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EXISTENCE AND ASYMPTOTIC BEHAVIOR
OF SOLUTIONS FOR HÉNON TYPE EQUATIONS

Wei Long, Jianfu Yang

Abstract. This paper is concerned with ground state solutions for the Hénon type equation
−∆u(x) = |y|αup−1(x) in Ω, where Ω = Bk(0, 1) × Bn−k(0, 1) ⊂ Rn and x = (y, z) ∈ Rk ×
Rn−k. We study the existence of cylindrically symmetric and non-cylindrically symmetric
ground state solutions for the problem. We also investigate asymptotic behavior of the ground
state solution when p tends to the critical exponent 2∗ = 2n

n−2
if n ≥ 3.
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1. INTRODUCTION

In this paper, we consider the following problem

−∆u = |y|αup−1, u > 0, x ∈ Ω; u = 0, x ∈ ∂Ω, (1.1)

where x = (y, z) ∈ Rk×Rn−k, Ω = Bk(0, 1)×Bn−k(0, 1) ⊂ Rn, Bm(0, 1) denotes the
unit ball in Rm centered at the origin, and k ≥ 2, n ≥ 3, α > 0, 2 < p < 2∗.

In [8], M. Hénon proposed the following problem

−∆u = |x|αup−1, u > 0, x ∈ Ω; u = 0, x ∈ ∂Ω, (1.2)

where Ω is the unit ball in Rn with n ≥ 3, α > 0 and p > 1, which stems from the
study of rotating stellar structures and is called the Hénon equation. Such a problem
has been extensively studied, see for instance [4, 11, 12] and [13] etc. Interesting phe-
nomenon concerning problem (1.2) that was revealed recently includes, among other
things, that the exponent α affects the critical exponent for the existence of solutions.
Precisely, it was shown in [11] that for p ∈ (2, 2n+2α

n−2 ), problem (1.2) admits at least
one radial solution. One also notices that the moving plane method in [6] can not
be applied to (1.2) since the weight function rα is increasing. So it can be expected
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that problem (1.2) possesses non-radial solutions. Such solutions were found in [13]
for 2 < p < 2n

n−2 and in [12] for p = 2n
n−2 . Furthermore, it was proved in [4] that the

maximum point of the ground state solution up of (1.2) approaches a boundary point
of ∂Ω as p→ 2∗.

On the other hand, the following Hardy-Sobolev-Mazya equation

−∆u− λ u

|y|2
=
|u|pt−1u

|y|t
, u > 0, x ∈ Ω; u = 0, x ∈ ∂Ω (1.3)

was considered in [1–3, 5] and references therein, where Rn = Rk × Rn−k, 2 ≤ k < n,
and a point x ∈ Rn is denoted as x = (y, z) ∈ Rk × Rn−k. Various existence results
were obtained in these papers.

Motivated by above mentioned works, in this paper we study problem (1.1). First
of all, we show that all solutions of (1.1) are symmetric in z.

Theorem 1.1. Let u be a solution of (1.1). Then u(y, z) = u(y, |z|) for (y, z) ∈
Rk × Rn−k.

Next, we show that there exists a non-cylindrically symmetric solution.

Theorem 1.2. Assume k ≥ 3. For 2 < p < 2∗, there exists α∗ > 0 such that problem
(1.1) possesses at least two solutions, one is cylindrically symmetric and another one
is non-cylindrically symmetric provided α > α∗.

Using the concentration-compactness principle, we have

Theorem 1.3. Suppose p ∈ (2, 2∗) and α > 0. Then there exists x0 ∈ ∂Ω such that
the ground state solution up satisfies, up to a subsequence, that:

(a) |∇up|2 → µδx0 as p→ 2∗ in the sense of measure,
(b) |up|2

∗ → νδx0 as p→ 2∗ in the sense of measure,

where µ > 0, ν > 0 satisfy µ ≥ Sν2/2∗ , δx is the Dirac mass at x.

Finally, we investigate the limiting behavior of the ground state solution up of
problem (1.1). By the continuity of up, there exists xp = (yp, zp) ∈ Ω̄ such that

up(xp) = sup
x∈Ω̄

up(x) = Mp.

By Theorem 1.1, up(yp, zp) = up(yp, |zp|). Let λp > 0 be such that λpM
2

n−2
p = 1. We

know from section 4 that λp → 0 when p→ 2∗.

