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ON SOME FAMILIES
OF ARBITRARILY VERTEX DECOMPOSABLE SPIDERS

Abstract. A graph G of order n is called arbitrarily vertex decomposable if for each sequence
(n1,...,nk) of positive integers such that Zle n; = n, there exists a partition (Vi,..., Vi)
of the vertex set of G such that for every ¢ € {1,...,k} the set V; induces a connected
subgraph of G on n; vertices. A spider is a tree with one vertex of degree at least 3. We
characterize two families of arbitrarily vertex decomposable spiders which are homeomorphic
to stars with at most four hanging edges.
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1. INTRODUCTION

Let G be a graph with vertex set V(G) and edge set E(G). Let [V(G)] = n. A sequence
7 = (n1,...,ng) of positive integers is called admissible for G if n; + ...+ nx = n.

We shall write ((n1)®1,..., (n;)®) for the sequence (n1,...,n1,...,n,...,ny). lf 7=
N—— ——

S1 St

(n1,...,ng) is an admissible sequence for the graph G and there exists a partition
(V1,..., Vi) of the vertex set V(G) such that for each ¢ € {1,...,k} the subgraph
G[V;] induced by V; is a connected graph on n; vertices, then 7 is called G-realizable
or realizable in G and the sequence (V1,...,Vy) is said to be a G-realization of T or
a realization of T in G. Each set V; will be called a 7-part of a realization of 7 in G.
A graph G is called arbitrarily vertex decomposable (avd for short) if each admissible
sequence for G is realizable in G.

Arbitrarily vertex decomposable graphs have been investigated in several papers
([1-5] for example). The problem originated from some applications to computer
networks ([1]).

The investigation of avd trees is motivated by the fact that a connected graph is
avd if its spanning tree is avd.
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In [4] the authors proved that every tree of maximum degree at least 7 is not avd
and conjectured that every tree with maximum degree at least 5 is not avd. This
conjecture was proved in [2]:

Theorem 1.1. If tree T is arbitrarily vertex decomposable then A(T) < 4. Moreover
every vertex of degree four in T is adjacent to a leaf.

Let T = (V(T),E(T)) be a tree. A vertex v € V(T) is called primary if d(v) > 3.
A leaf is a vertex of degree one in T. Let the path P be a subgraph of T' such
that one of its end vertices is a leaf in T', the other one is a primary vertex in T
and all internal vertices of P have degree two in T. We will call such a path an
arm of T. Let v be a primary vertex of a tree T' such that v is an end vertex of
two arms Aj, Ay of T. Let y; be the other end vertex of A; and z; € V(A;) the
neighbour of v, i = 1,2. Define T'(A1, A3) to be a tree with V(T(A;, Ag)) = V(T)
and B(T(A1, As)) = E(T) — {vas} U {y1ya}.

In [1] and, independently, in [5] the authors observed that:

Lemma 1.2. Let T be an arbitrarily vertex decomposable tree and let A1, As be arms
of T that share a primary vertex of T. Then the tree T(Ay, As) is arbitrarily vertex
decomposable, too.

That gives a reason for the investigation of avd trees which are homeomorphic to
a star K 4, where ¢ is three or four. If ¢ = 2 such a tree is a path which is avd.

A spider is a tree with one primary vertex. Such a tree has g arms A;,i =1,...,q,
where ¢ is the degree of the primary vertex. Let a; be the order of A;, i =1,...,q.
The structure of a spider is determined by the sequence of orders of its arms. Since
the ordering of this sequence is not important, we will assume that a; <as < ... < aq
and we will denote the above defined spider by S(as,...,aq).

The first result characterizing the avd spider was found in [1] and, independently,
in [5].

We will denote by ged(a,b) the greatest common divisor of two positive integers
a and b.

Theorem 1.3. The spider S(2,b,¢), 2 < b < ¢ is arbitrarily vertex decomposable if
and only if ged(b,c) = 1. Moreover, each admissible and non-realizable sequence in
S(2,b,c) is of the form ((d)*), where b = c = 0(mod d) and d > 2.

