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1. INTRODUCTION

The relations between primes and operator algebra theory have been studied in various
different approaches. The study of such relations is (i) to provide new tools in operator
algebra, (ii) to apply operator-algebraic techniques (e.g., free probability) to number
theory, and (iii) to establish bridges between number theory and operator algebra
theory.

For instance, in [4], we studied how primes act “on” certain von Neumann alge-
bras, which are von Neumann algebras generated by Adelic measure spaces. Also, the
primes as operators in certain von Neumann algebras have been studied in [5] and
[8]. In [6] and [7], we studied primes as linear functionals acting on arithmetic func-
tions, i.e., each prime induces a free-probabilistic structure on arithmetic functions.
In such a case, one can understand arithmetic functions as Krein-space operators
via Krein-space representations (see [12] and [13]). These studies are all motivated
by number-theoretic results (e.g., [3,14] and [15]), under free probability techniques
(e.g., [16,17] and [19]).

Independently, Arveson studied histories as a group of actions induced by real
numbers R on (type I subfactors of) B(H), satisfying certain additional conditions,
where H is an infinite-dimensional separable Hilbert space. By understanding the field
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R as an additive group (R, +), he defined an Fy-group T'g of x-homomorphisms acting
on B(H) indexed by R. By putting additional conditions on I'g, he defined a history
I' acting on B(H) (e.g., [1,2] and [8]). In [9], by framing a group I' to groupoids
generated by partial isometries, we studied possible distortions ' of a history . It
shows that whenever a history I" acts on H, a family of partial isometries distorts (or
reduces, or restricts) the “original” historical property (in the sense of Arveson) of T'.
And such distortions are completely characterized by groupoid actions, sometimes
called the Ey-groupoid actions induced by partial isometries on B(H). The above
framed (Ejp-)groupoids I' induce corresponding C*-subalgebras C*(I'¢) of B(H),
investigated by dynamical system theory and free probability (e.g., [16,17] and [19]).

p-adic analysis provides a important tool for studying non-Archimedean geometry
at small distance (e.g., [18]). It is not only interested in various mathematical fields
but also in physics and related scientific areas (e.g., [3-5,12,13] and [18]). The p-adic
number fields (or p-adic number fields) Q, and the Adele ring Ag play key roles
in modern number theory, analytic number theory, L-function theory, and algebraic
geometry (e.g., [3,14] and [15]).

Like in [1,2,8] and [9], providing Archimedean dynamical systems obtained from
R, or discrete groups, or discrete groupoids, one may construct non-Archimedean dy-
namical systems induced by p-adic number fields Q,,, or by certain algebraic structures
induced by Q,, for primes p. This idea motivates our works here.

Especially, we construct a monoid ¢(Q,) = (0(Q,),N), where o(Q,) is the
o-algebra consisting of all Haar-measurable subsets of Q,, and act it on an ar-
bitrary von Neumann algebra M, to construct a semigroup W*-dynamical system
(M,0(Qp), ), where « is a suitable monoidal action of ¢(Q,) acting on M. The
construction of such dynamical systems is motivated by those of [1,2,8] and [9].

From a semigroup W*-dynamical system (M, 0(Q,), @), the corresponding crossed
product W*-algebra,

M %, 0(Gp)

is well-defined, as a von Neumann algebra generated by M and « (0(Q,)) satisfying
a-relations. We study free probability on such von Neumann algebras and consider
connection with number-theoretic results and free-probabilistic data.

2. DEFINITIONS AND BACKGROUND

In this section, we introduce basic definitions and backgrounds of the paper.

2.1. p-ADIC NUMBER FIELDS Q, AND THE ADELE RING Aqg

Throughout this paper, we denote the set of all natural numbers (or positive integers)
by N, the set of all integers by Z, and the set of all rational numbers by Q.
Let us fix a prime p. Define the p-norm ||p on the rational numbers Q by

a
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. . d
whenever ¢ = p"¢ € Q* = Q\ {0} for some r € Z with the convention that [0, =)
for all primes p.

It is easy to check that:

(i) [g|, = 0 for all ¢ € Q,
(i) |q1g2l, = la1l, - lgz, for all g1,¢2 € Q,
(iii) |g1 + g2l, < max{lai],,gz[,} for all g1, 2 € Q.

In particular, by (iii), we verify that

(iti)’ g1 + qal, < a1, + |gal, for all g1, ¢ € Q.

Thus, by (i), (ii) and (iii)’, the p-norm ||, is indeed a norm. However, by (iii), this
norm is “non-Archimedean’.

Definition 2.1. We define a set Q,, by the norm-closure of the normed space (Q,|[,),
for all primes p. We call Q,, the p-adic number field.

For a fixed prime p, all elements of the p-adic number field @, are formed by

(oo}
p" (Zakpk> with  a, € {0,1,...,p—1} (2.1)
k=0

for all r € Z. For example,

“1=@E-p"+@-Dp+@-1)p"+....

The subset of Q,,, consisting of all elements formed by

Zakpk for a; €{0,1,...,p—1},
k=0

is denoted by Z,. One can easily verify that, for any € Q,, there exist r € Z, and
xg € Zyp, such that

T
T =P To,

by (2.1). Notice that if z € Zj, then |z|, < 1, and vice versa, i.e., the subset Z,, can
be re-defined by a subset of @, such that

Zp={r € Qp:|z], <1}. (2.2)
So, the subset Z,, of (2.2) is said to be the unit disk of Q,. Remark that
Zp D pLy DD°Zy DD’y D ...
It is not difficult to verify that

Z,Cp 'Z,Cp?Z,Cp L, C...,
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and hence,

Q= U kap, set-theoretically. (2.3)

k=—o0

Consider the boundary U, of Z,. By construction, the boundary U, of Z, is identical
to Zy \ pZy, i.e.,
Up=2Z,\pZ,={x€Z,: |x|p:1}. (2.4)

We call the subset U, (2.4) of Z,, the unit circle of Q,, and all elements of U, are said
to be units of Q. Similarly, the subsets pkUp are the boundaries of kap satisfying

p*U, = p*Z, \ p"T'Z, for all k€ Z,

where 2X {zy : y € X}, for all z € Q, and X C Q,. Therefore, by (2.3) and
(2.4), we obtain that

Q= |_| p’fUp7 set-theoretically, (2.5)

k=—o0

where | | means the disjoint union. By [18], whenever ¢ € Q, is given, there always
exist a € Qp, k € Z, such that
gea+ kap.

Fact 2.2 ([18]). The p-adic number field Q, is a locally compact Banach space. In
particular, the unit disk Z, is compact in Q.

Define now the addition on Q, by
( p> . ( 5 bnpn) S T
n=—N; n=—N, n=—max{Ni,N2}

for N1, Ny € N, where the summands ¢, p™ satisfies that

(an + bp)p” if a,, + b, < p,
d
Cnpn ;f pn+1 if ap + by = b,
Snpn+1 + Tnp" if an + bn = SpD+ T

for all n € {—max{Ny, N2},...,0,1,2,...}. Clearly, if Ny > Ny (resp. N1 < Na),
then, for all j = —Ny,...,—(Ny — N3 + 1), (resp. j = —=Na,...,—(Na — Ny + 1)),

c; =a; (resp.c; = bj).
And define the multiplication from Z, x Z, into Q, by

<Z %Pkl> (Z bml)’”) = > e’ (2.7)
n=—N

k1=0 ko=0
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where

. .c .c -c
Cn = E (T’flvk"ZZkth +5k1—1»7€22k1—1,k2 +37€1,k2—1zk1,k2—1 +8k1—17k2—12k1—1,k2—1)7
k1+ko=n

where
Ay bkz = Sky koD T Tk ko>

by the division algorithm, and

; . 1 if aklbkz <p,
Pk 0 otherwise,

and
e . .
Yiy ko = 1- Yky ks

for all k1, k2 € N, and hence, “on Q,”, the multiplication (2.7) is extended to

oo oo
( ) aw’“)( bw’”)
ki1=—N; ko=—N>

= (™) (P_N2)< Z aklNlpk1> ( Z bklszk2>'

k1=0 ko=0

(2.8)

Then, under the addition (2.6) and the multiplication (2.8), the algebraic triple
(Qp, +,-) becomes a field, for all primes p. Thus the p-adic number fields Q, are
algebraically fields.

Fact 2.3. Every p-adic number field Q,, with the binary operations (2.6) and (2.8)
is indeed a field.