Theorem 1.4. There holds:

(a) dist(xp, ∂Ω) → 0 and dist(xp, ∂Ω)/λp → ∞ as p → 2∗. Moreover, xp is unique
for p close to 2∗ and (|yp|, |zp|)→ (1, 0) when p→ 2∗.

(b) lim
p→2∗

∫
Ω
|∇(up − Uλp,xp)|2 = 0.

In section 2, we prove Theorem 1.1 by the moving plane method. Theorem 1.2,
Theorem 1.3 and Theorem 1.4 are proved in section 3 and section 4, respectively.
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2. PROOF OF THEOREM 1.1

We use the moving plane method developed in [6] to prove the result. It suffices to
show that u is symmetric in the z1, the other directions can be done in the same way.
Let Ωλ = {(y, z) ∈ Ω : z1 > λ}, 0 < λ < 1 and define

xλ = (y, 2λ− z1, · · · , zn−k), wλ(x) = u(x)− u(xλ), x ∈ Ωλ.

Then, by the mean value theorem, we have

∆wλ(x) = c(x, λ)wλ in Ωλ, wλ ≤ 0, wλ(x) 6≡ 0 on ∂Ωλ, (2.1)

where

|c(x, λ)| =
∣∣∣∣|y|αup−1 − up−1

λ

u− uλ

∣∣∣∣ =
∣∣|y|α(p− 1)up−2(ξ)

∣∣ ≤ C.
Now, let us show that wλ < 0 in Ωλ for any λ ∈ (0, 1). This implies in particular

that wλ assumes along ∂Ωλ ∩ Ω its maximum in Ωλ.
For λ close to 1, the maximum principle for a domain with small volume [9,

Theorem 2.32] yields wλ ≤ 0 in Ωλ. By the strong maximum principle [9, Theorem
2.10], we obtain wλ < 0 in Ωλ. Let λ0 = inf{λ : wλ < 0 in Ωλ}. We will show that
λ0 = 0. Suppose on the contrary that λ0 > 0, by continuity, wλ0 ≤ 0 in Ωλ0 and
wλ0 6≡ 0 on ∂Ωλ0 . The strong maximum principle implies wλ0 < 0. We will show now
that there is ε > 0 small enough such that

wλ0−ε < 0 in Ωλ0−ε. (2.2)

This is a contradiction to the choice of λ0, the assertion λ0 = 0 then follows.
Let δ > 0 to be determined and let K be a closed subset in Ωλ0 such that

|Ωλ0 \K| < δ
2 . Noticing that wλ0 < 0 in Ωλ0 , we deduce

wλ0(x) ≤ −η < 0 for all x ∈ K.

By continuity, we obtain
wλ0−ε(x) ≤ 0 in K.

For ε > 0 sufficient small, |Ωλ0−ε \K| < δ. We choose δ > 0 in such a way that we
can apply [9, Theorem 2.32] to wλ0−ε in |Ωλ0−ε \K|. Hence, we obtain

wλ0−ε(x) ≤ 0 in Ωλ0−ε \K,

and then by [9, Theorem 2.10], we obtain

wλ0−ε < 0 in Ωλ0−ε \K.

Therefore, (2.2) holds. The proof is complete.
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3. NON-CYLINDRICALLY SYMMETRIC SOLUTION

Let H1
0,cs(Ω) = {u(y, z) ∈ H1

0 (Ω) : u(y, z) = u(|y|, z)} be the space of cylindrically
symmetric functions in H1

0 (Ω) with the norm ‖u‖H1
0,cs(Ω) = ‖∇u‖L2(Ω). Consider the

variational problem

Sαp = inf
u∈H1

0 (Ω)\{0}

∫
Ω
|∇u|2dx

(
∫

Ω
|y|α|u|pdx)2/p

. (3.1)

One can verify that Sαp is achieved by a positive function, which corresponds to a
ground state solution of (1.1), that is the least energy solution. Since (1.1) and (3.1)
are rotation invariant with respect to y, it is natural to consider the problem

SCαp := inf
u∈H1

0,cs(Ω)\{0}

∫
Ω
|∇u|2dx

(
∫

Ω
|y|α|u|pdx)2/p

. (3.2)

We may verify that SCαp is also achieved by a positive function, which is a cylindrically
symmetric solution of (1.1). Obviously, Sαp ≤ SCαp. Now, we prove