In [1] the authors characterized avd S(2,2,b,c) using avd S(3,b, ¢):

Proposition 1.4. The spider S(2,2,b,¢), 2 < b < ¢ is arbitrarily vertex decomposable
if and only if the following conditions hold:

1. The spider S(3,b,¢) is arbitrarily vertex decomposable,
2. The numbers b, ¢ are odd,
3. b# 2(mod 3) or ¢ # 2(mod 3).

In [3] the authors investigated two families of spiders: S(2,2,b,¢) and S(3,,c).
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Theorem 1.5. The spider S(2,2,b,¢) of order n, 3 < b < ¢, is arbitrarily vertex
decomposable if and only if the following conditions hold:

ged(b,c) =1,

ged(b+1,¢) =1,

ged(b,c+1) =1,
ged(b+1,c+1) =2,

n#ab+ B(b+1) fora, B € N.

Theorem 1.6. The spider S(3,b,¢) of order n, 3 < b < ¢, is arbitrarily vertex
decomposable if and only if the following conditions hold:

ged(b, c) < 2,

ged(b+1,¢) <2,

ged(b,e+1) <2,
ged(b+1,¢+1) <3,

n#ab+ B(b+1) fora, B € N.

The main result of this paper are Theorems 2.1 and 2.2 of Section 2 which give a

complete characterization of avd spiders S(2,3,b,¢) and S(4,b,¢).To prove them we
will also use the following results:

AR e

G oo =

Proposition 1.7 ([1]). The spider S(a1,az2,a3), a1 < as < ag, is arbitrarily vertex
decomposable if and only if every admissible sequence ((¢)%*,(q+ 1)%2), so > 0, g <
aj +az — 2 and every admissible sequence (m, (r), (r+1)%2),t3 >0, 1 <m <r—1,
r < aj; — 3, has a realization in S(ay,asz,as).

Proposition 1.8 ([2]). The spider S(2,a1,a2,a3), a1 < az < ag, is arbitrarily vertex
decomposable if and only if the following conditions hold:

1. The spider S(ay,as,a3), a1 < as < as, is arbitrarily vertex decomposable.

2. Every admissible sequence ((¢)°*, (¢ + 1)%2), s2 > 0, ¢ < a1 + az — 2 and every
admissible sequence (m, (r), (r+1)2),t2>0,0<m <r—1,r<a; —3, has a
realisation in S(2,a1,a2,as).

Proposition 1.9 ([6]). The graph G is arbitrarily vertex decomposable if and only
if every admissible sequence (ny,...,ng) with n; > 2 for each i = 1,...,k, has a
realization in G.

Given an admissible sequence 7 = (nq,...,ny) for a graph G of order n, we will use
the following convention to describe a realization (Vi, ..., V%) of 7in G. We choose an
ordering s = (vy,...,v,) of the vertex set of G. Then we define the 7-parts according
to the sequence s, that is Vi = {v1,...,vn, }, Vo = {Un,41, -+, Un,+n, } and so on.

2. ARBITRARILY VERTEX DECOMPOSABLE SPIDERS
S5(2,3,b,¢) AND S(4,b,¢)

Theorem 2.1. The spider S(2,3,b,¢) of order n, 3 < b < ¢, is arbitrarily vertex
decomposable if and only if the following conditions hold:

(1) ged(b, ) =1,
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(2) max{ged(b+1,c),ged(b,c+1),ged(b+ 1,¢+ 1), ged(b+ 2,¢),
gcd(b e +2)} <2,

(3) max{ged(b+1,c+2),gcd(b+2,c+1),ged(b+2,c+2)} <3,

(4) n#ab+ pb+1) +~(0b+2) fora, B, v € N,

(5) Ifb=2h, h € N, h > 3 then n # ah+ (h+ 1) for a, 3 € N.

Proof. Necessity. If di = ged(b,¢) > 2 or dy = max{ged(b+ 1,¢),ged(b,c+ 1)} >3
or d3 = max{ged(b+ 1,c+1),ged(b + 2,¢),ged(b,c + 2)} > 3 or dy = max{ged(b+
1,¢ 4 2),ged(b + 2,¢+ 1)} > 4 or d5s = ged(b + 2,¢ + 2) > 4 then the following
n-2 n—1_4q n ntl 4

sequences (2, (dy) @ ) or ((d2) @ ~",do + 1) or ((d3)?) or (dgy — 1,(d4) % ~ ) or
((ds — 1)?, (ds)%_Q), respectively, are admissible but not realizable. If n = ab +
B(b+1) +7(b+2), where o, 3, v € N then the sequence ((b)®, (b+1)?, (b+2)7) is
admissible and not realizable. If n = ah + B(h + 1), where h = 2 € N, h > 3 then
the sequence ((h)®, (h+ 1)”) is admissible and not realizable.

