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EXISTENCE AND ASYMPTOTIC BEHAVIOR
OF SOLUTIONS FOR HENON TYPE EQUATIONS

Wei Long, Jianfu Yang

Abstract. This paper is concerned with ground state solutions for the Hénon type equation

—Au(z) = |y|*uP " (2) in Q, where Q@ = B¥(0,1) x B"7%(0,1) C R" and z = (y,2) € R* x

R"*. We study the existence of cylindrically symmetric and non-cylindrically symmetric

ground state solutions for the problem. We also investigate asymptotic behavior of the ground
2n

state solution when p tends to the critical exponent 2" = =% if n > 3.
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1. INTRODUCTION
In this paper, we consider the following problem
—Au=|y|*u?", u>0, z€Q wu=0, xcdQ, (1.1)

where z = (y,2) € R¥ x R"™% Q= B*(0,1) x B"*(0,1) C R", B™(0, 1) denotes the
unit ball in R™ centered at the origin, and £k > 2, n >3, a >0, 2 <p < 2%,
In [8], M. Hénon proposed the following problem

—Au=|z|°u""t, u>0, zeQ u=0 zcd, (1.2)

where € is the unit ball in R™ with n > 3, @« > 0 and p > 1, which stems from the
study of rotating stellar structures and is called the Hénon equation. Such a problem
has been extensively studied, see for instance [4,11,12] and [13] etc. Interesting phe-
nomenon concerning problem (1.2) that was revealed recently includes, among other
things, that the exponent « affects the critical exponent for the existence of solutions.
Precisely, it was shown in [11] that for p € (2, 22£22) problem (1.2) admits at least
one radial solution. One also notices that the moving plane method in [6] can not
be applied to (1.2) since the weight function r* is increasing. So it can be expected
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that problem (1.2) possesses non-radial solutions. Such solutions were found in [13]
for 2 < p < 2% and in [12] for p = 2% Furthermore, it was proved in [4] that the
maximum point of the ground state solution u, of (1.2) approaches a boundary point
of 0Q2 as p — 2*.
On the other hand, the following Hardy-Sobolev-Mazya equation
CAu N lul”~u

WP 0 70 wet w=0 wedh (19)

was considered in [1-3,5] and references therein, where R® = R¥ x R"=% 2 < k < n,
and a point z € R” is denoted as = = (y,z) € R¥ x R*~¥. Various existence results
were obtained in these papers.

Motivated by above mentioned works, in this paper we study problem (1.1). First
of all, we show that all solutions of (1.1) are symmetric in 2.

Theorem 1.1. Let u be a solution of (1.1). Then u(y,z) = u(y,|z|) for (y,z) €
R* x R*~*,

Next, we show that there exists a non-cylindrically symmetric solution.

Theorem 1.2. Assume k > 3. For 2 < p < 2*, there exists a* > 0 such that problem
(1.1) possesses at least two solutions, one is cylindrically symmetric and another one
s non-cylindrically symmetric provided o > o*.

Using the concentration-compactness principle, we have

Theorem 1.3. Suppose p € (2,2*) and « > 0. Then there exists xg € O such that
the ground state solution u, satisfies, up to a subsequence, that:

(a) |Vuy|* — pdy, as p — 2* in the sense of measure,
b) |uy|? — vy, as p — 2* in the sense of measure,
P 0

where 1> 0,v > 0 satisfy p > Sv?/?", &, is the Dirac mass at x.

Finally, we investigate the limiting behavior of the ground state solution w, of
problem (1.1). By the continuity of u,, there exists z;,, = (yp, zp) € € such that

up(xp) = sup up(z) = M.
z€eQ

2
By Theorem 1.1, u,(yp, 2p) = tp(Yp, |2p|). Let Ay > 0 be such that A, My~ = 1. We
know from section 4 that A\, — 0 when p — 2*.