Sαp < SCαp, (3.3)

which means that equation (1.1) has at least two positive solutions, one is cylindri-
cally symmetric and another one is non-cylindrically symmetric. Hence, this proves
Theorem 1.2. We define on H1

0 (Ω) the Raleigh quotient

R(u) =
Z(u)
N(u)

:=

∫
Ω
|∇u|2dx

(
∫

Ω
|y|α|u|pdx)2/p

. (3.4)

Lemma 3.1. Any cylindrically symmetric local minimizer u of R satisfies∫
Ω

|∇u|2dx ≤ k − 1
p− 2

∫
Ω

u2

|y|2
dx. (3.5)

Proof. Let f(t) = R(u+ th) for h ∈ H1
0 (Ω). Since f ′(0) = 0, f ′′(0) ≥ 0, we deduce as

[13] that∫
Ω

|∇u|2dx
[
(2− p)

(∫
Ω

|y|α|u|p−2uhdx
)2

+ (p− 1)
∫
Ω

|y|α|u|pdx
∫
Ω

|y|α|u|p−2h2dx
]
≤

≤
∫
Ω

|∇h|2dx
(∫

Ω

|y|α|u|pdx
)2

.

(3.6)

We may write h = u(r, z)f(θ), where f is a smooth function defined on the sphere
Sk−1 with zero mean. Since

|∇h|2 =

[(
∂u

∂r

)2

+
(
∂u

∂z

)2
]
f2 +

1
r2
u2|∇θf |2,
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we obtain∫
Ω

|∇u|2dx
[
(2− p)

(∫
Ω

rα|u|pfrk−1ω(θ)drdzdθ
)2

+

+ (p− 1)
∫
Ω

|y|α|u|pdx
∫
Ω

rα|u|pf2rk−1ω(θ)drdzdθ
]
≤

≤
{∫

Ω

[(∂u
∂r

)2

+
(∂u
∂z

)2]
f2rk−1ω(θ) +

1
r2
u2|∇θf |2rk−1ω(θ)drdzdθ

}
×

×
(∫

Ω

|y|α|u|pdx
)2

,

which yields

(p− 1)
∫

Ω

|∇u|2dx

∫
Ω

|y|α|u|pdx

2 ∫
Sk−1

f2dθ ≤

≤

{∫
Ω

|∇u|2dx
∫
f2dθ +

∫
Ω

1
|y|2

u2dx

∫
Sk−1

|∇θf |2dθ

}(∫
Ω

|y|α|u|pdx

)2

,

i.e.

(p− 2)
∫
Ω

|∇u|2dx
∫

Sk−1

f2dθ ≤
∫
Ω

u2

|y|2
dx

∫
Sk−1

|∇θf |2dθ.

Note that

inf
f∈E

∫
Sk−1 |∇θf |2dθ∫
Sk−1 f2dθ

= k − 1,

where
E =

{
f |f ∈ H1(Sk−1),

∫
Sk−1

fdθ = 0
}
,

inequality (3.5) follows.

Next, let α > 0 be fixed and uα be a minimizer of problem (3.2) such that∫
Ω

|∇uα|2dx = 1.

Lemma 3.2. For 0 < R < 1,

lim
α→+∞

∫
Bk(0,R)×Bn−k(0,1)

|∇uα|2dx = 0.
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Proof. It follows from

−4uα =
(∫

Ω

|y|αupαdx
)−1

|y|αup−1
α

that for r > 0,

∫
Bk(0,r)×Bn−k(0,1)

|∇uα|2dx =

=
∫

∂Bk(0,r)×Bn−k(0,1)

uα
∂uα
∂η

dσ +
(∫

Ω

|y|αupαdx
)−1

∫
Bk(0,r)×Bn−k(0,1)

|y|αupαdx.

By the Hopf lemma and the fact that uα is decreasing with respect to |y|,

∫
Bk(0,r)×Bn−k(0,1)

|∇u|2dx ≤

∫
Bk(0,r)×Bn−k(0,1)

|y|αupαdx∫
Ω
|y|αupαdx

. (3.7)

For ε > 0, let m ∈ N satisfy 2Rm−1 < ε, and

vα(|y|, z) = uα(|y|γ , z), γ = 1 +
m

α+ k −m
,

we may verify that

∫
Ω

|y|αvpαdx =
∫
Ω

|y|αupα(|y|γ , z)dx =
1
γ

∫
Ω

|y|α−mupαdx, (3.8)

and ∫
Ω

|∇vα|2dx =
∫
Ω

|∇uα(|y|γ , z)|2dx ≤ γ
∫
Ω

|y|−
mk
α+k |∇uα|2dx. (3.9)