Sufficiency. Let A;, i = 1,...,4 be arms of S(2,3,b,¢), 3 < b < ¢, of orders 2, 3,
b and c, respectively. Let v be a primary vertex of S(2,3,b,¢c). Set Ay = {v,v?},
Ay = {v,v}, 03}, Az = {v,0b,...,0)_} and Ay = {v,v§,...,v5 1}, such that vvf,
oo, viud, vob, vlol ), vos, v§v§y, are edges of S(2,3,b0,¢), i = 1,...,b -2, j =
1,...,¢c—2. Let 7 = (n1,...,nx) be an admissible sequence for S(2,3,b,c). We
assume that n; < ... < ng.

By Proposition 1.8, Proposition 1.9 and Theorem 1.6 we may assume that 7 =
((n1)*, (ng + 1)*2), where k1, ko € N and 2 <n; <b+1.

If ny = 2 then by Theorem 1.3 there is the realization (V3,...,V)) of the se-
quence (ng,...,ny) in S(2,b,¢) and hence ({v§,v3},Va,...,V}) is a realization of 7
in S(2,3,b,¢). We may asume that ny > 3.

Since max{ged(b + 1,¢+ 1), ged(b + 2,¢), ged(b, ¢ + 2)} < 2, we have 7 # ((3)%)
and hence especially ny, > 4. Since ny < b+ 2, by the condition (4), we obtain
that ny < b—1, ny < b. We define the sequence (V7,..., V) of 7-parts according
to st = (v’l’,vg, ... ,vf_l, VS, .., v5, 0,03, 03, v3). Suppose that the construction
does not give a realization of 7 in S(2,3,b,¢). It follows that there is ig such that
”an vy € V4. Since ng < b, my < b—1, we have 2 < ip < k—1. If |V;,; N
V(As3)] < ni — 4 then we modify the ordering of elements of 7, we obtain 7 =
(Migy Migt1s -« -y Mk, N1, - - -, Mig—1) and we define the sequence of 7T-parts according to
s2 = (V1,0 g, .., 0§, v, 0308 v3, 08 08, ... Jvb_|) and we obtain a realization of T
in S(2,3,b,c). Hence we may assume that |V;, NV (A4s)| > ny — 3.

We will use the following notation: d = ny — ng,, 7 = |Vi, N V(A3)| — (nr, — 4).
It is easily seen that d + r + |V;, N V(A4)| = 4. Since |V;, NV (Ay)| > 1,d < 1, we
obtain that 1 <r <3 or1 <r <2ford=0ord=1, respectively. Observe that

b= i 14 (e —4) =" i+ -3 andc:Zf;itm—l—l—r.
Let us suppose that ng_; — ny > r. We modify the ordering of elements of 7
and we consider 7 = (ng_1,n9,...,Nk_2,n1,nk). We define the sequence of T-parts
according to s' and, since 0 < |V;, NV (43)| — (ng—1 — n1) < ng — 4, either we
obtain a realization of 7 or vg_p vi_y € Vj,, where jo = i, for ig < k-1
and jo = 1 for 49 = k — 1. In the second case we modify the ordering of ele-

ments of 7 such that 7 = (Mg, Migt1y .-y M1y My M—1, N2, - -+, Nig—1) I 19 < kK —1
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or 7 = (n1, Nk, Nk—1,N2,...,nk—2) if igc = k — 1 and we define the sequence of T-parts
according to s%. Since |V}, NV (A3)| < ny — 4, we obtain a realization of 7. Hence we
may assume that nx_1 —ng; <.

If 7 = ((n1)*) then b = igny +r—3, ¢ = (k—ig)n1 +1—7 and hence max{gcd (b, c+
2),ged(b+1,c+ 1), ged(b+ 2,¢)} > ny > 3, contrary to (2). If 7 = ((n1)*~1,ny +1)
then d = 1 and hence r € {1,2}. Since b =ign; +r —2, c = (k—ig)n1 + 1 —r, we
obtain that max{gcd(b,c+ 1),gcd(b +1,¢)} > ny > 3, contrary to (2). Therefore we
may assume that nx_1 =ny + 1.