Moreover, the Banach filed Q, is also a (unbounded) Haar-measure space
(Qp,(Qp), pp), for all primes p, where o(Q,) means the o-algebra of Q,, consisting
of all p,-measurable subsets of Q,, where p, is a Haar measure, satisfying

1
po (a +0°2y) = pp (v 2) = o7 (°2;) = p (a+P"2;) (2.9)

for all a € Q, and k € Z, where Z)’ = Z, \ {0}. Also, one has

ppla+p"U,) = py (pkUp) = Pp (kap \ pk+1zp>
1 1
=pp (0°Zp) = pp (P*7'2y) = & — 57
p p
for all a € Qp. By (2.3) and (2.5), the above measure p, satisfying (2.9) is nicely
extended fully on subsets of Q,, and hence, the collection o(Q,) of p,-measurable
subsets is well-defined, i.e., Q, is understood as a measure space (Qp,o(Qp), pp)-
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Note that, by (2.9), one obtains

1 1
pp (a "’pkUP) =7 (pkUp) = pF T pL (2.10)

for all a € Q, and k € Z (also see Chapter IV of [18]).

Fact 2.4. The Banach field Q, is an unbounded Haar-measure space, where p,
satisfies (2.9) and (2.10), for all primes p.

The above three facts show that Q, is a unbounded Haar-measured, locally com-
pact Banach field.

Definition 2.5. Let P = {all primes} U {oco}. The Adele ring Ag = (Ag,+,-) is
defined by the set

{((Ep)pep | only finitely many z, € Q,,
(2.11)
almost all other entries x,, € Z,, for primes p and z, € Qoo}

with identification: Qoo = R, and Z., = [0, 1], the closed interval in R, equipped with

(p)per + (Wp)per = (Tp + Yp)pep, (2.12)

and
(p)per) ((Yp)per) = (TpYp)per (2.13)

for all (xp)pep, (Yp)per € Ag, where the additions =, + y, in the right-hand side of
(2.12) are in the sense of (2.6), and the multiplications x,y, in the right-hand side of
(2.13) are in the sense of (2.8).

Indeed, this algebraic structure Ag forms a ring. Also, by construction, the Adele
ring Ag is also a locally compact Banach space under product topology, equipped
with the product measure. Set-theoretically,

Ag C HQp:Rx ( H Qp>.
peEP p:prime
In fact, by the very definition (2.11) of the Adele ring A, it is a weak direct product
! .
HpeP Qp of {Qp}perp, ie.,
!
Ag =[] @

peEP
The product measure

= X
P pEPpp

of the Adele ring Ag is well-determined, with identification po. = pgr, the usual
distance-measure (induced by |-| ) on R.

Fact 2.6. The Adele ring Ag is a unbounded-measure locally compact Banach ring.
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2.2. DYNAMICAL SYSTEMS INDUCED BY ALGEBRAIC STRUCTURES

In this section, we briefly discuss about dynamical systems induced by algebraic struc-
tures. Let X be an arbitrary algebraic structures, i.e., X is a semigroup, or a group,
or a groupoid, or an algebra, etc. (possibly equipped with topology). Let us restrict
our interests to the case where X is an algebraic structures equipped with a single
operation (-), i.e., it is a semigroup or a monoid, or a group, or a groupoid.

Let M be an algebra over C, and assume there exists a well-defined action o of X
acting on M, i.e., a(z) is a well-defined function on M, for all x € X, satisfying that:

a1 - z2) = a(z1) o alzs) on M,

for all 1, x2 € X, where x1 - x5 means the multiplication of x; and x5 under operation
(-) on X, and (o) means the usual functional composition.
For convenience, we denote a(x) simply by .

Definition 2.7. Then the triple (M, X, «) is called the dynamical system induced by
X on M via a.

For such a dynamical system (M, X, a), one can define a crossed product algebra
Mx = M x4 X,
by the algebra generated by M and «(X), satisfying the a-relation:
(miag, ) (Maay,) = (M1ay, (M2)) Qg e,  in My

for all mja,; € Mx, for j = 1,2. Every element T" of Mx has its expression,

T = meaz with m, € M.
zeX

Remark that, if My is pure-algebraic, then Y is a finite sum, meanwhile, if My is
topological, then > is a finite or infinite (equivalently, limit of finite) sum (under

topology).
If M is a *-algebra, then one may have an additional condition for a-relation;

(may)* = az(m")al in My

for all ma, € Mx.

In this paper, we are interested in cases where given algebras M are von Neumann
algebras. In such cases, we call the corresponding topological dynamical systems,
W*-dynamical systems, and the corresponding crossed product algebra, the crossed
product W*-algebras.

3. p-ADIC W*-DYNAMICAL SYSTEMS
Let us establish W*-dynamical systems on a fixed von Neumann algebra M. Through-

out this section, we fix a prime p, and a von Neumann algebra M in an operator
algebra B(H) on a Hilbert space H.
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3.1. p-PRIME VON NEUMANN ALGEBRAS L*(Q,)

As a measure space, the p-adic number field Q,, has its corresponding L2- Hilbert space

H,,, defined by

def

H, L? (Qpa pp) (3-1)

We call H,, the p-prime Hilbert space, i.e., all elements of H, are the square
pp-integrable functions on @Q,. Remark that all elements of H, are the functions
approximated by simple functions,

>, tsxs
Seo(Qp)

generated by characteristic functions xx,

(@) 1 ifze X,
€Tr) =
XX 0 otherwise

for all z € Q,, with tx € C. So, one can understand each element f of H,, as

Z tsxs with tgeC,
Seo(Qp)

where Y is a finite or an infinite (equivalently, limit of finite) sum.
By definition, the inner product (-, -), on H, is defined by

(1, f2)p /f1f2dpp

for all f1, fo € Hp, having the corresponding norm ||- || on H,,

71, < /i 8 |f| dpy

Qp

for all f € Hp. Thus, if f= Y  tsxgs in Hp, then
Seo(Qp)

Let us fix a function g € L* (Q,, pp), which is an essential-norm bounded function.
Similar to Hp-case, one can understand g as the approximation of simple functions.
Then gf € Hp, too, for all f € H,.

Definition 3.1. The von Neumann subalgebras 9, = L*° (Q,, pp) of B(H,) are
called the p-prime von Neumann algebras, for all primes p.
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By locally compactness, and Hausdorff property of Q,, for any x € Q,, there exist
a € Qp, and n € Z, such that z € a+ p"U, (see Section 2.1). Therefore, we obtain
the following lemma.

Lemma 3.2. Let X € 0(Q,). Then there exists N € NU {co} such that:

(i) there are corresponding a,...,an € Qp, and nq,...,nn € Z,
(ii) X is covered by the unions of ap +p™Up, fork=1,...,N, i.e.,

N
U ar +p"tU,) (3.2)

where Uy, is the unit circle of Qp, which is the boundary of the unit disk Z,.
Proof. The proof of (3.2) is done by (2.5) and [18]. O

In (3.2), we show that every measurable subset X of Q, is covered by a union
of transformed boundaries a + pkUp of a, +kap (a € Qp,k € Z). It shows that the
measure p,(X) is less than or equal to the sum of p,(p*U,), for some k € Z.

Lemma 3.3. Let X be a measurable subset of the unit circle U, € Q,, for primes p.
Then there exists
0<rx <1 nR, (3-3)

pp<X>=rX(1—;).

Proof. The existence of the quantities of (3.3) is guaranteed by (3.2) and (2.9), (2.10).
O

such that

By (3.3), we can obtain the following theorem.

Theorem 3.4. Let xs be a characteristic function for S € o(Qp). Then there exist
N e NU{co}, and ky,...,kny € Z,r1,...,rNy € R, such that

al 1 1
/Xsdpp =Y 7 (pki - pkj""1> : (3.4)

Jj=1
P

Proof. Let S be a measurable subset of Q,. Then, by (3.2) and (3.3), there exist
N e NU{co}, and k1,...,ky € Z, and 71,...,7n5 € [0,1] in R, such that

SC

-

(a; + phi Uy) for aj€Q,.

Jj=1

Thus, there exist measurable subsets Si,..., Sy of S, such that

S; Caj+phU, for j=1,...,N,
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satisfying

N
. 1 1
s=Us and plS) <0 (050) = (5 - o).
et pr ph

So, there exists r; € [0,1] in R, such that

1 1
pp(Sj) =; <pkj - pkﬁl) ;

for all j =1,..., N, and hence, one has
N N
/Xsdpp =p(8) =D _pp(85) =3 _ iy (a; + 2 Ty)
Q, j=1 j=1

= erpp (p*U,) = er (pkf a pkj+1) . -
i=1 '

j=1

The above formula (3.4) characterizes the identically distributedness under inte-
gration in 9.

Corollary 3.5. Let g = ZSea(Qp) tsxs be an element of the p-prime von Neumann
algebra My,. Then there exist r; € [0,1] in R, k; € Z, and t; € C, and

(oo}

h= " (trp")xu, (3.5)

j=—0o0
such that g and h are identically distributed under integration fQ o dp,.
P

The above theorem and corollary show that the analytic data of g € 91, is char-
acterized by the analytic data of certain types of “good” functions of 91,, under
identically-distributedness.

