
ITTIIT Ber’™
i=15=11=1
- (L + M)!do
do
p d; 4ij n
X H(Lk+Mk+1 'HHH zgl+M131+1)'HH(LM+MM+1)!
k=1 i=1j=11[=1 k=11=1
(K + 1)!do(ptlal+Ir])
- (L + M)!do
p d; 4ij
X Z(Lk+Mk+ +ZZZ zjl+szl+1)
k=1 =1 j=11=1
n Tk
3 S L Mu 1) — (K + (o + gl + 1] — 1>)!do
k=11=1
_ ORI 4 M — o = M7+ p+ 2]g| + [r| = (K + 1)(p+ |g] + || - 1))1%
(L + M)ldo
(we put Cs := (K + 1)!40)
_CFTNL 4+ M K 1= V(ep, a0 cpilal ]
(L + M)!do -3 ’
where

Vie,pg,r) = |o| + Kp + (K = 1)]q| + K]r|.

By these observations, (6.6) is estimated by

M
Yim < E E kI, YL, M~ M,
ikl Mi—=1

di 4ij n

+ Z Z Gapgrm H CsYr, H H H CsyL”L,M”L H H CsYr, My t1-

i=1j=11=1 k=11=1
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Let us consider the following recurrence formula for {Z1, a}r>r m>o0:

M
LM = E g ik, 2K, M—M, + C,

ivjokeod My=1

M

LM = E g ki, 2L, M~ M,

ikl Mi=1

7, q'LJ
+) E " Gpararr H Cs 21,1, H 1T11G52c.,. 0. H HCSZLM,MMH-
=1 j=11=1 k=11=1

By this construction of the recurrence formula, we have Y7, pr < Zp, pr.
We remark that these recurrence formulas are obtained by the following equation:

Z diju(X)Z + {(X)T®

1,5kl

) g ) (6.8)
+ Gk (T, X,C3Z, {;} ) {C3S(Z)}>

with Z(T, X) = O(TX). By dividing both sides of the equation by 1=3"0 ik Qg (X)),
the equation is reduced to the following one:

Z(T, X) = C(X)TX + Hy 4 <T, X, 052, {C;Z} , {OSS(Z)}> . (6.9)
where - R
CX) = C0)/ (1= 3 ayu(x)) € C{x)
i,7,k,l
and

Hi 41 = GK+1/<1 - dijkl(X))

.5,k

is holomorphic in a neighborhood of the origin.
By this construction of the equation (6.9), we have the following majorant relation
between Z and Y.

Z(T,X) > Y(T, X) = BES e (w)(T, X).

We put o(T, X) = Z(T, X)/T as a new unknown function. Then (7T, X) satisfies the
following.

P(T, X) = SN 4 L Hiea (T, X, CTe, (Cop) {C5TS(0)) (6.10)

with (T, X) = O(TX~1).
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We decompose the formal solution ¢(T, X) as follows.
P(T, X) = or ()T 4 oo ()T + TEY(T, X)), 9(0,X) =
By an easy calculation, ¢1(X) and 2(X) are given by
p1(X) = ((X),

P2(X) = >, Haopar (X)CETIHI o (X2 H 5 (00) (X) 71,
lee|+Kp+(K-1)[g|+K|r|=K+1

We remark that these are holomorphic in a neighborhood of X = 0.
Moreover, (T, X) satisfies the following equation:

{w(ﬂX) = H(T, X, Ty, TS(¥)),

$(0.X) =0, (6.11)

where
1 R R
H(T,Xm,m) = [HKH (T X, Cyo1(X)TE + Copa(X)TEHL 4 CaTE
{Csp1(X)TEY - Capa(X)TE + C5TH
[C38(p1)(X)TH + C4S(p2) (X)TRH1 + G p} )|
- > Heopqr (X)CE T (X )71 5 (01) (X) 111,
la|+Kp+(K-1)|q|+K|r|=K+1

We remark that the order of zeros in T of H(T, X, Ty(T,X),TS(¢)(T, X)) is greater
than or equal to 1.
In order to prove the convergence of (T, X), it is sufficient to show the following:

Lemma 6.2. There exists a small positive constant € > 0 such that ¥ (p) := ¥(ep, p)
s convergent in a neighborhood of p = 0.

The proof of Lemma 6.2 can be found in [13], so we omit it.
Lemma 6.2 implies that ¢(T, X) is convergent. Therefore, the following majorant
relations hold: In the case & 5(X) # 0 for some ¢, j, k, [,

C{T, X} > Tp(T,X) = Z(T,X) > Y(T,X) = BT (w)(T, X).