Let us suppose that 7 = (n1, (n1 +1)*~1). Then r € {2,3}. Since b = ig(n; +1)+
r—4and ¢c= (k—ig)(n1 + 1)+ 1 —r, we obtain that max{ged(b+ 1,c+ 2), ged(b +
2,¢+ 1)} > ny + 1> 4, contrary to (3). Hence we may assume that no = ny.

Let us suppose that ig = 2. Then d = 1, » = 2 and b = 2n;, contrary to (5). We
may assume that ig > 3, and hence k£ > 4.

If 4 :k—lthenb:Zf;fni—i—nk—i—r—?)an—i—r and ¢ = ni + 1 — r, which
contradicts the assumption b < c¢. Hence we may assume that 7g < k — 2 and hence
k> 5.

Let us suppose that (ng_1 + ng—2) — (n1 + n2) > r. We modify the ordering
of elements of 7 and we consider 7 = (ng_1,nk—2,n3,...,Nk_3, N2, N1, Ng). We de-
fine the sequence of 7-parts according to s'. Combining condition ny_; — n; < r
with the values of d and n;, i = 2,k — 2,k — 1 we obtain that 0 < |V;, N
V(A43)| = [(nk—1 + ng—2) — (n1 + n2)] < ni — 4. Then either we obtain a real-
ization of 7 or vlb’fl, vy € Vj,, where jo = i for ip < k£ —2 and jo = 2 for

to = k — 2. In the second case we modify the ordering of elements of 7 such
that 7 = (Rig, Migt1s -« > M35 02, 1, My ME—1, M2, M3, - - -, Mig—1) if 19 < k — 2 or
T = (o, N1, Nk, Mp—1, Nk—2, M3, . . . , NE—3) if 39 = k — 2 and we define the sequence of

T-parts according to s?. Since |Vj, NV (A43)| < nj — 4, we obtain a realization of 7.
Hence we may assume that (ng_1 +ng—2) — (n1 +ng) < r.

It is not difficult to check that then we have two possibilities: either 7 =
((n)F2,(n1+1)?),r=2o0rn; =ng, ng_o=ng_1 =np=n1 +1,7=23.

If 7 = ((n1)*2,(ny + 1)?) and r = 2 then b = igny, ¢ = (k — ig)n; and hence
ged(b,¢) > ny > 3, contrary to (1). Hence ny = na, ng—o = ng—1 = ng = ny + 1 and
r=3.If 7 = ((n1)? (n1 + 1)¥72) then b = ig(ny + 1) — 2, ¢ = (k —ig)(ny +1) — 2
and hence ged(b + 2,¢+2) > ny + 1 > 4, contrary to (3). Therefore we may assume
that k > 6 and nz = ny.

If ig = 3 then d = 1 and hence r < 2, a contradiction. Hence 4 < ig. If ig =k — 2
then 4n1 +1 < b < ¢ = 2nq, a contradiction. Hence ic < k—3 and &k > 7. We
obtain that ny = no =n3, ng_o =np_1 =nr=n1 + 1, r=3 and 4 < iy < k — 3.
Then d = 0 and hence ng_3 = n; + 1. We modify the ordering of elements of 7
and we counsider 7 = (ng_1,Nk—2,Nk—3, M4, - .-, Nk—4,MN3, N2, N1,Nk). We define the
sequence of T-parts according to s'. Let us suppose that the construction does not
give a realization of 7. Then we modify the ordering of elements of 7 and we consider
T = (ni07ni0+1, ey N4, N3, N2, N1, Ny Mfg—1,Nk—2,N—-3,N4,... ,’niofl) if io <k-3
or 7 = (n3,no, N1, Mg, Nk—1, Nk—2, Nk—3, M4, -- -, Ng—a) if 39 = k — 3. We define the
sequence of T-parts according to s and obtain a realization of 7. [
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Theorem 2.2. The spider S(4,b,¢) of order n, 4 < b < ¢, is arbitrarily vertex
decomposable if and only if the following conditions hold:

(1) ged(b,c) =1 or ged(b,c) =3,

(2) max{ged(b+1,¢),ged(b,c+1),ged(b+1,¢+ 1), ged(b+2,¢),
ged(b,c+2)} <3,

(3) max{ged(d+1,c+2),gcd(b+2,c+1),gcd(b+2,c+2)} < 4,

4) n#ab+B0b+1)+~b+2) fora, B,y €N,

(5) Ifb=2h, he N, h >4 thenn # ah+ (h+1) for a, € N.