Theorem 1.4. There holds:

(a) dist(xy, Q) — 0 and dist(z,, 0Q)/A, — 00 as p — 2*. Moreover, x, is unique
for p close to 2* and (|y,l, |2p|) — (1,0) when p — 2*.
(b) Jim o[V~ Uz, ) = 0.
In section 2, we prove Theorem 1.1 by the moving plane method. Theorem 1.2,
Theorem 1.3 and Theorem 1.4 are proved in section 3 and section 4, respectively.
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2. PROOF OF THEOREM 1.1
We use the moving plane method developed in [6] to prove the result. It suffices to
show that v is symmetric in the z1, the other directions can be done in the same way.
Let Q) ={(y,2) € Q: 21 > A}, 0 < A <1 and define

T\ = (y72)‘7217"' 7Zn—k’)7 U})\(I) :u(x)iu(m)\)a IEQ)\-

Then, by the mean value theorem, we have

Awy(z) = c(z,N)wy in Qy, wx<0, wr(z)Z0 on Ny, (2.1)

where
uP~ ! *“iil 2
le(x, \)| = ||y|* ——2—| = |ly|*(p — DuP > (&)| < C.
U — uy

Now, let us show that wy < 0 in ) for any A € (0,1). This implies in particular
that wy assumes along 02y N €2 its maximum in Q).

For A close to 1, the maximum principle for a domain with small volume [9,
Theorem 2.32] yields wy < 0 in Q. By the strong maximum principle [9, Theorem
2.10], we obtain wy < 0 in Q. Let A\g = inf{\ : wy < 0 in Q,}. We will show that
Ao = 0. Suppose on the contrary that Ao > 0, by continuity, wy, < 0 in ), and
wy, # 0 on 0Q,,. The strong maximum principle implies wy, < 0. We will show now
that there is € > 0 small enough such that

Wrg—e < 0 in Q)\o—€~ (22)
This is a contradiction to the choice of Ay, the assertion Ao = 0 then follows.
Let § > 0 to be determined and let K be a closed subset in €2, such that
|25, \ K| < %. Noticing that wy, < 0 in Q,,, we deduce

wy,(x) <—n <0 forall zeK.

By continuity, we obtain
Wrg—e(2) <0 in K.

For ¢ > 0 sufficient small, |Q,— \ K| < §. We choose § > 0 in such a way that we
can apply [9, Theorem 2.32| to wy,—c in |Q2y,—c \ K|. Hence, we obtain

Wrg—e() <0 in Dy \ K,
and then by [9, Theorem 2.10], we obtain
Wrg—e <0 In Qy,—c \ K.

Therefore, (2.2) holds. The proof is complete. O
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3. NON-CYLINDRICALLY SYMMETRIC SOLUTION

Let Hj .. (Q) = {u(y,2) € Hy(Q) : u(y,z) = u(ly|,2)} be the space of cylindrically
symmetric functions in Hg () with the norm [[ull gy (q) = [V z2(q). Consider the
variational problem Y

g . Jo IVul?dz
= 11 .
P went @0y (fg |yl lulpda)?/p

(3.1)

One can verify that S,, is achieved by a positive function, which corresponds to a
ground state solution of (1.1), that is the least energy solution. Since (1.1) and (3.1)
are rotation invariant with respect to ¥, it is natural to consider the problem

Jo IVul?dz

SC .= inf : 3.2
P e o o) T Iy alde) 277 (3.2)

We may verify that Sgp is also achieved by a positive function, which is a cylindrically
symmetric solution of (1.1). Obviously, Sap < Sgp. Now, we prove

Sap < S

ap’

(3.3)

which means that equation (1.1) has at least two positive solutions, one is cylindri-
cally symmetric and another one is non-cylindrically symmetric. Hence, this proves
Theorem 1.2. We define on H}(Q2) the Raleigh quotient

) — Z(u) Jo IVul?dz
B = Ny = T ol ulpdzy2re (34)

Lemma 3.1. Any cylindrically symmetric local minimizer u of R satisfies

k—1 u?
Vquxgi/—dm. 3.5
/Q‘ | p-2) |yl (3.5)

Proof. Let f(t) = R(u+ th) for h € H} (). Since f'(0) =0, f”(0) > 0, we deduce as
[13] that