3.2. p-ADIC SEMIGROUP W*-DYNAMICAL SYSTEMS

Now, let M be a fixed von Neumann algebra in B(H), and Q,, a fixed p-adic number
field, and let M, = L>(Qy, pp) be the p-prime von Neumann algebra in the sense of
Section 3.1.

Let H, be the tensor product Hilbert space H,® H of the p-prime Hilbert space
H, and the Hilbert space H where M acts, where ® means the topological tensor
product of Hilbert spaces.

Define an action « of the o-algebra o(Q,) of the p-adic number field Q, acting on
the von Neumann algebra M in B(#,) by

de %
o(S)(m) < xsmxs = xsmys (3.6)
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for all S € 0(Q,), and m € M, in B(#,), by understanding
Xs = Xs ® 1y, and m = lgp, ® m in B(H,)

where 1g, is the function xq, on Qp, and 1)/ is the identity element of M, i.e., one
can understand «(S)(m) as compressions of m in B(#,) with respect to projections
Xs. Then « is an action of ¢(Q,) acting on M in the following sense:

a(S1 N S2)(M) = X5,nS,MX51nSs = X1 XS2TMX S, XSs
= X5, XS, MX S, X8, = X5, (a(S2)(m)) x5,
= a(51) (a(S2)(m)) = (a(S1) 0 a(S2))(m)

for all m € M, and S1, 52 € 0(Q,), i.e.,
a(S1NSs) = a(S1)oa(Sy) forall 51,5 € d(Qp). (3.7)

Observe now that the algebraic structure (o(Q,),N) forms a semigroup. Indeed,
the intersection N is well-defined on ¢(Q,), and it is associative;

S1 N (SN S3) = (S1NS2)N Ss,

for S; € 0(Qp), for all j = 1,2, 3. Moreover, this semigroup ¢(Q),) contains @Q,, acting
as the semigroup-identity satisfying that

SNQ,=5S=Q,N5,
for all S€o(Q,), and hence, this semigroup o(Q),) forms a monoid with its identity Q,.

Lemma 3.6. The triple (M,0(Q)), ) forms a monoid W*-dynamical system.

Proof. The action a of (3.6) is indeed a well-defined monoid action of o(Q,) =
(0(Qp),N) acting on M in B(H,) by (3.7). 0

For convenience, we denote «(S) simply by ag, for all S € o(Q,).
The action « of (3.6) is extended to a linear morphism, also denoted by «, from
M, into B(H,), by

a(f)(m) =« Z tsxs | (m)

SeSupp(f) (38)
de
<N tsasim)= Y tsxsmxs

SeSupp(f) SeSupp(f)

for all f € 9,

Proposition 3.7. Let M, be the p-prime von Neumann algebra, and let M be a von
Neumann subalgebra of B(H). Then there exists an action « of M, acting on M
in B(Hp).

Proof. Tt is proven by construction (3.8). O
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Definition 3.8. Let 0(Q),) be the o-algebra of the p-adic number field Q,, understood
as a monoid (¢(Qp),N), and let o be the action of o(Q,) on a given von Neumann
algebra M in the sense of (3.6). Then the mathematical triple (M, c(Qy), «) is called
the p-adic (monoidal) W*-dynamical system. For convenience, we denote it simply
by Q(M,p). For a given p-adic W*-dynamical system Q(M,p), define the crossed
product algebra

M, M x4 0(Q) (3.9)

by the von Neumann subalgebra of B(H,) generated by M and a (0(Q,)), satisfying
(3.8). The von Neumann subalgebra M, of B(H,) is called the p-adic dynamical
W*-algebra induced by the p-adic W*-dynamical system Q(M, p).

Note that all elements of the p-adic dynamical W*-algebra M, = M x, 0(Q))
induced by the p-adic W*-dynamical system Q(M, p) have their expressions

Z msxs with mg e M,
SeoQp)

where the sum > means a finite or an infinite sum (under topology).
Define the support Supp(T) of a fixed element T = ZSEU(QP) mgxs of M, by

de
Supp(T) 2] {S € a(Qp) : ms # Oar}- (3.10)
Now, let mixs,, maxs, € Mp, with my,mg € M, and 51,52 € 0(Q,). Then

(m1xs,)(MaXs,) = M1XSM2X81 XSs = M1XSM2X38, XSa
== mlxslmQX&XSl XS23

since xs = 1y ® xs (in B(H,)) are projections (x4 = xs = x%) for all S € 0(Q,),

=miags, (m2)X81 XS,

= mias, (M2)Xs,ns,-

For convenience, if there is no confusion, we denote ag(m) by m* for all S € ¢(Q,)
and m € M.
With help of the above notation, we have

(lesl )(m2st) = mlmgl XS1NSs2

for mpxs, € My, for k =1,2. More generally, one has that

N
_ Sy 81NSa 51M...NSN_1
H(ijsj) = mimy Mgz ce-My XS1n...nSy

Jj=1
N-1
m mslﬁ...ﬂs_,» Y
! II J A s,
1=

Jj=2

(3.11)
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for all N € N. Also, we obtain that
(mxs)* = xsm*xsxs = (m*)xs (3.12)

for all mxs € My, since xs = x5 ® 1pr is a projection on H,, with m € M, and
S € c(Qyp). So, let

T, = Z mg, Xs, € ./\/lp, k=1,2.
Sk €Supp(Ty)

Then

i, = Z ms, X8, 1MS; XS,

(S1,S2)€Supp(T1) X Supp(T2) (313)

2 S
- mslmS;XSlﬁSw
(S1,S2)€Supp(T1)x Supp(T2)

by (3.11). Also, if T' = >~ g gypp(r) MsXs in M, then
T =Y (m%)xs. (3.14)
SeSupp(T)

by (3.12).
By (3.13) and (3.14), one can have that if

T, = Z mSkXSkeMpv k=1,...,n,
Sy €Supp(T)

for n € N, then

n

T T n o — 751855
Ty T =] > md)%xs,
7=1 \S;€Supp(T})

- > E (I xs, ) (3.15)

(51,...,Sn)ejlzl15upp(Tj)
OO (gt

- X I () ) Gns) |

(sl,..i,sn,)ejlyjlsupp(Tj)

for all (rq,...,7rn) € {1,*}", where

rj15,; def ) TS, if?“jzl,
mg |77 = 3.16
ms] {(mgj)sj if r; = (8.16)

forj=1,...,n.
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Lemma 3.9. Let T, = 3 g, c supp(T,) ™Sk X5, be elements of the p-adic semigroup
W*-algebra M, = M X 0(Q,) in B(H,), for k=1,...,n, forn € N. Then

n

j=1

(S1,---,5n)€ _ﬁISupp(Tj) =1
J=

forallry, ... ,r, € {1,%}, where [mgjj]sj are in the sense of (3.16).

Proof. The proof of (3.17) is by (3.15). O

3.3. STRUCTURE THEOREM OF M x, o(Q,)

Let M, = M X4 0(Qp) be the p-adic dynamical W*-algebra induced by a p-adic
W*-dynamical system Q(M,p) = (M, c(Q,), ). In this section, we consider a struc-
ture theorem for this crossed product von Neumann algebra M,,.

First, define the usual tensor product W*-subalgebra

Mo =M Q¢ mp of B(Hp),

where M, = L>*(Q,, p,) is the p-prime von Neumann algebra in the sense of Sec-
tion 3.1, and where ®c means the topological tensor product of topological operator
algebras over C. By definition, clearly, M, is a W*-subalgebra of My in B(H,,), i.e.,

W *-subalgebra

M, c M.
Now, define the “conditional” tensor product W*-algebra
g =M ®q My,
by a W*-subalgebra of M, dictated by the following a-relation (3.18) and (3.19);

(m1 @ xs,) (M2 @ xs,) = (M1m3") ® X5, X5 (3.18)
and
(m®xs)" = (m")® ® x5, (3.19)
for all my,ma,m € M, and S1, 52,5 € 0(Qp).
Theorem 3.10. Let M, = M x,0(Q)) be the p-adic dynamical W*-algebra induced
by the p-adic W*-dynamical system Q(M,p), and let M} = M ®, M, be the con-
ditional tensor product W*-algebra of M and the p-prime von Neumann algebra 90,

satisfying the a-relations (3.18) and (3.19). Then these von Neumann algebras M,
and M{, are x-isomorphic in B(H,), i.e.,

M, =M x4 0(Q,) "Z° M @, M, = MP. (3.20)
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Proof. Define a morphism @ : M,, — M} by

® Z msxs | < Z (ms ® xs) (3.21)

Sea(Qp) Sea(Qp)

for all Zseg((@p) mgxs € Mp.

By the very definition (3.22), ® is a well-defined linear transformation, further-
more, it preserves the generators, and hence, it is bounded (or continuous) and injec-
tive.

