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ON THE EXISTENCE OF THREE SOLUTIONS
FOR QUASILINEAR ELLIPTIC PROBLEM

Pawel Goncerz

Abstract. We consider a quasilinear elliptic problem of the type —Apu = A(f(u)+ pg(w)) in
Q, ulyg =0, where Q C RY is an open and bounded set, f, g are continuous real functions
on R and A, u € R. We prove the existence of at least three solutions for this problem using
the so called three critical points theorem due to Ricceri.
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1. INTRODUCTION

In this paper we prove that the problem

(1.1)

{—Apu = Mf(u) + pg(u)) in Q,
U\asz =0,

has at least three weak solutions in the Sobolev space W, (). Here A, stands for
the p-Laplacian defined by A, := div(|V - [P72V - ) with p € (1, +00).
The main result of the paper is the following.

Theorem 1.1. Let Q C RY be an open and bounded set with smooth boundary and
let f, g: R = R be continuous functions. Put
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Assume that supgcg F(&) > 0 and that there exists four positive constants a, q, s, 7y
with s € [1,p), v € (p,p*) and q € (O,p* - 1), where

. {]évf;, ifp <N,

400 if p> N,
such that
max {|f()],|9(&)|} < a(1+[€), VEER, (1.2)
max{F(¢),|GE)|} < a(1+[¢]°), VEER, (1.3)
and o)
hrgnj(l)lpw < +o0. (1.4)

Then, there exists § > 0 such that, for each p € [—0,0], there exist p > 0 and an open
nonempty interval A C [0,400) such that, for each X € A, problem (1.1) has at least
three weak solutions in W(}’p(ﬂ) whose norms are less than p.

Existence and multiplicity results for problems involving the p-Laplacian or
p(z)-Laplacian have been investigated in recent years by many mathematicians and
three critical points theorem has been often used as a main tool in their proofs. Prob-
lem (1.1) has been studied by Ricceri in [15,16] when p = 2 while in [13,14] he formu-
lated modified versions of the three critical points theorem and the existence theorems
for both Dirichlet and Neumann problems with the p-Laplacian. Bonanno and Livrea
obtained in [3] the existence of at least three weak solutions for the Dirichlet problem
with the p-Laplacian when p > N and Carathéodory function satisfying appropriate
growth conditions. By the similar assumptions Bonanno and Candito established in
[1] the same result for the Neumann problem with the p-Laplacian. Existence of
three solutions for the Dirichlet problem involving the p-Laplacian was also proved by
Bonanno and Giovanelli in [2] by using the non-smooth version of the three critical
points theorem established by Marano-Motreanu in [10]. On the other hand there are
similar results for the problems driven by the p(x)-Laplace operator, for example Liu
obtained in [9] the existence of at least three solutions for both Dirichlet and Neumann
problems in which functions occurred satisfy the subcritical growth condition. In [11]
Mihailescu proved the existence of at least three weak solutions for Neumann problem
under the assumptions that inf g p(2) > N > 3 and the right hand side nonlinearity
has the form f(z,t) = [t|9®) =%t —t, where ¢ € {h € C(Q) : h(z) > 1 Vz € Q} and
2 < q(z) <inf, g p(z) for any x € Q. A few years later Wang, Fan and Ge established
in [18] analogous result as above for more general f. Another multiplicity result for
anisotropic variable exponent problems can be found in Stancu-Dumitru [17]. Finally,
let us mention the papers of Gasiniski and Papageorgiou [4-7] where the multiplicity
results (existence of at least three or five nontrivial solutions) for Dirichlet quasilinear
boundary value problems are obtained using different methods than presented here
(critical point theory based on the minimax theorems due to Chang).
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This paper generalizes the result of Ricceri [16, Theorem 4] to a general p-Laplacian
with p > 1. Here we do not require the relation between N and p but we assume
that the functions which occur in the right hand side of the studied equation satisfy
subcritical growth conditions together with their antiderivatives.