Equations (3.8) and (3.9) lead, with help of Hölder’s inequality, to

R(vα)−
p
2 ≥ γ−1− p2

∫
Ω
|y|α−mupαdx(∫

Ω
|y|−

mk
α+k |∇uα|2dx

) p
2
≥ γ−1− p2

∫
Ω
|y|α−mupαdx∫

Ω
|y|−

mkp
2(α+k) |∇uα|2dx

. (3.10)
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Noticing that β := mkp
2(α+k) = o(1) as α→ +∞, we have

∫
Ω

|y|−β |∇uα|2dx = ωk−1

1∫
0

∫
Bn−k(0,1)

r−β |∇uα(r, z)|2rk−1drdz =

= ωk−1

∫ +∞

0

g(s)∫
0

∫
Bn−k(0,1)

|∇uα(r, z)|2rk−1dzdrds ≤

≤ ωk−1

+∞∫
0

g(s)∫
0

∫
Bn−k(0,1)

rαupαr
k−1dzdrds

(∫
Ω

|y|αupαdx
)−1

=

=
∫
Ω

|y|α−βupαdx
(∫

Ω

|y|αupαdx
)−1

,

(3.11)

where

g(s) :=

{
1, s ≤ 1,
s−1/β , s ≥ 1.

Since R(vα) ≥ R(uα), by (3.10) and (3.11),

γ−1− p2

∫
Ω
|y|α−mupαdx∫

Ω
|y|α−βupαdx

≤ 1,

that is,

γ−1− p2R−m+β

∫
Bk(0,r)×Bn−k(0,1)

|y|α−βupαdx∫
Ω
|y|α−βupαdx

≤ 1. (3.12)

Set Ak(R, 1) = Bk(0, 1) \Bk(0, R), we have∫
Bk(0,R)×Bn−k(0,1)

|y|α−βupαdx
∫
Ω

|y|αupαdx−
∫
Ω

|y|α−βupαdx
∫

Bk(0,R)×Bn−k(0,1)

|y|αupαdx ≥

≥
∫

Bk(0,R)×Bn−k(0,1)

|y|αupαdx
( ∫
Ak(R,1)×Bn−k(0,1)

(|y|α − |y|α−β)upαdx
)

=

= o
(∫

Ω

|y|αupαdx
∫
Ω

|y|α−βupαdx
)
.

(3.13)

Hence, (3.12) yields∫
Bk(0,R)×Bn−k(0,1)

|y|αupαdx∫
Ω
|y|αupαdx

≤ 2γ1+ p
2Rm−β ≤ ε if α→ +∞. (3.14)

The proof is then completed by (3.7).
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Lemma 3.3. If α→ +∞, we have∫
Ω

u2
α

|y|2
dx→ 0. (3.15)

Proof. For ε > 0, there exists 1
2 < R < 1 independent of α such that uα(R, z) < ε.

Indeed,

|uα(R, z)|2 ≤ (1−R)

1∫
R

(∂uα
∂r

)2

dr ≤ C(1−R)
Rk−1

∫
Ω

|∇uα|2dx ≤
C(1−R)
Rk−1

< ε

if R close to 1. Let ũα := uα − uα(R, z). We deduce∫
Ω

u2
α

|y|2
dx =

∫
Bk(0,R)×Bn−k(0,1)

u2
α

|y|2
dx+

∫
Ak(R,1)×Bn−k(0,1)

u2
α

|y|2
dx ≤

≤ 2
∫

Bk(0,R)×Bn−k(0,1)

ũ2
α

|y|2
dx+ 2

∫
Bk(0,R)×Bn−k(0,1)

u2
α(R, z)
|y|2

dx+
∫

Ak(R,1)×Bn−k(0,1)

u2
α

|y|2
dx :=

:= I1 + I2 + I3,

(3.16)

As ũα ∈ H1
0 (Bk(0, r)×Bn−k(0, 1)), by the Hardy inequality,∫

Bk(0,r)×Bn−k(0,1)

ũ2
α

|y|2
dx ≤ C

∫
Bk(0,r)×Bn−k(0,1)

|∇uα|2dx.