Moreover, this linear morphism ® satisfies that

@ ((muxs)(maxs,)) = @ (mimsxs,ns. )

= mim5' @ X818, = M1m3' ® Xs, X,
(ml ® XS1)(m2 & st)’

by (3.18),

= (m1X51) (I)(mQXS2)
for all mi,mo € M, and S1,52 € 0(Q,). And it also satisfies that
®((mxs)") = ®((m*)%xs) = (m*)° @ xs
= (m*)° @ x5 = (m® xs)" = (®(mxs))"

for all m € M, and S € 0(Qp). Therefore, for any T1,T5,T € M, we have
O(ThT3) = ©(T1)2(T3)
and
(1) = ((T))"

So, the linear morphism @ is a *-monomorphism. It shows that M, is a W*-subalgebra
of M§.
Now, consider the linear transformation ®' : M§ — M,, by the morphism satisfy-
ing
®' (m®xs) =mxs forall me M and S € o(Q,). (3.22)

It is bounded and injective by the very definition (3.22), and it satisfies:

P’ ((ml ® XSI)(m2 Y XS2)) =0 (mlmgl 0 XSU’TSz)

= mim5' xs,ns, = (M1xs,)(Maxs,)
=®'(m1 @ xs,)P (M2 @ xs,),
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and

o' ((m@xs)") = 2((m")% @ x5) = (m*) xs
= (mxs)" = ' (m ® xs)"
for all my,ma,m € M, and Sy, S2,S € 0(Qp). Thus, for all 77,73, T" € M%), we have
' (T1Ty) = @' (17)®'(T3)
and
(1)) = (2/(17))".

Therefore, this injective linear morphism @’ is a *-monomorphism. It shows that M
is a W*-subalgebra of M,,.

As a consequence, these two W*-subalgebras M, and M} are *-isomorphic in
B(H,). O

The above characterization (3.20) shows that our p-adic dynamical W*-algebra
M, = M x, 0(Q,) is *isomorphic to the conditional tensor product W*-algebra
M =M ®,M,.

4. FREE PROBABILITY ON p-ADIC DYNAMICAL W*-ALGEBRAS

Throughout this section, let us fix a prime p, and a p-adic W*-dynamical system
Q(M,p) = (M,0(Qp), ). In this section, we are interested in free probability on the
p-adic dynamical W*-algebra

My =M xq0(Qp)

induced by Q(M, p).

By Section 3.3, the von Neumann subalgebra M, is *-isomorphic to the conditional
tensor product W*-algebra Mf = M ®, 9. So, throughout this section, we use M,
and MJ alternatively.

We will establish free probability on M, by putting certain additional conditions:
first, we assume that a fixed von Neumann algebra M is equipped with a well-defined
linear functional ¢ on it, i.e., the pair (M, ) is a W*-probability space in the sense of
Voiculescu (see Section 4.1 below, or [17] and [19]). Moreover, assume that the linear
functional ¥ is unital on M, in the sense that:

v(1w) =1,

for the identity element 1,; of M.
By understanding M,, as ME, we obtain a well-defined conditional expectation

Byt MET=E M, — M, (4.1)

where d
My M @a Cl{xs : S € 0(Q,), S S U},
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where U, is the unit circle of the p-adic number field Q,, which is the boundary of
the unit disk Z, of Q,, satisfying that:
def
Ey(mxs) = Ep(m® xs) = mxsnu,

for all m € M, and S € o(Q,).
Define now a morphism

F,: M, = M, (4.2)
by a linear transformation satisfying that:
Fy (mxs) =m (TSXUP)

for all mxs € M,, where rg € [0, 1] satisfies that:

1
/Xsdpp = rs/xUpdpp =rg (1 — p) . (4.3)

P P

Such a quantity rg exists for S N Up, by (3.3) and (3.4). And then define a linear
functional

v:M,—=C

by a linear functional on M, satisfying that: for all m € M, and S € ¢(Q,),

- def <¢®/Odpp> o Fp, (4.4)

Qp
i.e., a linear functional v of (4.4) satisfies

y(mexs) Y pim) / (rsxu,) dpp = 759 (m) (1 - 1)’

p
Qp
where rg € [0, 1] satisfies (4.3).
Remark that, in general, the tensor product ¢; ® @2 of two linear functionals ¢,
and @9 are “not” a linear functional, however, our linear functional v of (4.2) is active
under the linear morphism F},. And hence, it becomes a well-defined linear functional

(see Section 4.2 below).
And then define a linear functional

'yp:./\/lp*gso./\/lg—)@

by
Yp =70 Ep, (4.5)
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where v and E, are in the sense of (4.4) and (4.1), respectively, i.e., for all m € M,
and S € 0(Qy),

Yp (mxs) = v (Ep(mxs)) = (mXSerp)

= utm) [ (rsxw,) dy = rsvim) (1- 1)

p
Qp

for some rg € [0, 1], satisfying (4.3).
Then the pair (My,~,) is a W*-probability space in the sense of Section 4.1
(below). We consider the free distributional data of certain elements of (M,, ;).

4.1. FREE PROBABILITY

For more about free probability theory, see [17] and [19]. In this section, we briefly
introduce Speicher’s combinatorial free probability (e.g., [17]), which is the combi-
natorial characterization of the original Voiculescu’s analytic free probability (e.g.,
[19]). An important application for free probability theory can be found in [16]: the
isomorphism theorem for free group factors.

Let B C A be von Neumann algebras with 15 = 14 and assume that there exists
a conditional expectation Eg : A — B satisfying that:

(i) Ep(b) =bfor all b e B,

(ii) FEp(bab’) = bEgR(a)b for all b,b’ € B and a € A,
(iii) Ep is bounded (or contlnuous)

(iv) Eg(a*) = Ep(a)* for all a € A.

Then the pair (A, Eg) is called a B-valued (amalgamated) W*-probability space
(with amalgamation over B).

For any fixed B-valued random variables ay,...,as in (A, Eg), we can have the
B-valued free distributional data of them:

a) (i1,...,in)-th B-valued joint x-moments:

T T Tn
Eg (blaillbgaij ... bpal ) ,

in

b) (j1,---,7Jm)-th B-valued joint *-cumulants:
kD (bralt, bha®?, .. b alm ),

Jl’ Jz’ rrm ]m
which provide the equivalent B-valued free distributional data of ai, ..., as for
all (i1,...,4n) € {1,...,8}", (J1,--,Jm) € {1,...,s}™, for all n,m € N, where
b1y ... bp,by,... b € B are arbitrary and rq,...,7,,t1, ..., t;m € {1,%}. By the
Mébius inversion, indeed, they provide the same, or equivalent, B-valued free distri-
butional data of a1, ...,as, i.e., they satisfy

Ep (bia ... bpajn) = > kP (bial,... byal")
TeNC(n)



On dynamical systems induced by p-adic number fields 463

and
kD (bialt,. . bain) = > Epgg (Malt, ... b,alm) u(6, 1),
0eNC(m)
where NC(k) is the lattice of all noncrossing partitions over {1, ..., k} for

k € N, and kB(...) and Epy(...) are the partition-depending cumulant and the
partition-depending moment, and where u is the Mébius functional in the incidence
algebra Is.

Recall that, for k € N, the partial ordering on NC(k) is defined as follows:

T <6 <de:f> for each block V in 7 there exists a block B in # such that V C B.

Under such a partial ordering <, the set NC(k) is a lattice with its mazimal element
1, = {(1, ..., k)} and its minimal element 0 = {(1),(2),...,(k)}. The notation
(...) inside partitions {...} means the blocks of the partitions. For example, 1 is the
one-block partition and 0 is the k-block partition, for £ € N. Also, recall that the
incidence algebra I, is the collection of all functionals

s

£: | | (NC(k) x NC(k)) — C,

k

1

satisfying &£(m,60) = 0, whenever m > 6, with its usual function addition (+) and its
convolution (%) defined by

€ % Eo(m,0) < Z §i(m,0)&2(0,0)

T<o<0

for all £&1,&; € I5. Then this algebra Is has the zeta functional (, defined by

de 1 ifﬂ'§ 0,
((m,0) Y {

0 otherwise.

The Mdébius functional u is the convolution-inverse of ¢ in I5. So, it satisfies

S op(m ) =0 and (0, 1x) = (1) ey (4.6)

TENC(k)
c def 1 2m
T m+1\m

is the m-th Catalan number, for all m € N.

The amalgamated freeness is characterized by the amalgamated *-cumulants. Let
(A, Ep) be given as above. Two W*-subalgebras A; and As of A, having their common
W*-subalgebra B in A, are free over B in (A, Ep), if and only if all their “mixed”
*-cumulants vanish. Two subsets X; and X, of A are free over B in (A, Ep), if
vN (X1, B) and vN (X3, B) are free over B in (A, Ep), where vN(S1,S52) means the

for all k € N, where
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von Neumann algebra generated by S; and S,. In particular, two B-valued random
variable x; and o are free over B in (A, Ep), if {z1} and {z3} are free over B in
(A7 EB)

Suppose two W*-subalgebras A; and A, of A, containing their common
W*-subalgebra B, are free over B in (A, Eg). Then we can construct a W*-subalgebra
vN (A, Ay) = B[A, U Ag]w of A generated by A; and A,. Such W*-subalgebra of A
is denoted by A; xp Ay. If there exists a family {4; : i € I'} of W*-subalgebras of A,
containing their common W*-subalgebra B, satisfying A = *B;c1A;, then we call A,
the B-valued free product algebra of {A; :i € I}.