2
[ 1vuaz]@=p)( [ unde) 4 - 1) [l urde [l 2ied) <
Q Q

Q Q 3
2 (3-
< /|Vh|2dx(/|y|a\u|pda:) .
Q Q

We may write h = u(r, 2) f(0), where f is a smooth function defined on the sphere
Sk=1 with zero mean. Since

o= |(5) ()

(=2
=

1
124 Vo,




Existence and asymptotic behavior of solutions for Hénon type equations 415

we obtain

/ |Vu|2dgc [(2 - p)(/Ta‘u|pfrk_1w(9)drdzd9)2+
Q

Q

+(p— 1)/|y\°‘|u|pda:/r“|u|pf2rk_1w(9)drdzd0} <
Q

Q

< {/ [(%) (au) ]f2 F=1lu(6) + T%u2|ng\2rk_1w(9)drdzd9}><
Q

< (f1uletupas)”
Q

which yields

o [ v ( [ |u|%) [ e
{/|Vu| dx/f2d6+ Wqua: / Vo fl d9}</|y |u|pda:> ,

ie.
(p—2)/|Vu|2dac / f2do < de / Vo fI?do.
Q Sk—1 Sk—1
Note that v, f12d0
inf jék 1| 9f| k-1,

T

where
= {f|f e H' ("), / fdo = o},
Sk—l

inequality (3.5) follows. O

Next, let @ > 0 be fixed and u, be a minimizer of problem (3.2) such that

/|Vua|2d;v =1.
Q

Lemma 3.2. For0 < R< 1,

liIJ_l / | Vg |[*dz = 0.
Bk(0,R)x Bn—¥(0,1)
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Proof. Tt follows from

—1
A = ( / |y|“uzdx> |
Q

that for r > 0,

|V, |[*dz =

BF(0,r)x Bn—k(0,1)

1
= [ wSae([ulrew) [ e
Q

on

B*(0,r)x Bn—k(0,1) B (0,r)x Bn—k(0,1)

By the Hopf lemma and the fact that u, is decreasing with respect to |y|,

ka(O,r)xB"—k(O,l) ly|“ub,dx

Vu|?dx <
| | fQ |y|o‘ugdx

Bk(0,r)xBn—k(0,1)

For € > 0, let m € N satisfy 2R™ ™! < ¢, and

m

’Ua(|y|72) Ua(|y| 7Z)7 Y + a+k.7m’

we may verify that

1
y|*vPdr = | |y|*ul(|ly|”, 2)de = = | |y|* "uldzx,
o « 'Y «
Q Q Q

and

[1V0aPde= [ 19uatlyP 2P <y [ 10175 [Vua e
Q Q Q

Equations (3.8) and (3.9) lead, with help of Hélder’s inequality, to

,1,% fQ |y|0é7’m’ugd'1j

(Jo ol =% [V 2a)

,1,% fQ |y|a7mugdm

27

Jo Iyl T |V, 2de

(3.7)

(3.9)

(3.10)
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Noticing that § := 2(72]11;@ o(1) as o — +o0, we have
/|Z/| P Vug|*de = wy.— 1/ / P Vg (r, 2)|?r*tdrdz =
Br=F(0,1)
oo g(s)
= wk_l/ / / |V (r, 2)[*rFdzdrds <
RELIEES SRV (3.11)
+o00 g(s)

o\

—1
/ / ro‘ugrk_ldzdrds</|y|0‘ugdx> =
0 Q

Bn— k(O 1

-1
-/ |y|a-ﬂuadx( / |yauzdm) ,
Q Q

(s) 1, s <1,
§) =
g sTUB s> 1.