Next we consider the case when &5 (X) = 0 for all 4, j, k, . In this case, the argu-
ment follows analogously from above by removing the term »_, ;; ; djx (X)(T or)'w
Therefore, by putting W (T, X) = > ;< x> o0 Wo.mTEXM, we get the following
recurrence formula for {Wp ar}r>r m>0 -

di  Qij n
WLM—E N GapqrM'HWLkMkHHH it W, mHHWLkl,zwmu
i=1j=11=1 k=11=1

(6.12)
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where the summation > and 3" are taken by in the same way as (6.3) and (6.5),
respectively. In this case we put Y7 pr = Wi /L%, where d’ is defined by (3.5).
Then {Y7 s} satisfies the following recurrence formula.

// B d; 4ij n T
Yom = g E Gapgrm H Y, M, H H H YL H H Yo Mu+1s
i=1j5=1[=1 k=11=1

B } (6.13)
where Cy = Cy(a, p, ¢, 1) and

. !’ I d’L i ! . ’
G — Hz 1 H] T2 (Lige) < Teey Lt Ty Hj:l [0 Liji!® Tz TTE, Liat?
2=
Ak

By using Lemma 6.1, for an arbitrary £ € N, C, is estimated by

I d; i ; I d; i n TE 4
5 Hi:l Hj:l H?=J1(Lijl)j X {HZ=1 Ly! Hi:l Hj:l H;I=]1 Lijl! Hk:l Hlil Lkl!}d

C2 = L
I d; 4ij
<TI0
i=1j=11=1
{H (Lk +L)! Hz 1 HJ 1HqzJ (L ijl +£)!HZ:1 Hzil(Lkl +£)!}d/
X i@
qij ’
& o (L=V(a,p,q,r) + K+ L)14
(K+£)|d (p+lgl+Irl— 1)HHH )P dE d’
1=175=11=1 Lt
do , o .
Here we set Q1 = <(a,p,q,7); Vomarn) —K =d'p (this is a finite set),

d
Qg = {(Oupaq,?“); V( 0 < d' » and we set

a7p7Qar) - K
V(a p>Q7T) - K if (aapaQ7T) € Qh

£=Lla,p.qr) = [iﬂ +1 i (0,p.q.7) € .

Remark that p ds

§<£<E+1<V(ap,q, r)—K+1

holds for (a,p,q,7) € Qa. By this inequality, L < V(a,p,q,7) — K holds for all
(o, p,q,7), because L and V(a,p,q,r) — K + 1 are natural numbers. By the choice
of £, we have Cy < CEHI" by &y = (K +max £)!7'. Therefore, Cy can be estimated
by the same form as the case &;;r(X) # 0.

By these observations, (6.13) is estimated by

di  Gij n Ty
Yo <) E Gapqr]\/f’ H CsYr, H T CsYesinms: TT T CoYirentasns
i=1j=11=1 k=11=1

(6.14)
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Let us consider the following recurrence formula for {Zr am}r>k m>0 Zxm = Cr
and

d; qij n
Zia =303 Copgrar Hcgsz e T @520t TTTTC 2t
i=1j=11=1 k=11=1

(6.15)
This recurrence formula is obtained by the following equation:
. K . CsZ -

Z(T,X) = {X)TH + Grean | T.X, G2, 254 {Co8(2)} (6.16)

with Z(T, X) = O(T¥). By the construction of equation (6.16), we have

Z(T,X) > Y(T,X) = BT w)(T, X),

and (6.16) is the same form as (6.9). Therefore, the convergence of a formal solution
Z(T,X) follows from the same argument in the case when &;;,(X) # 0 for some
1,7, k,l. This completes the proof of Lemma 5.3.

7. REFINEMENT OF THEOREM 1.7

In this section, we shall prove Theorem 1.7. To do so, we reduce (2.1) to the more
exact form.

By the same linear change of ¢ variables as in section 3, the vector field is reduced
to the following.

d Nl 87(1)
Z aiaj(x)tiatj = (T(l)v ce 77—(1)) . Z azgkl Tz i 'rk 1
i,j=1 N; 0.n) i,J,k,1
where ;i (x) = O(Jz|) denote holomorphic functions and N; (j = 1,...,I) denotes

the nilpotent Jordan block of size d;.
Next, we write the differential operator with respect to x variables by the following
form:

n 3;1;1 n
> bk(2)0s, = (@1, w0) T (b, ba)(0) [ 1| =D bk()0n,,
k=1 9,
where by(z) = O(|z]?) (k = 1,...,n). Then we introduce new variables £ =
)

(EW,.... D) e C" (€W = (&1 -, Erny) € ™) by
Ny
(6(1)7' .. 7£(J)) = (IE1, cee 7xn)Q7 Q_lJ(blv' . abn)(O)Q =
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where Nj (j =1,...,J) denotes the nilpotent Jordan block of size n;. By this linear
change of variables x, the above vector field with respect to = is reduced to

N Der) J o
(5(1)a7§(J)) _Zzﬁlj(g)aftﬂ

Ny) \ogn) =137

where 3;;(€) = O(|¢]?) (i =1,...,J;j =1,...,n;) denotes a holomorphic function.
Hereafter we rewrite (7,&) by (¢, ) again. Then the equation (2.1) is rewritten as

follows.