Assume now that the W*-subalgebra B is *-isomorphic to C = C - 14. Then the
conditional expectation EFp becomes a linear functional on A. By ¢, denote Fp. Then,
for ay,...,a, € (A, p),

kn(ag,...,a,) = Z or(al, ... an)p(m, 1)
TeENC(n)

by the M&bius inversion

= Z (H @V(al,...,an)> p(m,1,),

TeENC(n) \Ver
since the images of ¢ are in C.
For example, if 7 = {(1,3),(2),(4,5)} in NC(5), then
er(a, ... a5) = plarp(az)as)p(asas) = p(aras)p(az)p(asas).

Remember here that, if ¢ is an arbitrary conditional expectation Eg, and if B # C-14,
then the above second equality does not hold in general. So, we have

kn(ar, ... an) = > <Hgov(al,...,an)u(0|v|,l|v)) (4.7)

TeENC(n) \Ver

by the multiplicativity of pu.

4.2. FREE STRUCTURE OF (M,,,)

Let M, = M x, 0(Q,) be the p-adic dynamical W*-algebra in B(#,), understood
also as its *-isomorphic von Neumann algebra, M = M ®,9M,, the conditional tensor
product W*-algebra of M and the p-prime von Neumann algebra 9,,. Let v, = yo E,
be the linear functional in the sense of (4.5) on M} = M, where v is in the sense of
(4.4) and E, is in the sense of (4.1), with (4.3), i.e., 7y, is a linear functional on M,,
satisfying that

limxs) =7 (Bylomxs) =7 (m(rsxes)) = rswim) (1- 1)),

for some rg € [0, 1], satisfying (4.3), for all m € M and S € 0(Q,).
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First, we will check indeed E), and 7 are well-defined conditional expectation and
linear functional, respectively.
Let us check E), is indeed a well-defined conditional expectation from

M, "E M @, M, = MO

onto ) demot
M2 M @, (C [{xv,}]) 2" M,.

Observe that the following properties hold.
(i) For all m(txy,) € M, with m € M, t € C, one has that

E, (m(txu,)) = Ep ((tm)xu,) = tmxu, =m (txv,) ,
by (4.2) and hence, for all z € M, we have
E,(z) = =.
(ii) For all m1xy,,maxu, € My, and for mxy € M,, we have

E, ((mixu,) (mxy) (maxuv,)) = Ep (mamrm™

U,NY
=FE, ((mmLUPmQ”m ) Xmep)

Upny
=mymYrmy®

XUpﬁYﬁUp)

(rvxu,)

for some ry € [0,1] in R, satisfying (4.3),

= (mixw,) (rymxu,) (maxu, )
by a-relations
= (mixu,) (Ep (mxy)) (maxu,) »
and hence, under the linearity, one has that, if 21, x2 € M, and y € M,, then
Ey (v1yz2) = 21 E)(y) 22

(iii) By definition, E, is bounded (or continuous).
So, by (i), (ii) and (iii), the morphism E, of (4.1) is indeed a well-defined condi-

tional expectation from M, onto M, 2 0

Now, let us consider the linear functional v : M, — C of (4.4) is indeed a linear
functional on M,,. Let t;m;xu, € My, with m; € M, t; € C for j =1,2. Then

(t1m1XUp + thQXUp) =7 ((t1m1 + tzmz)XUp)

=(timy + t2m2)/XUdep
Qp

— t1b(my) (1 — ;) + tath(me) (1 - ;)

= tiy(mixu,) + t2y(maxu, )-
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Thus it is indeed a linear functional on M), furthermore, by definition, it is bounded.
Therefore, the morphism v, = vy o E, : M, — C of (4.5) is a well-defined bounded

linear functional on M, *zo ./\/lg.
Definition 4.1. The pair (M,,~,) is called the p-adic dynamical W*-probability

space. Remark that our p-adic dynamical W *-probability spaces are defined by fixing
the unit circle U, of Q,.

The following lemma is obtained by the straightforward computations.

Lemma 4.2. Let mys be a free random wariable in the p-adic dynamical
W*-probability space (Mp,~,), withm € M, and S € 0(Qp). Then

1
o (mxs)") = s (n(m®y ) (1-1) (1.8
for all n € N, where rg € [0,1] satisfies (4.3).
Proof. By (3.16), if mxs € M,, with m € M, and S € 6(Q,), then

S,.,SNS snsn...ns S _ S S
ceem Xsn.ns=mm -m- ... m stm(m

(mxs)" = mm>m )" xs
for all n € N. Therefore, one can have that
T ((mxs)"™) =7 (m(m®)"xs) = ¢ (m(m®)""1) (/TSXUdep>a
Q
where rg € [0, 1] satisfies (4.3),
n— n— 1
= s ()" ) (px0,) = 7 (mm®) ) (1= 1)
for all n € N. O
More general to (4.8), we obtain the following result.
Lemma 4.3. Let mixs,,- .-, MnXs, be free random variables in the p-adic dynamical

W*-probability space (My,~,), withmy, € M, S, € 0(Qp) fork=1,...,n andn € N.
Then there exists T € [0,1], such that

Yp < ﬁ mjx5j> =7y (1/) <m1 ﬁm]ﬂl;f Sl)> <1 B %) (4.9)

Proof. By (3.11), if myxs, € (Mp,7,) are given as above, for k =1,...,n, then

n

Si, $ins $10..N8n 1
H(ijSj) =rmimy mszt 7 omy XS1N...NS,,

j=1
n mj*l S.
= (ml [1m;" ) (Xﬂ?:1 sj>’
j=2
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in M,, for all n € N. Thus,

n n i
i-lg
Yp H(mijj) =7| ™ H mp”*l (roxu,)
Jj=1 j=2
where 7 € [0, 1] satisfies (4.3) for (\;_, S; € 0(Qy), i.e.,
0 _
X(m;_tzl Sj)ﬁUp =ToXUp>»
under E,, where - are in the sense of (4.2), thus,
= iZls; . HCH 1
=71y || m H m?“l (pp (XUP)) =71y || m H m?“l <1 - p> .0
j=2 j=2

By (4.8) and (4.9), we obtain the following free distributional data of free random
variables of the p-adic dynamical W*-probability space (Mp,vp).

Theorem 4.4. Let (M,,~,) be the p-adic dynamical W*-probability space, and let

T, = Z ms,Xs., Jfor k=1,...,n,
Sk €Supp(Tk)

be free random variables in (M,y,~yp) for n € N. Then

w | 117
j=1

: (4.10)
= Z T(S1,...,5,) 1/J H ([mSJJ}SJ> (1 - p> 7
(Sl,~..7571)€j£l13upp(Tj) j=1
where [mg"jsj are in the sense of (4.18), and r1,...,r, € {1,%}, and where

T(S1,0sS0) € [0,1] satisfy (4.3) for all (S1,...,S,).
Proof. By (3.15), we have that

f[lTjrj _ 3 ﬁ ([mgﬂsj)(ﬂi;f s:) <X0?=1Sj> ’

(517---;Sn)ejglsupp(Tj)

] are in the sense of (3.16), i.e.,

P ms,; ifr; =1,
mg 1% =
[ Sj] {(mgj)sj ifr; ==

7
where [m s,
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forall j =1,...,n. So,

w | TIT7 | = @132 1)
j=1

= > ﬁ ([mgjf]Sj) e (Xn?ﬂ Sﬂ')

n
(Sl a-~~7Sn)E].1;Ilsupp(Tj)

= Z Yo ﬁ ([mgj]sj) (NiZi s:) (Xﬂ;-;l Sj)

(S1)~-7Sn)e7,1;[1$upp(Tj)

= Z (81, 80) Y H ngjj]&) (= (P (Up))

(Sl,“.,Sn)Ejl;Ilsupp(Tj)

s,) € [0, 1] satisfy (4.3). O

.....

by (4.9), where 7(g,
Thanks to (4.10), we obtain the following corollary.

Corollary 4.5. LetT = Y>> mgxs be a free random variable in (M,y,v,). Then
SeSupp(T)

oy (T7) = Z (T(Sl,...,Sn) <¢ ( H(msj)(ﬂ]i:ll Si))) (1 — Zl7>>7

(S1y..38n)ESupp(TH™ j=1
(4.11)
*\M . * . i—1g. 1
’)/p((T ) ) — Z (T(Sl,...,sn) <w( H((mSj)SJ)(m'L:1 SL))) (]. — p)),
(S1;...,5n)€Supp(T)" Jj=1
(4.12)

%(ﬁT”) = (r(sl,...,w (w(ﬁ([mgﬂsf)mff Sﬂ)) (1- ;)>
J=1 (S1,..-,Sn)€Supp(T)™ Jj=1
(4.13)

where Y™ means the Cartesian productY X ... XY of n-copies of an arbitrary set' Y
foralln e N and rq,...,r, € {1,%}.