Since R(vq) > R(uq), by (3.10) and (3.11),

g J byl da
Jo " Pukdz =

where

that is,

m+03 ka(O,T)XB"*k(O,l) |y|a_5uﬂd$
<1 (3.12)
fQ |y|a—5ugdx

Set A¥(R,1) = B*(0,1) \ B*(0, R), we have

[ et / ol - / bt turde [ e >

v RS

B¥(0,R)xB"—%(0,1) B¥(0,R)xB"~*(0,1)
> \y|“updx( [ ol ol =
B*(0,R)x Bn—*(0,1) AFR(R,1)x Bn—F(0,1)

=0 /\y|aupda:/|y\°‘ ﬂupdx

Hence, (3.12) yields

(3.13)

n(o,1) Y] ugdx p
ka(OvR)}(‘B| |k(0;;1; g 271+§Rm*5 S e if o — —+00. (314)
o [y uadr

The proof is then completed by (3.7). O
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Lemma 3.3. If o — 400, we have

u2
—2dx — 0. (3.15)
o lyl?

Proof. For € > 0, there exists % < R < 1 independent of « such that u,(R,2) < e.
Indeed,

1
Oug \2 Cl-R Cl-R
\ua(R,z)|2§(1—R)/( 81") drgi(R,H )/|Vua\2dx§% <e
R Q

if R close to 1. Let @, := uq — ua(R, z). We deduce

U2 u2 u2
—Ldr = / —dx + / —dr <
|yl? |yl? |y?
Q BF(0,R)x Bn—%(0,1) Ak (R,1)x Bn—k(0,1)
~2 2 R 2
<2 o gy g o L
|yl |yl ]
B¥(0,R)x Bn—k(0,1) BF(0,R)x Bn—¥(0,1) Ak(R,1)xBn—k(0,1)
=5+ 1+,

As i, € HY(B*(0,7) x B"~%(0,1)), by the Hardy inequality,

—2dr < C / |V, |2 dz.

Bk (0,r)x Bn—k(0,1) Bk (0,r)x Bn—k(0,1)

By Lemma 3.2 and Lemma 3.3, lim,_. o I; = 0. Apparently, I, < Ce2. For I3,
recalling that uo(R) < € and u, is decreasing with respect to |y|, we obtain

Ui(R, Z) 52 2
AF(R,1)xBn=%(0,1)
The proof is complete. O

Proof of Theorem 1.2. As a consequence of Lemma 3.1 and Lemma 3.3, S, < Sgp if
a > 0 large. It implies the results in Theorem 1.2. O

4. ASYMPTOTIC BEHAVIOR OF GROUND STATE SOLUTIONS
Let u, be a minimizer of

_ Jo IVulda
mn o 2/ .
ueHY @0} ([q [y]*|ulPdz)2/P

Sap =
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In this section, we study the asymptotic behavior of u,, and the location of the
maximum point of u, as p — 2*. Denote by S = Sy 2+ the best Sobolev constant. It
is well known that S can only be achieved in R™ by

[n(n — 2) "2/
(1 +laP)o72

U(z) =
For ¢ > 0,2z’ € R™, set

U. () = 5—(n—2>/2U<L$')_
’ €
By Holder’s inequality, we readily have

Lemma 4.1.

fQ|v“p|2 > f9|vup|2
(Jo luplP)?P = ([q [up|?7)?/%

For € > 0 small enough, let

+O(1), p— 2.

2o = (Y0,0) = (1 —1/|Inel,0,...,0) € R, yo = (1 —1/|In¢|,0,...,0) € R
and ¢ € C§°(9) be a cut-off function satisfying

1 Q0.
olx) = {0: z E R"\ Q.. 0<p(x) <1, [Vo(z)| <C|lne|, VzeR", (4.1)

where Q. = By (yo,1/(2]In¢l)) x Bp_r(0,1/(2]|1nel)), C is a constant independent of

e. Set ue = @U. 4,. Then, u. € HZ(9).
Lemma 4.2. There holds

Jo |Vu.|?
(Jo Y] |uclP)?/P

where K(g) — 0, when ¢ — 0.