2. PRELIMINARIES

In this section we recall some notions and facts needed in the proof of the main
theorem.

Theorem 2.1 ([16, Theorem 1]). Let X be a separable and reflexive real Banach
space, ®: X — R continuously Gateauz differentiable and a sequentially weakly lower
semicontinuous functional whose Gdteauxr derivative admits a continuous inverse
on X*, U: X — R continuously Gdteaux differentiable functional whose Gdteauz
derivative is compact and I C R an interval. Assume that

lim (®(x) + AV (z)) =400 forall Xel,

llzll—+o0
and that there exists a continuous concave function h: I — R such that

sup inﬁ((@(m‘) + A¥(z) + h(N) < ing( sup(®(z) + AV (z) + h(N)).
A€ TE TEX N

Then there exist p > 0 and an open interval A C I such that, for each X € A, the
equation

' (x) + AV’ (2) =0
has at least three solutions in X whose norms are less than p.

Proposition 2.2 ([15, Proposition 3.1]). Let X be a nonempty set, and ®, ¥ two
real functions on X. Assume that there are v > 0 and xg, x1 € X such that

@(mo) = \I/(xo) =0, <I>(m1) > sup U(z)<r

Then for each p satisfying

one has

sup Jnf (2(2) +Ap — ¥(2))) < inf igpo@(:v) + Ao — ¥(x))).
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Proposition 2.3 ([12, Proposition B.1]|). Let @ C RY be a bounded domain and let
z satisfy:

(i) z€ C(AxR;R),
(ii) there are constants by, by > 1 and ay, as > 0 such that

by _
|z(z,6)| < a1+ aglé]P=, ¥(z,§) € QxR

Then the map v — z(-,v(+)) belongs to C’(Lb1 (); Lb (Q))

Proposition 2.4 ([8, Proposition 1.4.1]). If X is a reflexive Banach space, Y is a
Banach space, D C X is nonempty, closed and conver and J: D — Y is completely
continuous, then J is compact.

Now we formulate and prove the generalization of Proposition B.10 of Rabi-
nowitz [12].

Proposition 2.5. Let Q be a bounded domain in RN whose boundary is a smooth
manifold and p € (1,4+00). Let z satisfy:

(z1) 2 € C(Ax R;R),
(22) there are constants a1, ag >0 and v € (O,p* — 1) such that

|2(2,8)] < a1+ az€]V, V(z,£) € A xR.

If
; 1
Z(xz,8) == /z(m,t) dt and T(u):= /(p|Vu(m)|p —Z(x,u(x))) dx,
0 Q
then T € C" (WOI*’(Q); R) and
<T’(u), v> = / (|VU(ZE)|;D72(VU(I).VU(CC)) - z(x,u(x))v(x)) dz, Yve Wol’p(Q),
Q

where (-.-) denotes the scalar product in RN . Moreover,

is weakly continuous and J'(u) is compact.

Proof. Let X = W,"*(Q) and denote by || - || the norm in X, by || - ||; the norm in
L{(Q) and by ¢; the constant of the embedding W1?(Q) C L*(Q2). We will show that
T is defined on X.
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Let uw € X. We have

u(x) ()]
|J(u)|§/ /z(w,t)dt dxg/ / (a1 +ast”) dt | do =
Q|0 Q 0
v+1
as v a6, 41 v
= arlull + Sl < aveafull + 2t < oo,

so then .
1T (u)| < EHUHP + |J ()] < +o0.

In order to show that 7”(u) is defined on X for u fixed, let v € X. Using the Holder
inequality, we obtain

(T (), )] < /|vu(a;)|p*1|vu(x)|dx+/|u(a;)|(a1+a2\u(x)|V) dr <
Q Q

p—1 1

< / V()| de / Vo(@)Pde | +a ol 1+
Q Q

i1 Py
+ay /|v(x)|"+1 dx /|u(x)\v+1da; <
Q Q

< P Hlvll + aves o]l + azey Lol [[ull” < +oo.