(./\/1 + Ny + C(O))’U = Z aij;gl(:c)tm@tk,lv

.9,k
J

DML -

=1 j=1

+ Z Ca(x)ta+gK+1(t7x7vvat’Uaaxv)7

2
=
[¢]
=
[¢]
Q
—
&
|
=
©
~—
8
N—
=
=
Il
Q
—~
(=)
N~—
|
2
8
N~—
I
i~
B
=
I
=
o

d]’—l J TLj—l

I
N = Z 6tj,k)+18t]"k7 Ny = Z Z 5$j’k+18$].7k. (7.2)

=1 k=1 j=1 k=1

Moreover,

gr+1(t,z,v,7,8) = Z Japgr ()t 0P TIE,
V(e,p,q,r)>K+1

Vie,pq,r) = le| + Kp+ (K —1)|g| + K|r|. (7.3)

We put ¢ = (gi;) (1<i<I,1<j<d;)andr=(ry) (1 <i<J1<j<n;) which
are associated with t = (¢;;) € C? and = = (z;;) € C". By using these notations and
definitions, we obtain the following result:

Theorem 7.1. Let 8/ = (1,2,...,d;) € N4 (j =1,2,...,1), 0/ = (1,2,...,n;) €
N% (5 = 1,2,...,J) and let ng = max{dy,ds,...,dr,n1,na,...,ny}. We put
N(a,p,q,7) =max{j; ¢;; # 0 orr; ; # 0} for each nonzero term gu p,q.r(€)t*uPTIE".
Here we define a positive constant n' by

N(a,p,q,r)
"= — 5 7.4

" a%%l},(r { V(a,p,q,r) — K (7:4)
Then under Assumptions 1.1, 1.2, 1.3 and ¢(0)(= fu.(¥(0))) # 0, the formal solution

belongs to the Gevrey class of order at most (s',0') by

(s 0") = (s+nd,o0+n?) if aijri(x) Z0 or Bi;(x) £0 for some i, j, k,l,
’ (s+n,0) if o jri(x) =0 and B; j(x) =0 for all i, j, k,1,
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where s = (st,....8!) € N¢, o = (o,...,07) € N*, n} = (ng,...,ng) € N,

)
nZ = (ng,...,ng) EN" andn’ = (n/,...,n') € R4

Theorem 1.7 is an immediate consequence of Theorem 7.1. Indeed, all the com-
ponents of (s',...,s!) and (a',...,07) are estimated by ng and n’ < ng. Therefore,
all the components of s’ and ¢’ are estimated by 2ng, which gives the conclusion of
Theorem 1.7.

8. EXAMPLES FOR THEOREM 7.1

Example 8.1. Let t = (t1,t2) € C% and 2 = (71,72, 23) € C3, and consider

(tzatl + 3328331 4+ l)u(t, 33) = (tl + t2)2 =+ x1t13t2u + titou X 6x3u,
u = O(|t]?).

Since ; jk,1(x) = x1 # 0, the Gevrey order is estimated by
(s, 0') = (1,2,1,2,1) + (2,2,2,2,2) = (3,4,3,4,3).
Example 8.2. Let t = (t1,t3) € C? and x = (21,22, 23) € C3, and consider

(tgatl + 3328331 + 1)u(t,x) = (tl + t2)2 + t1tou X (9;5311,
u=O(|t]?).

Since o j 1(z) =0 and §; j(z) = 0, the Gevrey order is estimated by

11 59
/ N _ I — [ Z =
(870-)(1’2’17271)+(4)4?0?070) <4a471a271)'

9. PROOF OF THEOREM 7.1

In order to prove Theorem 7.1, we prepare lemmas.
Lemma 9.1.

(i) The operator P := N7 + N2 + ¢(0) (¢(0) # 0) is invertible on C[t]L[x]ar for all
L>K and M > 0.

(i) Let s = (s',...,8!) € N? and o0 = (o?,...,07) € N¢ be as before, and T =
ti+...+ta€C, X =a1+...+2, € C. Foru(t,z) € Clt|p[z]|m, if a majorant
relation Bt(i’o-) (u)(t,z) < W myTEXM (W > 0) holds, then the following
magjorant relation holds by a positive constant Cy independent of L and M.