= Sp2+ + K(), p—2°,

Proof. 1t is standard to verify that

|uc|} = [U[Z2e"P=("=2) 4 CKy () |U|Pen=2p/2mn/20n/p=(n=2) 1 o(1),  (4.2)

/(|Vu€\2 — e " |VU?) da| < C|lne|? (4.3)
)

N 2 \@ [ @P[n(n—2)]n—2p/4
/|y| |’U,E|pdl' Z (]‘ ) / [ ( )] )(7172)177 (44)
2
Q

| Inel 2 e+ |z —zof?

and
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where o(1) — 0 if p — 2* and K;(¢) = C|Ine|»~2P~"_ Equations (4.2), (4.3), and
(4.4) lead to

fQ |VUE|2
p=2" [o (|lyl*fuc|P)?/P —
, 1 IVU|2e="2" + C|Ine"
< lim =
= p—2 (1— |1§E‘)2a/p ‘Ul%En/p—(n—Q) + CKl(E)‘U|[2)_p€(n—2)p/2—n/2+n/p—(n—Q() )
4.5
B 1 IVU|3 + C|Ine[*e™>"
T UIE + Cllnelet
VU3
= + K(e).
U113
Similarly,
o Vel VU3
>
A8 T (e = o K (46)
The assertion follows since
fQ V. |? > fQ [Vaue|? O
Jo(yl®ueP)2/P = [, (Juc[P)?/P
Lemma 4.3. We have
fQ |Vup|2 - fQ |Vup|2 — Syoe (4.7)
p=20 fo ([yl*fup[P)2/P p=2e fo (Jup[?7)?/* o '
Proof. Suppose that S, is achieved by u, and since |y| < 1, by Lemma 4.2,
2 2
R M. M
fQ('uP )% fQ(luP|p> /P
fQ |V’U’p‘2 fQ |vu6‘2
< < = Sp,2« + K(e),
TollylTapl27% = Tolylolac e — o2 + 5
which implies the result. O

As a result of Lemma 4.3, we have

Corollary 4.4. Asp — 2%,
/\VupP — §n/2,
Q

Corollary 4.5. In the case of p = 2*, (1.1) does not possess any ground state solution.

Proof of Theorem 1.3. The proof is similar to that of [4, Theorem 1.1] by the
concentration-compactness principle, we omit the details. O]
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Let -
My, = sup up(z) = up(zp), wp €
€N
Lemma 4.6. M, — 400 as p — 2*.
Proof. We argue indirectly. Suppose that there exists a constant C' > 0 and a sequence
{p;} with lim p; = 2* such that
1—+400
M, <C, i=1,2,....

It follows from Theorem 1.3 that u,, — 0 in H{(£2). Then, by the Sobolev imbedding
theorem, we have u,, — 0 in L% (Q). So, for ¢ > 0 small, due to the compactness of
L () — L¥ ~7(Q), we have, up to a subsequence, that

1= / e < [t % / hup, [ < €7 / up 27 =0 (i — o0),

Q Q Q
which is impossible. O

Proof of Theorem 1.4. The proof is based on the blow up argument in [7]. Suppose

p— 2%, — 1z € Q. Let \, be a sequence of positive numbers defined by )\p M, =
1 and x' (m Zp)/Ap, Whereac =(y,2"), z = (y,2). Let

vp(2") = A% up(z), Q,={2' € R"|\p2' + 1z, € Q}. (4.8)

Then, v, (z’) satisfies

(n=2)(2" ~p)
—Avp (@) = YA+l N T b 2l €y,
v, =0, z' € 90, (4.9)
0<wv, <1,u,(0) = 1.

(n— 2)(2* -p)

Apparently, 0 < A, < 1 and A, — 0 if pp — 2*. Let L(p) := N and
L(2%) = lirr21 L(p), we have 0 < L(2*) < 1. We claim that zy € 09. Indeed7 if this is
p—2*

not true, we have zo € Q, and then d := (2dist{z¢,dQ})~ > 0. For p — 2*, v,(2') is
well defined in B¥(0,d/)\,) x B"~*(0,d/),), and

sup vp(z') = v,(0) = 1.
' €B*(0,d/Xp)xB"—k(0,d/\p)

For [ > 0, we have for p close to 2* that
B*(0,21) x B"7*(0,21) € B*(0,d/\,) x B"7%(0,d/\,).