The first term in 7 is C! and its Fréchet derivative is the first term in 77(u) so we
need to show that the second one belongs to C'(X;R). First we will show that J is
Fréchet differentiable on X and then that J'(w) is continuous. Put

Y= |Z(,u() +o() = Z(ul) = 2 ul)v()]-
We want to show that for all u, v € X and € > 0 there exists § = §(e,u,p) > 0 such
that
J(u+v)— J(u) — /z(aj, u(x))v(z)dz| < eljv]| (2.1)
Q
provided ||v]| < d. We have

J(u+v) fJ(u)f/z(x,u(x))v(:c) dz| < /T(:c) dz.
Q Q

For any 3, n > 0, we define

Q= {x €Q:u(z)| > ,B},

Qg = {z€Q:|v(z)] >n},

Q3= {zeQ:|u@)| <B A |v()| <n}.
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Then

/T(x) dx < i/T(m) dx. (2.2)
=1

Q

By the Mean Value Theorem, there exists 6 € (0, 1) such that
Z(x,u(z) +v(z)) — Z(z,u(z)) = 2(x,u(z) + Ov(z))v(x).
Hence, using the Holder inequality, we obtain

[ 176+ v@) ~ Zte @] e < [ 1@l +axlu@)] + b@)) dr <
Q

v

p* ( /(|U($)| + |o(z)) dl“) " <
Q

v

1
Q|7 ol (lully it + vl ) ™ <

p*—1
< a1|91‘ )

P JFCL2|91|%||U

p*—1 2
|7 o]l + 25 ase,

< aicp

p*—1

< aflol (1] 7+ o (ol ) ),

where o € (1, 400) is such that

2
and a3 := ¢, max {al, QTﬂachH}.
Using the Holder inequality again, we have

p*—1

/|Z($,U($))v(x)\ dr < 0'1|Ql| P
Qq

1
[ollps + az]Qu ] ol lully 1y <

p*—1

<mm(mmf—wmﬁmw)

where a4 := cp- max {al, a2c5+1}.
Due to the definition of €27, we have the following estimates

Sl

ull > epllull, > Cp( /ﬁp dx) = Cpﬁmlyg’

931

and
p(p*—1)

t_ (luly? et (T
|Ql| S<Cp6> =: M, |Ql| o< cpiﬁ =: Moy,
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where My, My — 0 as f — +oo. Then

/T(x) dx < as||v]] (M2 + M1(||u||u+1 + HUH”H) ]
Q

).

where a5 := max {ag, a4}.
Assume that § < 1 and choose 3 so large that

a5(M2 + Ml(HuHVJrl + 1)) S

Wl M

Hence

13
[r@dn< Sl (2.3)

Q

If we put ag := 2max {al, ag} and use the same tools as above, we obtain

/T(a:) dr < ag / (@) (1 + (ju(@)] + [o(@)])")de <

Q2 O
= (Q/ e (Mi)'y(yﬂ)dx) " < Q/ (1+ (|u(@)] + lo(@)])") %z) =

2
1,L VL*H v
< agn 7 ||l 14 ful £ [l

*

b
If we put a7 := ag max {1,cl’j+1}c;fl, then
[ Y@ do < amE ol (L ful + o) (2.4)
Qo
Since Z € C! (ﬁ X R; R), given any &, B > 0, there exists 11 = ﬁ(é, B,p) such that
|Z(z,u(z) + v(x) — Z(2,u(x)) — 2(z, u(@))v(z)| < Eu(x)|, VYaeQs.
In particular, if 3 := 8 and n < 17, then
/T(x) dx < &|v|l1 < cié|v]|. (2.5)
Q3

Choose ¢ so that ¢;€ < £. This determines 1}, so take 1 := 7). Combining (2.2), (2.3),
(2.4) and (2.5) yields

2e et v
/T(x)dﬂfﬁ S ol + azn w5 ol 555 (1 flull + [loll)”
Q
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Eventually choose ¢ so small that

*

arn' "I (24 |lul))67F ! <

)

Wl M

thereby obtaining (2.1).
In order to prove continuity of J'(u), let u,, — u in X. Then u,, — u in L"*1(Q)
by the Sobolev Embedding Theorem. By the Holder inequality,

| (un) = J'(u)|| <. = sup /(z(m,un(a:)) = 2(z,u(z)))v(z) dz| <

llvll<1
Q

< Cu+1||z('aun(')) - Z('v u())

vl
From hypothesis (zz), we have

12(x,6)| < a1 +azlé]™, VreQ VEER Va > 1.