Let us now consider certain specific cases.

Definition 4.6. Let M be a von Neumann subalgebra of B(H), and assume T is an
algebraic object (a semigroup, or a monoid, or a group, or a groupoid, etc.), acting on
M via an action 3. Also, suppose that there exists a well-defined linear functional ¢ on
M, inducing a W*-probability space (M, ) in B(H). We say that 1 is S-invariant, if
Y (B(g)(m)) =(m) for all m € M and g € T.
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Assume now that our linear functional ¢ on M is a-invariant for the monoidal
action a of o(Q,), i.e., assume that ¢ (m®) = ¢(m) for all m € M and S € o(Qy).

Corollary 4.7. LetTy = ZSkESupp(Tk) ms, xs, be free random variables in the p-adic
dynamical W*-probability space (Mp,~yp), for k=1, ..., n, forn € N. Assume that
the linear functional ¢b on M is a-invariant. Then

w177 | = > s (0 T (%) (1_11’) 7
j=1 l

(15,90 ) €Supp(T)™

Tp (") = Z (T(sl,...,sn)
()™

(S1,-..,Sn)ESupp
%(HTTJ’) = > (r(sh...,sn) <¢< | (m%ﬁ))) (1 - ;)) (4.17)
7=l ()" j

(S150,8n)ESupp(T

W= 3 (nsl,...,sn)(w(ﬁ(msj)) (1- ;)) (4.15)
< 1

for alln € N and ry,...,7, € {1,%}, where r(g,, .. s,y satisfy (4.3).

Proof. Clearly, the formula (4.14) is by (4.10), and the formulae (4.15), (4.16) and
(4.17) are proven by (4.11), (4.12) and (4.13), respectively, under the a-invariance
of 1. O

Now, let us go back to the general case without a-invariance of ¢. Let (M,, ;)
be the p-adic dynamical W*-probability space, and let mixs,,...,mnXs, be free
random variables in it, for n € N, where my,...,m, € M, and S1,...,S, € 0(Qy).
Then, we have

n n
Yp rll(mjxsj)rj = % Hl[m;j]ij LS,
j= j=

by (é‘lo) ro | v ﬁ ([mfj]Sj)ﬂ;L;ll S, <1 _ 1)
j 9,

j=1
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where [m’/]% are in the sense of (3.16), and ro € [0,1] satisfies (4.3). So, one can
obtain that
kn ((m1XS1)T1 P (mnXSn)T")
= D () (71 X80, M xs, ) (s 1)
TeNC(n)
= ) (H (v (715 X, -5 mpr ] xs, ) 1 (O 1|V)>
TeNC(n) \Verm
(by the Mobius inversion (see Section 4.1)) (4.19)

= Z H Yp ([m;u]sn XSi, [m:;k]SZkXSLk) ’u(()k’ 1k>

TENC(n) \V=(i1,...ix)Em

nwe GNZW< i (Tv<w<g([m$t]5”)m115”))(1—;))#(0%11«)),

V=_(i1,...,ig)ET

where ry € [0, 1] satisfy (4.3).
By (4.19), we obtain the following inner free structure of the p-adic dynamical
W*-algebra M, with respect to ,.

Theorem 4.8. Let mixs, and maxs be free random variables in the p-adic dynamical
W*-probability space (Mp,~yp), withmy,mg € M, and S € 0(Q,)\{@}. Also, assume
that S is not a measure-zero element in o(Q,). Then {my,m7} and {ma, m3} are
free in the W*-probability space (M,), if and only if mixs and maxs are free in
(M, ).

Proof. Assume that S is not of measure-zero.

(=) Assume that {m;,m;} and {mg,m5} are free in (M,%), i.e., the
W*-subalgebras M; and M generated by them, respectively, are free in (M, 1)). Then,
by definition, all mixed free *-cumulants of them (with respect to the linear functional
) vanish (see Section 4.1), i.e.,

kY (uft,...,ui") =0 inC
for all n € N\ {1}, where (u;,, ..., u;,) € {mi,ma,m7,m5} is “mixed”, and
(i1, ... in) € {1,2}", and (r1,...,7,) € {1,%}". Here, k¥ means the free cumulant
with respect to 1.

Consider now the mixed free x-cumulants of myxs and moxs in (M,,,) for a
fixed S € 0(Q,). By (4.19),

kn ((mi1XS)T17 sy (minXS)T")

(o (o (TT 1)) 1 - D)””“”)’

t=1
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where ry € [0, 1] satisfy (4.3), and where all S;, are identical to .S, and hence,

> ( (w (H <[m§:t]5>5>> (- ;)) (0010

TENC(n) \V=0j1,....jn

s 2 LI (w (ﬁ([m;fzﬂsf))mok,m ,

TENC(n) \V=(j1,--,Jn t=1

since all quantities ry are identical in [0, 1], say rg, then

1 1
=rs(1—=) (kY (u,...,ui")) =r (1—)-020
s(1-2) e ) = (11

for all n € N\ {1}, where (u;,,...,u;,) € {m1,m7, ma,m5} is a mixed n-tuple. It
shows that two free random variables m; xs and max s are free in (M,,7,), whenever
my and mg are free in (M, ).

(<) Assume now that two free random variables mjxs and maoys are free in
(Mp,vp), L.e., all their mixed free *-cumulants vanish, i.e.,

kn, ((thS)Tl? ceey (minXS)T")

=o(=3) i

> Ilh)er<¢’<f1(hnxﬂs)s>>/L«m,1w —0

TENC(n) \V=(j1, jn i1

for all n € N, where (iq,...,i,) € {1,2}", and (r1,...,7,) € {1,x}"™, and where rg
satisfies (4.3). Here, we need to notice that each block V induces ry € [0, 1] satisfying
(4.3), but they are identical to rg, because S is uniquely fixed now.

The formula (4.20) is identical to

s (1 - ;) (kG uln))

for the mixed n-tuple (u;,, ..., u;, ) of {my,m7} U {ms, m3}. Since S is assumed not
to be of measure-zero, to satisfy

s (1= 1) G20 -0

as in (4.20), one must have
ES(ult, ... ul™) =0

n\%iy [t 7
for all mixed n-tuple (u;,,...,u;, ). Equivalently, {mi,m7} and {mq,m5} are free
in (M, ).
It shows that if two free random variables mxg and maxg are free in (M, ),
then m; and mg are free in (M, 1)), whenever S is not of measure-zero. O
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The above theorem shows that, the freeness of (M, 1) acts like a kind of
free-filterizations for the inner freeness of (M, 7).

Corollary 4.9. Let My and My be W*-subalgebras of M in B(H). Assume that
S € 0(Qp) and S is not of measure-zero in 0(Qy). Then

{M1,as(My)} and {Ms, as(Ms)} are free in (M, ) if and only if (4.21)
My @0 C[{xs}] ond My 2o Cl{xs}] are free in (My, 7). '

It is not difficult to check that if SN U, = @, then the families
{mxs:meM} and {mxy:meMY CU,ino(Qp)}

are free in (M,,7,). Indeed, let mixs and moxy, € My, with mi,mo € M, and
S € 0(Qp). Assume that SN U, is empty. Since S N U, = &, all mixed cumulants
of mixs and maxy, have ry = 0, for some V € 7 in (4.19), for all 7 € NC(n).
Therefore, one obtains the following inner freeness condition of (M, ;).

Proposition 4.10. Let S € 0(Qp) such that SN U, = @. Then the subsets
{mxs:meM} and {mxy:meMY CU,inoc(Q,)}

are free in (Mp,7p).

Proof. The proof is done by the discussion of the very above paragraph. O

Motivated by the above proposition, we obtain the following general result.

Theorem 4.11. Let S1,53 € 0(Q,) be such that S1 # Ss.