By Lemma 3.2 and Lemma 3.3, limα→+∞ I1 = 0. Apparently, I2 ≤ Cε2. For I3,
recalling that uα(R) < ε and uα is decreasing with respect to |y|, we obtain

I3 ≤
∫

Ak(R,1)×Bn−k(0,1)

u2
α(R, z)
|y|2

dx ≤ C ε2

R2
≤ Cε2.

The proof is complete.

Proof of Theorem 1.2. As a consequence of Lemma 3.1 and Lemma 3.3, Sαp < SCαp if
α > 0 large. It implies the results in Theorem 1.2.

4. ASYMPTOTIC BEHAVIOR OF GROUND STATE SOLUTIONS

Let up be a minimizer of

Sαp := inf
u∈H1

0 (Ω)\{0}

∫
Ω
|∇u|2dx

(
∫

Ω
|y|α|u|pdx)2/p

.



Existence and asymptotic behavior of solutions for Hénon type equations 419

In this section, we study the asymptotic behavior of up, and the location of the
maximum point of up as p → 2∗. Denote by S = S0,2∗ the best Sobolev constant. It
is well known that S can only be achieved in Rn by

U(x) =
[n(n− 2)](n−2)/4

(1 + |x|2)(n−2)/2
.

For ε > 0, x′ ∈ Rn, set

Uε,x′(x) = ε−(n−2)/2U
(x− x′

ε

)
.

By Hölder’s inequality, we readily have

Lemma 4.1. ∫
Ω
|∇up|2

(
∫

Ω
|up|p)2/p

≥
∫

Ω
|∇up|2

(
∫

Ω
|up|2∗)2/2∗

+O(1), p→ 2∗.

For ε > 0 small enough, let

x0 = (y0, 0) = (1− 1/| ln ε|, 0, . . . , 0) ∈ Rn, y0 = (1− 1/| ln ε|, 0, . . . , 0) ∈ Rk

and ϕ ∈ C∞0 (Ω) be a cut-off function satisfying

ϕ(x) =

{
1, x ∈ Ωε
0, x ∈ Rn \ Ωε,

0 ≤ ϕ(x) ≤ 1, |∇ϕ(x)| ≤ C| ln ε|, ∀x ∈ Rn, (4.1)

where Ωε = Bk(y0, 1/(2| ln ε|))×Bn−k(0, 1/(2| ln ε|)), C is a constant independent of
ε. Set uε = ϕUε,x0 . Then, uε ∈ H1

0 (Ω).

Lemma 4.2. There holds∫
Ω
|∇uε|2

(
∫

Ω
|y|α|uε|p)2/p

= S0,2∗ +K(ε), p→ 2∗,

where K(ε)→ 0, when ε→ 0.

Proof. It is standard to verify that

|uε|2p = |U |2pεn/p−(n−2) + CK1(ε)|U |2−pp ε(n−2)p/2−n/2+n/p−(n−2) + o(1), (4.2)∣∣∣∣∣∣
∫
Ω

(|∇uε|2 − ε−
n−2

2 |∇U |2) dx

∣∣∣∣∣∣ ≤ C| ln ε|n (4.3)

and ∫
Ω

|y|α|uε|pdx ≥
(

1− 2
| ln ε|

)α ∫
Ω

ϕp[n(n− 2)](n−2)p/4

(ε+ |x− x0|2)
(n−2)p

2

, (4.4)
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where o(1) → 0 if p → 2∗ and K1(ε) = C| ln ε|(n−2)p−n. Equations (4.2), (4.3), and
(4.4) lead to

lim
p→2∗

∫
Ω
|∇uε|2∫

Ω
(|y|α|uε|p)2/p

≤

≤ lim
p→2∗

1
(1− 2

| ln ε| )
2α/p

‖∇U‖22ε−
n−2

2 + C| ln ε|n

|U |2pεn/p−(n−2) + CK1(ε)|U |2−pp ε(n−2)p/2−n/2+n/p−(n−2)
=

=
1

(1− 2
| ln ε| )

2α/2∗

‖∇U‖22 + C| ln ε|nεn−2
2

‖U‖2p + C| ln ε|nεn2
=

=
‖∇U‖22
‖U‖22∗

+K(ε).

(4.5)

Similarly,

lim
p→2∗

∫
Ω
|∇uε|2∫

Ω
(|uε|p)2/p

≥ ‖∇U‖
2
2

‖U‖22∗
+K(ε). (4.6)

The assertion follows since ∫
Ω
|∇uε|2∫

Ω
(|y|α|uε|p)2/p

≥
∫

Ω
|∇uε|2∫

Ω
(|uε|p)2/p

.