Choosing « 1= ”TH and using Proposition 2.3, we obtain that the map u — z(-, u(+))

belongs to C(LVH(Q);L"# (Q)), so J'(uy) — J'(u) as n — +o00. We proved that

J € CYX;R).

To prove that J is weakly continuous, let u,, — u in X. By the Sobolev Embedding
Theorem, u, — u in LYT1(Q). Then using the Mean Value Theorem, hypothesis (zg),
the Holder inequality and the Sobolev Embedding Theorem, we have

| () — J(u)| < / | () — u(z))| (al + as|u(@) + 0 (un () — u(z)) |“) dz <
Q

< af|un — ull, + aslfun = ull, [l + 8 (un = w)l,,, <

< |lun — u||u+1 (a1|Q|vl’+1 + as (Cu+1HU|| +0|un — “Hu+1>y>

and hence J (u,) — J(u) as n — +o0.
The last step is to show that J'(u) is compact. Let v,, — v in X. Then v, — v in
L"+1(Q). Using the same tools as above, we obtain

|(J'(w),vn) — (J'(u),v)| < / |vn () — v(2)|(a1 + az|u(z)]”) dz <
Q

< Jon = oll, 4, (@101 + asel s )

and hence (.J'(u),v,) — (J'(u),v) as n — +oc. This means that J'(u) is completely
continuous so it is compact by Proposition 2.4. O
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3. PROOF OF THE MAIN RESULT

In this section we prove Theorem 1.1.
Let I = [0,+00) and X = W, ”(Q2). The norm in X is defined by [u :=

(s{ ’Vu(x)’p dm)% We put

for all u € X. From (1.4), there exist n € (0, 1] and ¢ > 0 such that

F(f) < C|£|’Ya VE € [777777]
By assumption (1.3), putting
— a(l+[¢]°)
€1 = max{c, sup ——= »
g>n 1l

we obtain

F) < alf]’, vEeR.
By Sobolev the Embedding Theorem, there exists co > 0 such that
olly < eallvllip, Yo e WHP(Q)

as v < p* and then
Ji(u) < acgllul?, Vue X.

If » > 0 and |Ju|” < pr, then
Ji(w) < ey,

x
where ¢3 := c¢1cgp? . Hence, we have

SUP| |y <pr 1 (1)

=0.

lim
r—0t

By assumption supgcg F'(§) > 0, so we can choose w € X \ {0} in such a way that
Ji(w) > 0. We fix r, e > 0 with r < %||w||p, so that

J
sup  Ji(u) < pr 1(w)
l[ullP<pr [|w]|P

and fix 0 > 0 satisfying

6( sup | J2(u)| —l—pr‘JQ(w”) <e.

l[ullp<pr [|w]|P
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If we put

o= 55( sup |J2(U)|+pTW>v

lullr <pr [[w]?
then simple calculations show that

e () + () < er

— 0, Vpe[-64].