If S1 NSy = &, then the subsets {mxs, : m € M} and {axs, :a € M}

4.22
are free in (Mp,Yp)- (4.22)

Proof. The proof is a little modification of the proof of the above proposition. Indeed,
we can check that

310522@ - (SlﬂUp)ﬂ(SlﬁUp):Q

So, we can apply the above proposition. O

4.3. p-ADIC DYNAMICAL W*-PROBABILITY SPACES

In this section, we extend the results we obtained in Section 4.2. Remark that, in
Section 4.2, we fix an element xy, of 9, to construct

M, =M @, C [{xv,}] =M,

i.e., we needed to define a suitable conditional expectation E, of (4.1) from M,, onto
M = M, satisfying
EP (mXS) =m (TXU;,) )
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for r € [0, 1] satisfying (4.3). In such a case, the linear functional 7, = yo E, of (4.4)

on M, is well-determined by the well-defined linear functional v of (4.2) on M,
One may do the same process by fixing p* U, instead of fixing U,, for k € Z. Recall

that p*U, are the boundaries p*Z, \ p**1Z, of pZ,, for all k € Z, i.e., for a fixed

k € Z, define

de *-iso
Mp:k :f M Ra C [{ka'Up}] = M, (423)

(i.e., M, of Section 4.2 is identical to M., under (4.23)), and construct a conditional
expectation

Ep:k : Mp = Mg — Mp:k
by a linear morphism satisfying that
Epi (mxs) = mXgrpiu, (4.24)
with
0
Xsnpru, = TXpkU,>

where r € [0, 1] satisfying

1 1
/X%mpk’Updpp = T/kaU,,de =r (pk - pk+1> . (4.25)

P QP

The quantities r of (4.24), satisfying (4.25), have to be chosen in the interval [0, 1]
of R, since
pp (SNPU,) < pp (07U,)

in general, for fixed k € Z.

Then, similar to Section 4.2, E,. is a well-defined conditional expectation from
M, onto My, = M.

And then, for the fixed k € Z, define a linear functional

Vi : My, = C
by a linear morphism satisfying
def
e (mxpen,) = ¥(m) [ (xpru,) dpp = (m) (# - p%) : (4.26)
Then one has a well-defined linear functional
Ypik : Mp —C
defined by
ok L o By forall ke Z. (4.27)

Note that our linear functional <y, in the sense of (4.5) is identified with ;.0
of (4.27).
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Observation 4.12. Let us replace M, = My.o of Section 4.2 to M., for k € Z.
Then the formulae (4.8) through (4.20) can be re-obtained by replacing factors
(1- 7) to ( — le) So, the freeness conditions (4.21) and (4.22) are same under

(Mp,’yp,k) settzngs. For instance, if mjxs;, € (Mp,¥p:k), for j=1,...,n, forn €N,
hen

u N sl 11
[Tmixs, | =ro | @ | ma [T m;" <k_k+1)
j=1 j=2 pep

for some ro € [0,1] satisfying (4.25) (see (4.9)).

The first main result of this section, Observation 4.12, shows that one can have
systems of W*-probability spaces

{(Mpa 'Yp:k)}kez s

sharing similar free probability with (M, v, = vp.0) of Section 4.2.
Moreover, one can consider the following. By taking pairwise distinct k1, ..., k,
in Z, for n € N, define a p,-measurable subset

..... 30 —Ii!(p’“

in 0(Q,). Define now a subalgebra M.k, . k, of the p-adic dynamical W*-algebra
M, by

Mp:kl,...,kn =M 2] C [{XY 'Y :pijp S Uk1 ..... kn}] *_éso M@TL.
Define a conditional expectation

. _ 0
Ep:kl ,,,,, kn - Mp =M

.....

by a linear morphism satisfying that

Epikyookn (MXS) erxpm (4.28)

for all m € M, S € 0(Qp), where r; € [0,1] satisfy (3.3) and (3.4) (as in (4.3) and
(4.25)) for j =1,...,n, where

/XSﬂUkl ..... kn pp*/ ZTJXpJU dpp, (429)

Qp

as in (3.5).
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By (4.24) with (4.25), and (4.28) with (4.29), one can re-define the conditional
expectation Ey.j, ..k, by the morphism from M, onto MO = Mp:ky.... %, DY

de -
Epky,... b = EB Epk;,s (4.30)

where Ej.p; are in the sense of (4.24), for all j =1,...,n
Similarly, define now a linear functional

Ver,okn  Mpiky,o ke = MO = C

de -
Vvt 23 s (4.31)
j=1

where 7y, are in the sense of (4.26). By the bounded linearity of -, the morphism
Vk1,....k,, 15 again bounded linear on My, . &

Thus, by (4.30) and (4.31), we can deﬁﬁe% linear functional ., &, on M, =
MO by
p

d
Vpikrreokn = Vhrroorkin © Epiky,o ke Mp — C. (4.32)

ey

So, we obtain a well-defined W*-probability space (M, Yp:k, ... k,:). More gener-
ally, we have a system of W*-probability spaces,

U{( P Vpik1,.. .k ) (kl,...,kn)EZn}, (4‘33)

generalizing the system {(M, Vp:x) }ycz-
Remark that, since

Epg, ... @ Ep.y,; (the direct sum of morphisms),

we have

def
Vpiktseoskn = Vhiyeokn © Epiker ok,

n n
71@1 @Ep k, = Z’}/kj OEp:kj = nyp:k.j,
Jj=1 j=1

i.e., we obtain

Ypiki,....k Z Vp:k; (434)

for all (k1,...,k,) € Z™ and n € N.
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Observation 4.13. By the construction (4.34) of (Myp, Vpky.... .k, ) the formulae (4.8)
through (4.20) of Section 4.2 can be extendable to similar corresponding results under
,,,,, K, )-settings for all (ki,...,k,) € Z™ and all n € N. For ezample, if
mixs; € (Mp, Ypiky,.oky) for j =1,...,0 and | € N, then the formula (4.9) can be

extendable to the following

l n l
Vorkr o | [ mixs, | =D s | T mixs,
j=1 =1 j=1

n N ﬂj_ls- 1 1
— . i=1 "7 _
=S (o (m D) ) (G~ o)
j=1 j=2

where r; € [0,1] satisfy (4.25). Furthermore, the freeness conditions (4.21) and (4.22)
can be extendable to the similar results under (Mp, Vpuk,.... k., )-Settings, by [19].

The above second main result of this section, Observation 4.13, shows that we can
naturally extend our (M, ¥,k ) -settings (extended from the (M, v, = vp:0)-setting)
to (Mp, Vpiky,... k) -Settings. By (3.2), whenever one takes an element S of 0(Q,),
the corresponding element xg has its identically-distributed element Zjvzl TiXpki v,
by (3.3) and (3.4). Thus, one may obtain full free-distributional data for mys € M,
as a free random variable of (M, Ypky ...k, ) for (k1,...,k,) € Z" and all n € N.

4.4. FREE DISTRIBUTIONAL DATA OF CERTAIN OPERATORS IN (M, ¥p:x)

In this section, we concentrate on certain elements of a p-adic dynamical W*-algebra
M, = x40(Qp), and study their free distributional data by understanding them as
free random variables in (M, ~,.1), for some k € Z.

For convenience, for all k € Z, we denote pkUp simply by Up..

We obtain the following proposition.

Proposition 4.14. Let T = mxuy,, € (Mp,1p:k) be a free random variable with
m e M,k € Z. Then

(") = (1 - pklﬂ) (z/) (m (mUM)”_l)) : (4.35)

pk

it = (5 L) s ey

and
11 Al
YT T™) = <k - k-l—l) o | [Tlmm]"% (4.37)
Pk p e
for all n € N, where (r1,...,r,) € {1,%}™ in (4.40), and [m"#]Y»* are in the sense

of (3.16).
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Proof. By (4.15), if T'= mxuy,,, in (My, 7p), then

Y (T") = (w (m(mUp:k)n_l)) (pp Up:k)) = (w (m(mUp:k)n_l)) (Plk - ]7k1+1> ’

by Observation 4.12. Thus, we obtain (4.35).
Similarly, by (4.16), one can have that

7 (1)) = (¥ ()7 (m)7) )Y ) (0 Up))

= (1/} ((m*)Up:k ((m*)Up;k)Up:k)n—1)> (1k o pk1+1> ,

p

by Observation 4.12. So, we can get (4.36).
Also, by (3.14), we have that

n

'yp(TT1 AL KV H[mrj]Up:k (Pp (Up:k))

Jj=1

" 1 1
II ri1Up:k -

w [m J] k (pk pk+1)>
j=1

by Observation 4.12, where [m"i]U»* are in the sense of (4.18). Therefore, one can
get (4.37). O

Recall that if xs be an element of the p-prime von Neumann algebra 9t,, for
S € 0(Qyp), then there exist N € NU {oo},k; € Z, and 0 < r; < 1 in R, for
j=1,...,N, such that

N
1 1
pp(S) = /Xsdpp =D (pki - W) : (4.38)
Qp =1

By (4.35), (4.36), (4.37) and (4.38), we obtain the following theorem.