BED (P lu)(te) < CoWpnTEXM (9.1)
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Lemma 9.2. Let s = (s',...,8') € N® and o0 = (0',...,067) € N". We put T =
t1+...+tg and X = x1 + ...+ x,. For a formal power series W(T,X) in T and X,
sz (8, U)( )(t,x) < W(T, X), then the following majorant relations hold by a positive
constant Cy:

BE) (at )(t, ) < Codp (T~ 'W (T, X), (9.2)
BE) (amp )(t,x) < Codx (XOx )Y ~'W(T, X). (9.3)

The proofs of Lemmas 9.1 and 9.2 are similar to those of Lemmas 5.1 and 5.2, so
we omit them.

We put U(t,z) = Pu(t,x) as a new unknown function. Then U (¢, z) satisfies the
following:

J n;
Z az]kl t7 ]&M 71U+ZZﬂij(l’)amijpilU+T}(I)P71U
2,5,k,l i=1 j=1
+ 3 Cal@)t + gria(t,x, PTU,0,P7'U, 0, P71U),
|la|=K
Ul(t,x) = O(|t|¥).
(9.4)
For equation (9.4), we apply the (s, o)-Borel transform, then (9.4) is reduced to the
following:

B§:§:7U)(U)( t,x SO’)( Z azjkl tz jatk,zpilU)
i,7,k,l
SU)(ZZBU a$”P 1U)
k=i j=1 (9.5)
BE) Ca()]al!B]!
(77 1U) + }:K 7(0'5)!t

SU){9K+1 (t,z, P~'U,0,P 1U,6xP’1U)}.

By Lemma 5.2, (i) and Lemma 9.2, if a majorant relation B(S U)(U)(t,x) <
W (T, X) is satisfied, then there exists a positive constant C3 such that the following
majorant relations hold:

B57 (asgha (@)tigdh, P ) (t,2) < Calaigpal (X)(TOr) W (T, X), (9.6)
BLET (Big ()0, P70 (1,2) < CslB5|(X)0x (XOx ) ™' W/(T, X), (9.7)
BT ()P ) (1) < Calnl (X)W (T, X), (9.8)

BT (g1 (t,2, P00 P70, 0,P710)

t,x

< |gr+1|(T, X, CsW, {C30r(TOr) ' W}, j, {C30x (XOx ) "W} ).
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On the other hand, for the Borel transform of 3 (,(x)t®, we have

Ca(@)|al'|B]! o K X«
> mt <<( > CaI(X)>T =: ¢(X)TX. (9.10)

la|=K la|=K

We remark that 1 < j < ng = max{dy,...,dr,ny,...,ns} for j in (9.9).
Since |3:;|(X) = O(X?), we put a holomorphic function |3;;|(X) = |8:;|(X)/X =
O(X). Then the following relation holds.

18551 (X)0x (X Ox )W =1 | B (X) (X 9x )/ W

We consider the following equation.

W= > &iju(X)(Tor) W+ZZB,J N(XOx )W + (X )W+C(X)TK(911)
i,7,k,l i=1 j=1 .

+ 191 (T, X, C3W, {C307(TO7r)’ W} j, {C30x (X0x) ' W} ),

with W = O(TK), where dijkl(X) = C’3|aijkl\(X), BU(X) = Cg|ﬁ;J|(X) and
N(X) = Cs|n|(X) all vanish at X = 0. By the construction of this equation, it is
easily seen that

B (U)(t,x) < W(T, X).

Now we put F(X) =1 —7(X). Since F(0) = 1, by multiplying 1/F(X) for both
sides, the equation (9.11) is reduced to the following.

n;

W= Z Qijra(X)(TOr) W-l—ZZﬁZJ NXOx YW +{(X)TE
6.4,k i=1 j=1 (9.12)

+ Gr1(T, X, CsW,{C30p(TOr) "W}, ;, {C30x (X0x)~ (W)} ),

where & (X) = @ (X)/F(X) = O(X) and the others are similarly defined.
Especially 3;;(X) = O(X).

For the equation (9.12), the following lemma holds.
Lemma 9.3.

(1) If Guij(X) # 0 or Bij(X) # 0 for some i,j,k,l, then the formal solu-
tion W(T,X) of (9.12) belongs to the Gevrey class gﬁ&“”“”, where ng =
max{di,...,d;,ny,...,nz}.

(ii) If Qijri(X) =0 and B;;(X) =0 for all j, k,1, then the formal solution W (T, X)
of (9.12) belongs to the Geuvrey class Q o, 1), where n' is the constant defined
by (7.4).

Since Lemma 9.3, (i) can be proved by similarly to that of Lemma 5.3, and
Lemma 9.3, (ii) is a special case of Theorem 1.6 in the previous paper [12], we omit
the proof of Lemma 9.3.
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By Lemma 9.3, W(T,X) € Girg™ "™ or &), On the other hand, the
majorant relation B(s U)(U)( t,x) < W(T, X). Therefore, we have

B(s G)(U)(t 7)€ g(n0+1 no+1) g(n +1, 1)
which proves Theorem 3.3.
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