Further we fix u € [—4, §] and define functionals ®, ¥: X — R and function h: I — R
by

Pw= Tl W)= (A ak),  hO)= oA

where p is a fixed number satisfying
Ji(w) + pJa(w
sup  (Ji(u) + pJa(u)) < p < prw
lull <pr ]l

The functional ® is convex and continuous so it is sequentially weakly lower semicon-
tinuous (see [19, Proposition 41.8]). Due to (1.2) and Proposition 2.5, the functional
¥ is continuously Gateaux differentiable with compact Gateaux derivative. For each
u, v € X one has

(9 (u), v) :/|Vu(x)’p_2(Vu(x).Vv(x))dsc,

Q

so the weak solutions of the problem

{Apu = A(f(u) + pg(w)) in Q,
U\an =0

are the critical points in X of the functional ® + AW.
We will show that

lim (®(u) + AV (u)) =400, VAel. (3.1)

lleel| =00

Let w € X. Since s € [1,p) and (1.3) holds, we have the following estimate:

~0) < [ (Ful@) + l Gu()]) do < a1+ Jul) [ (14 u(@)*) do <
Q Q

<a(t+uh (j91 + (12

1

1_1 s p=s s
F7 ull ) )Sa(1+lu)(lﬂl+lﬁl > ) -
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Hence 1
D(u) + M) > [lull? = Xa(1+ [u) (102 + 1905 ul)

which yields (3.1) while [Ju|| — +oo.
Using Proposition 2.2 with o = 0 and 1 = w, we obtain

sup inf (®(u) + A(p+ ¥(w))) < inf sup(®(u) + Mp+ ¥(u))),
A>0 ueX ueX A>0

which is equivalent to

sup ing(cl)(u) + AT (u) + h(N)) < in§( sup(®(u) + AU (u) + h(N)).
el u€ UEX Xer

All the assumptions of Theorem 2.1 are satisfied so there exists an open interval A C I
such that, for each A € A, problem (1.1) has at least three weak solutions in X whose
norms are less than p. g

4. REMARKS

In this section we formulate some remarks which show that the assumptions of The-
orem 1.1 cannot be omitted.

Remark 4.1. The condition sup¢cg F (&) > 0is essential. Suppose that this condition
does not hold. Then taking f = g = 0, problem (1.1) has only a trivial solution.

Remark 4.2. We cannot drop assumption (1.4). Suppose that f = 1 and g = 0.
Then we can take a = 1. Since v > p > 1, then

.G
P Ten

= 400

Let A # 0 (otherwise we have the same situation as in Remark 4.1). Taking N = 1,
p=4, Q= (A4, B), where A < B, we obtain that the function

u(z) = —Zi”/g((fH—B —22)5 — (B —A)%) . Vaze(A,B),

is the unique solution of the problem

{3(1/)21/’ = \in (4, B),
u(A) = u(B) = 0.

Remark 4.3. Theorem 1.1 does not hold, in general, for any p € R. If f satisfies
all the assumptions of Theorem 1.1, then taking 4 = —1 and g = f, we have the
situation from Remark 4.1.
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5. EXAMPLES

In this section we give some examples of problems to which one can use Theorem 1.1.

Example 5.1. Let p = 3, N = 1 and let 2 be an open and bounded interval.
Consider functions f(t) = 8t3cost? and g(t) = ¢/t + 1. Easy calculations show that
these functions satisfy the assumptions of Theorem 1.1 with constants a = 8, ¢ = 3,
s =2 and v = 4 so there exists § > 0 such that, for each p € [—4, 6], there exist p > 0
and an open interval A C [0, 4+00) such that, for each A € A, the problem

{—div(|Vu|Vu) = )\(8u3 cosu® + pv/u + 1) in Q,
ulpg =0

has at least three weak solutions in I/VO1 S(Q) whose norms are less than p.

Example 5.2. Let p = 1—72, N = 3 and Q C R? be open and bounded. Consider

functions 5 )
4t t?cosVi? +1
=g o)== s VP
Then f and g satisfy the assumptions of Theorem 1.1 with constants a =4, ¢ =s=1
and 7 = 3 so there exists 6 > 0 such that, for each p € [—§, §], there exist p > 0 and
an open interval A C [0, +00) such that, for each A € A, the problem

5 4 3 2 2 1
—diV(|Vu|_7Vu) :)\< “ +M<ucosu++sin u2+1>> in £,

ut +1 VuZ +1

U|aﬂ =0

12
has at least three weak solutions in WO1 "7 (1) whose norms are less than p.
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