Theorem 4.15. Let T = mxg € My, withm € M, and S € 0(Q,). Assume further
that there exist N € N, kj € Z, and 0 < w; < 1 in R for j =1,...,N, satisfying
(4.38). Then, by understanding T as a free random variable of (Mp, Vpik,,....kn ), We
have

n N
Yk, (T TT) = (1/) <H[m”]s>> ij (plk] - pkjlﬂ> (4.39)

t=1 =1

for (r1,...,mn) € {1,x}™ and all n € N.
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Proof. Since one has

N N
1 1
pp(xs) = erpp(XUp;kj) = Z”j (pk: - W) ) (4.40)

we have that

Vpiker oo ki (T LTy =Y H[mrj}s (pp(S))

j=1
n N 1 1
=¥ H[mm]s ZTj<k] kﬁ-l) ’
j=1 =1\ P
by (4.36) and (4.40). 0

5. AMALGAMATED FREE PROBABILITY ON M, OVER C ®n
In this final section, we study amalgamated free probability on the p-adic dynamical
W*-algebra

My =M x4 0(Q,) "= M @, M, = MY

with amalgamation over M®" (for some n € N), in terms of a certain conditional
expectation Fy, .y,

E(kl,..,,kn) : Mp — (C@n
for all (k1,...,k,) € Z™ and all n € N, defined by

n
def
E(k1:~-~7kn) = @Vp:kj (5.1)
j=1

where 7, are linear functionals in the sense of (4.26) for all k € Z.

Remark 5.1. Remark the difference between the conditional expectation E(k17-~7kn)
of (5.1), and Ep.k, ...k, of (4.30). Indeed, the conditional expectations E,.j, .. k, of
(4.30) are from M,, onto

n

MOn *so @ (M ®a C [{kaj Up }}) ’

j=1

not onto C®”. We are considering different free-probabilistic structures here compared
with those in Section 4.4.
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Since each summand vp.x; of E(x, .. x,) is a well-defined linear functionals on M,
the morphism E, .. ,) becomes a well-defined conditional expectation from M,
onto C®™ (e.g., see [10]), i.e., for any (t1,...,t,) € C®",

E(kl,..,,kn) ((t177tn)) = @’Yp:kj ((thatn))
j=1

(5.2)
= (7}12]4?1 (tl)v < Vpiky (t’ﬂ)) = (tlv ce 7tn) 5
and hence, for any v € C®", Ey,, . 1, )(v) = v. Moreover for any (t;1,...,tj,) € con,
for k = 1,2 and all myxg € M,,
By ooy ((B115 -5 t1n) (mxs) (t21, -+ 5 t2n)
= @'Yp:kj @ (tlj (mXS)tQJ)
j=1 j=1
=B (v, (11 (mxs)t2;))
j=1
*ét T (m) <11>t j (5.3)
j=1 v phi  phitL ) '
= @tlj (Vpik, (Mx5)) t2;
j=1

= ((t11,- ., t1n)) (@%;,ﬁ)(mxs) ((ta1s .. ton))

= (t11, -, t1n) (Bhy,... k) (mxs)) ((t21, - - - t2n))

where r; € [0, 1] satisfies (4.25). Thus, for any z € My, and vi,v2 € C®", one has
that

E(k1;~-7k'r7,) (leUQ) = vl (E(k177k7n)(x)) ’02'
Also, one can get that

(mxs)* = (m*)%xs, for any mys € M,, (5.4)
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SO

By, k) ((mxs)” @Vpk ((m*)%xs)

n

@'Yp:kj ((m*)SXS) = @ (Vp:kj (mXS'))*
j=1

Jj=1

*

@ Vo, (mxs) | = (Biy,... i) (mxs)) "

and hence, for any x € M,,, we obtain

..... ko) (@) = (Bhy,y (@)

Proposition 5.2. The pairs (My, Ew,, . k,)) are well-defined C®"-valued
W*-probability space in the sense of Section 4.1 for all (k1,...,ky,) € Z"™ and all
n € N.

Proof. By (5.2), (5.3) and (5.4), the morphisms E(j, . .) of (5.1) are well-defined
algebraic conditional expectations, moreover, by the boundedness of linear functionals
{Vp:k }kez on M, they become bounded (or continuous) conditional expectations,
for all (ki,...,k,) € Z", for all n € N. Therefore, the pairs (M, Ey, .. x,)) form
C®"-valued W*-probability spaces in the sense of Section 4.1. O

Now, fix n € N, and (kq,...,k,) € Z". Let mxs € M,, as a CP"-valued free
random variable in (M, E, .. k,.)), with m € (M,+) and S € 0(Q,). Then one can
get that

Epy.... k) (MX5) @ Vpik; | (MXs)
(5.5)
ED Vp:k; me ED rip(m) k; kAL
j=1 j=1 peep
where 7; € [0, 1] satisfy (4.25).
If we denote the quantities # — ﬁ by
Op:1, for all primes p and k € Z, (5.6)
then the formula (5.5) can be re-written by
E(kl, k) (mXS) 1/1(771) (Tlap:kl yoee 7Tn0p:kn) y (57)

as a form of vectors in C®", with r; € [0, 1] satisfying (4.25), where 6, are in the
sense of (5.6).
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Now, let m;x; € (Myp, Eq,,...k,)) and j = 1,...,s for s € N, with m; € (M,v),
and S; € 0(Q,). Then, for any (i1,...,i;) € {1,...,s}!, one has

E(k17~~7kn) (mi1 XSip -+ mizxsil>

S S, NS; S’il ﬂ...ﬂS,i171
= E(kl,...,kn) ((milmizlmial z.. -my, ) XSi, ﬁ...ﬁSil) (5'8)
S Si;N...NS;, 1
=1 (milmiz1 coemy ! ) (r1Bpkys- - Tnbpik ) s
where rq,...,r, are in [0, 1] satisfying

l n
Pp <ﬂ Su) = erap:kj7 (59)
i=1 =1

by (5.5) and (5.7). Recall that if the intersection of 02:1 S;, and p*iU, are empty for
some j € {1,...,n}, then r;, = 0in (5.8).
The following lemma is nothing but the re-written format of (5.8).

Lemma 5.3. Let mjxs;, € (Mp, E, ... k,)) with mj € (M) and S; € 0(Q,) for
j=1,...,s and s € N. Then, for any (j1,...,51) € {1,...,s} and | € N, one has

I
i=1
l .S i o
=¥ (mjl < mgilzl M)) (7“§]1""’jl)9p:k1,...,r,(ﬂl"“’”)ep:kn),

i=1

(5.10)

where rgjl"“’jl), . ,r;jl"“’j’) satisfy (5.9).

Under the same settings with the very above lemma, denote elements

l )
ﬂL=1 Sju
m]l < mji+1
=1

of (M, %) by my;, ...;)- Then, the formula (5.10) can be re-written by

!
Eky,... k) (HmjiXSji> = (mgy,..5)) (7"%]1""’”)91;:;@1,...,rﬁljl""’jl)Op:kn) (5.11)

i=1

for all (j1,...,5) € {1,...,s} and [ € N.
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By (5.10) and (5.11), we can obtain the following C®™-valued freeness condition
on M,,.

Theorem 5.4. Let mjxs, € M, with m; € (M,9) and S; € o(Qp) for j = 1,2.
Then, mixs, and moxs, are free in (Mp,Yp.x,;) for all j = 1,....,n, if and only if
they are C¥™-valued free in (My, Eg, . k.))-

Proof. (=) Assume that mi1xs, and maxs, are free in (Mp, v, ), i.e., all mixed free
cumulants of them vanish for 7., for all j = 1,...,n. By (5.11) (also, generally by
[10]), we obtain that, for T; = m;xs, (i =1,2),

B (T ) = (R (T T S (T T )
in CO" for all (iy,...,4) € {1,2}!, and all | € N, where kl(kj)(. ..) mean the free cumu-

lants in terms of v, for all j =1,...,n, and kl(k]"“’k")(. ..) means the C®"-valued
(amalgamated) free cumulant in terms of the conditional expectation E, ) in
the sense of Section 4.1 (see also [17]).

Therefore, if (iy,...,i;) € {1,2} are “mixed” for all [ € N\ {1}, then

gk (o T,) = (0,0,...,0)  in CO7,

i.e., whenever (i1, ...,4;) are mixed, the C®"-valued mixed free cumulants of mixs,
and maoxsg, vanish in C®". Equivalently, they are free in (M, Eq, . k.))-

(<) Suppose Ty and Ty are C®"-valued free in (Mp, Ex,, . ,)), where T; =
m;xs,; for j = 1,2. Assume that there exists at least one kj, € {ki,...,k,} in Z,
such that T} and T are not free in (M,, Vpiks, ). Then, there exists at least one mixed

I-tuple (i1, ..., 4) € {1,2} for some [ € N\ {1} such that
k00 (T, T) #£0 in C.

Let us fix such a mixed I-tuple (i1, ...,i;) of {1,2}". Then we have that

oo
= (kl(kl)(Ti

'7nl)
(kjq) kn
Ti)s .o KT T, K )(Til,...,Til)),

19

190

which is a nonzero vector in C®". It contradicts our assumption that T} and T, are
C®"-valued free in (Mp, E, . k.))-
Therefore, by (=) and (<), the relation (5.10) holds. O
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