By the LP and Schauder estimates in the theory of elliptic equations [10], we find
||Up||W2vT(Bk(O,2l)><B"*k(0,2l)) (7" > n), and then ||’Up||Clw9(Bk(O,2l)><B"*k(0’2l))7O < 0 < 1,
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are uniformly bounded for p sufficiently close to 2*. Hence, there is a subsequence
{vp, } of {vp} such that v,, — v in Cllo’f as pr — 2*. By a diagonal process, we derive
that v satisfies
—Av = |yo|*L(2*)w* 7 in R® (4.10)
and v(0) = 1.
If yo = 0 or L(2*) = 0, we would have Av =0 in R", i.e., v = const. Thus v =0
since v € L"(R™). This contradicts v(0) = 1. If 0 < L(2*) < 1, we have

—Av=c?TinR", 0<ov<1, wv(0)=1, (4.11)
where 0 < ¢ := |yo|*L(2*) < 1 since 0 < |yo| < 1. Let w = ¢/(" =2y, We see that
—Aw=w?"TinR", 0<w<c/E 7D w0) =Y, (4.12)

It follows that w(z) = £2=™/2U(x/€), where ¢ is determined by c. By Corollary 4.4
and the Fatou Lemma, we deduce for p — 2* that

gn/2 :/‘va 262/(2**2)/|V’U|2 < /(272 lirgl*/|va|2 _
R" Rn ! Qp

(4.13)
— C2/(2*72) 111121 /|Vup|2 _ C2/(2*72)‘5171/2 < Sn/27
p—2*
Q

which is impossible.

We conclude that z¢ € 9. Denote 2o = (yo, 20). Next, we claim that |yo| = 1 and
|z0] = 0. In fact, by Theorem 1.1, u(y, z) = u(y, |2|) if u is a solution of (1.1). Then,
by Theorem 1.3, zg € 99, then |yo| =1, |20 = 0.

Now we straighten 9Q in a neighborhood of xy by a non-singular C! change of
coordinates as in [7]. Let

Y = w(yl)7 yl = (ylayQa .. '7yk71)a ’l/) € Cl

be the equation of 9B(0,1). Define a new coordinate system:
o=z, (=1,...,k—1Lk+1,....n), z,=zr— YY) =y — ).

Then, u, is again a solution of (1.1) and 92 is contained in the hyperplane x, =y, =
0. Let d, be the distance from z, to 0§ (i.e. d, = zp - e). Note that for p — 2%,
v, is well defined in By (0,/\,) X Bp—r(0,6/A) N {yx > d,/A,} for some § > 0 and

satisfies (4.9). Moreover, sup v,(y) = v,(0) = 1.

We assert that f—’; — 400 as p — 2*. In fact, suppose on the contrary that i—’; is

uniformly bounded. Then, we may assume ;\i—” — s with s > 0. Arguing as above and
P
noting that |yg| = 1, we have that v, — v and v satisfies

~Av=L2)? 7Y o e R ={a' = (¥}, ..., Uh, 20y s 20 ) |Yh > —5)s

v=0, x' € ORY, (4.14)
0<v<1,00)=1, 2’ €Rn.
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Since

—Av=c?"1 2/ eR? = {' =W, Y 215 20 1)y > 0},
v(z') =0, z' € ORY}

has only a trivial solution, it implies v = 0, which contradicts v(0) = 1.
Consequently, f\l—’; — +o00 as p — 2*. Now, we show that L(2*) = 1. Indeed, we

may show as before that v, — v as p;, — 2* and v satisfies
—Av=L2*)0> ' in R, 0<v<1, ov(0)=1. (4.15)

If 0 < L(2*) < 1, we may derive a contradiction either as (4.13) or v = 0 respectively.
So L(2*) = 1.
Finally, we may show as [4, Theorem 1.2] that

p—2*

lim /|V(up — U, 2,2 =0. O
Q

Corollary 4.7. Forp close to 2*, the ground state solution of (1.1) is not cylindrically
symmetric.
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