Lemma 4.3. We have

lim
p→2∗

∫
Ω
|∇up|2∫

Ω
(|y|α|up|p)2/p

= lim
p→2∗

∫
Ω
|∇up|2∫

Ω
(|up|2∗)2/2∗

= S0,2∗ . (4.7)

Proof. Suppose that Sαp is achieved by up and since |y| ≤ 1, by Lemma 4.2,

S0,2∗ ≤
∫

Ω
|∇up|2∫

Ω
(|up|2∗)2/2∗

≤
∫

Ω
|∇up|2∫

Ω
(|up|p)2/p

≤

≤
∫

Ω
|∇up|2∫

Ω
(|y|α|up|p)2/p

≤
∫

Ω
|∇uε|2∫

Ω
(|y|α|uε|p)2/p

= S0,2∗ +K(ε),

which implies the result.

As a result of Lemma 4.3, we have

Corollary 4.4. As p→ 2∗, ∫
Ω

|∇up|2 → Sn/2.

Corollary 4.5. In the case of p = 2∗, (1.1) does not possess any ground state solution.

Proof of Theorem 1.3. The proof is similar to that of [4, Theorem 1.1] by the
concentration-compactness principle, we omit the details.
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Let
Mp = sup

x∈Ω

up(x) = up(xp), xp ∈ Ω.

Lemma 4.6. Mp → +∞ as p→ 2∗.

Proof. We argue indirectly. Suppose that there exists a constant C > 0 and a sequence
{pi} with lim

i→+∞
pi = 2∗ such that

Mpi ≤ C, i = 1, 2, . . . .

It follows from Theorem 1.3 that upi ⇀ 0 in H1
0 (Ω). Then, by the Sobolev imbedding

theorem, we have upi ⇀ 0 in L2∗(Ω). So, for σ > 0 small, due to the compactness of
L2∗(Ω) ↪→ L2∗−σ(Ω), we have, up to a subsequence, that

1 =
∫
Ω

|upi |2
∗
≤ |upi |σL∞(Ω)

∫
Ω

|upi |2
∗−σ ≤ Cσ

∫
Ω

|upi |2
∗−σ → 0 (i→∞),

which is impossible.

Proof of Theorem 1.4. The proof is based on the blow up argument in [7]. Suppose

p→ 2∗, xp → x0 ∈ Ω. Let λp be a sequence of positive numbers defined by λ
n−2

2
p Mp =

1 and x′ = (x− xp)/λp, where x′ = (y′, z′), x = (y, z). Let

vp(x′) = λ
n−2

2
p up(x), Ωp = {x′ ∈ Rn|λpx′ + xp ∈ Ω}. (4.8)

Then, vp(x′) satisfies
−∆vp(x′) = |y′λp + yp|αλ

(n−2)(2∗−p)
2

p vp−1
p , x′ ∈ Ωp,

vp = 0, x′ ∈ ∂Ωp,
0 < vp ≤ 1, vp(0) = 1.

(4.9)

Apparently, 0 ≤ λp ≤ 1 and λp → 0 if pk → 2∗. Let L(p) := λ
(n−2)(2∗−p)

2
p and

L(2∗) := lim
p→2∗

L(p), we have 0 ≤ L(2∗) ≤ 1. We claim that x0 ∈ ∂Ω. Indeed, if this is

not true, we have x0 ∈ Ω, and then d := (2dist{x0, ∂Ω})−1 > 0. For p→ 2∗, vp(x′) is
well defined in Bk(0, d/λp)×Bn−k(0, d/λp), and

sup
x′∈Bk(0,d/λp)×Bn−k(0,d/λp)

vp(x′) = vp(0) = 1.

For l > 0, we have for p close to 2∗ that

Bk(0, 2l)×Bn−k(0, 2l) ⊆ Bk(0, d/λp)×Bn−k(0, d/λp).

By the Lp and Schauder estimates in the theory of elliptic equations [10], we find
‖vp‖W 2,r(Bk(0,2l)×Bn−k(0,2l)) (r > n), and then ‖vp‖C1,θ(Bk(0,2l)×Bn−k(0,2l)), 0 < θ < 1,
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are uniformly bounded for p sufficiently close to 2∗. Hence, there is a subsequence
{vpk} of {vp} such that vpk → v in C1,θ

loc as pk → 2∗. By a diagonal process, we derive
that v satisfies

−4v = |y0|αL(2∗)v2∗−1 in Rn (4.10)

and v(0) = 1.
If y0 = 0 or L(2∗) = 0, we would have 4v = 0 in Rn, i.e., v ≡ const. Thus v ≡ 0

since v ∈ Lr(Rn). This contradicts v(0) = 1. If 0 < L(2∗) ≤ 1, we have

−∆v = cv2∗−1 in Rn, 0 < v ≤ 1, v(0) = 1, (4.11)

where 0 < c := |y0|αL(2∗) < 1 since 0 < |y0| < 1. Let w = c1/(2
∗−2)v. We see that

−∆w = w2∗−1 in Rn, 0 < w ≤ c1/(2
∗−2), w(0) = c1/(2

∗−2). (4.12)

It follows that w(x) = ξ(2−n)/2U(x/ξ), where ξ is determined by c. By Corollary 4.4
and the Fatou Lemma, we deduce for p→ 2∗ that

Sn/2 =
∫

Rn

|∇w|2 = c2/(2
∗−2)

∫
Rn

|∇v|2 ≤ c2/(2
∗−2) lim

p→2∗

∫
Ωp

|∇vp|2 =

= c2/(2
∗−2) lim

p→2∗

∫
Ω

|∇up|2 = c2/(2
∗−2)Sn/2 < Sn/2,

(4.13)

which is impossible.
We conclude that x0 ∈ ∂Ω. Denote x0 = (y0, z0). Next, we claim that |y0| = 1 and

|z0| = 0. In fact, by Theorem 1.1, u(y, z) = u(y, |z|) if u is a solution of (1.1). Then,
by Theorem 1.3, x0 ∈ ∂Ω, then |y0| = 1, |z0| = 0.

Now we straighten ∂Ω in a neighborhood of x0 by a non-singular C1 change of
coordinates as in [7]. Let

yk = ψ(y′), y′ = (y1, y2, . . . , yk−1), ψ ∈ C1

be the equation of ∂Bk(0, l). Define a new coordinate system:

x′i = xi, (i = 1, . . . , k − 1, k + 1, . . . , n), x′k = xk − ψ(y′) = yk − ψ(y′).

Then, up is again a solution of (1.1) and ∂Ω is contained in the hyperplane xk = yk =
0. Let dp be the distance from xp to ∂Ω (i.e. dp = xp · ek). Note that for p → 2∗,
vp is well defined in Bk(0, δ/λp)×Bn−k(0, δ/λp) ∩ {yk > dp/λp} for some δ > 0 and
satisfies (4.9). Moreover, sup vp(y) = vp(0) = 1.

We assert that dp
λp
→ +∞ as p → 2∗. In fact, suppose on the contrary that dp

λp
is

uniformly bounded. Then, we may assume dp
λp
→ s with s ≥ 0. Arguing as above and

noting that |y0| = 1, we have that vp → v and v satisfies
−∆v = L(2∗)v2∗−1, x′ ∈ Rns = {x′ = (y′1, . . . , y

′
k, z
′
1, . . . , z

′
n−k)|y′k ≥ −s},

v = 0, x′ ∈ ∂Rns ,
0 < v ≤ 1, v(0) = 1, x′ ∈ Rns .

(4.14)
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Since {
−∆v = cv2∗−1, x′ ∈ Rn+ = {x′ = (y′1, . . . , y

′
k, z
′
1, . . . , z

′
n−k)|y′k ≥ 0},

v(x′) = 0, x′ ∈ ∂Rn+

has only a trivial solution, it implies v ≡ 0, which contradicts v(0) = 1.
Consequently, dp

λp
→ +∞ as p → 2∗. Now, we show that L(2∗) = 1. Indeed, we

may show as before that vp → v as pk → 2∗ and v satisfies

−∆v = L(2∗)v2∗−1 in Rn, 0 < v ≤ 1, v(0) = 1. (4.15)

If 0 ≤ L(2∗) < 1, we may derive a contradiction either as (4.13) or v ≡ 0 respectively.
So L(2∗) = 1.

Finally, we may show as [4, Theorem 1.2] that

lim
p→2∗

∫
Ω

|∇(up − Uλp,xp)|2 = 0.

Corollary 4.7. For p close to 2∗, the ground state solution of (1.1) is not cylindrically
symmetric.
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