Proof. We will use the similar method to that in the proof of Theorem 2.1.
Necessity. If dy = ged(b,¢) & {1,3} or de = max{ged(b+ 1,c¢),ged(b,c+ 1)} > 4

or d3 = max{ged(b+ 1,c+1),ged(b + 2,¢),ged(b,c + 2)} > 4 or dy = max{ged(b+

1,¢ 4 2),ged(b+ 2,¢c+ 1)} > 5 or ds = ged(b + 2,¢+ 2) > 5 then the following

sequences (2, (dl)%) or ((d2)nd;21_1,d2 +1) or ((dz)s) or (dy — 1,(d4)%1_1) or
nt2

((ds — 1)2,(d5) @ ~2), respectively, are admissible but not realizable. If n = ab +
B(b+1) +~(b+2), where o, 3, v € N then the sequence ((b)®, (b+ 1)?, (b+2)7) is
admissible and not realizable. If n = ah + B(h + 1), where h = 2 € N, h > 4 then
the sequence ((h)®, (h + 1)”) is admissible and not realizable.

Sufficiency. Let A;, i = 1,2,3 be arms of S(4,b,¢), 4 < b < ¢, of orders 4, b
and c, respectively. Let v be a primary vertex of S(4,b,c). Set A; = {v,v},v5,v3},

As = {v,08,...,00_ } and Az = {v,v§,...,v5_,}, such that voi, ”?U?+1a vl vé?vngl,
vof, vivy, | are edges of S(4,b,¢), 1 =1,2,j=1,...,0-2,1=1,...,c—2. Let 7 =
(n1,...,n%) be an admissible sequence for S(4,b,c). We assume that ny < ... < ny.

If there is ip € {1,...,k} such that n;, = 3 then we set V;, = {v},v3,v3} and
obtain a realization of 7 in S(4,b,¢). Hence we may assume that n; # 3 for i €
{1,...,k}.

Let us suppose that n;, = 2 for any ig € {1,...,k}. Since 7 # (2, (3)¥~1), if we set
Vi = {v3,v3} then by Theorem 1.3 we obtain a realization of 7 in S(4, b, ¢). Hence we
may assume that n; # 2 for i € {1,...,k}. Then by Proposition 1.9 and Proposition
1.7 we have that 7 = ((n1)*, (ny + 1)*2), where ki, ks € N and 4 < n; < b+ 2. If
ng = b+ 3 then the sequence (Vi,...,V;) such that [V(A;) UV(A43)] C Vi and for
i=1,...,k—1,V; C [V(A3)\{v}] is a realization of 7 in S(4,b,c). We may assume
that ny < b+2. By the condition (4) we obtain that ny < b—1, ny < b. We define the
sequence (Vi,..., V) of T-parts according to s' = (v’l’, Ug, . ,’Ug_l, VE_1,. .., 01,0,
v}, v3,v3). Suppose that the construction does not give a realization of 7 in S(4,b, c).
It follows that there is ip such that v?_ |, vS_; € V;,. Since n < b and n; < b— 1,
we have 2 < iy < k — 1. Using similar arguments to that in the proof of Theorem 2.1
we may assume that |V, N V(Az)| > ni — 3. We will use the following notation:
d=ng—n;, r=|V;,NV(As)|—(nr—4). Tt is easily seen that d+r+|V; NV (A43)| = 4.
Since |V;, NV (A3)| > 1,d <1, we obtain that 1 <r <3or1<r <2ford=0or
d = 1, respectively. Observe that b = Zioz_ll ni+ng+r—3,¢c= Zf:_li n;+1—r.

Using a similar method to that in the proof of Theorem 2.1 we obtain that if
ng—1 —n1 > r then there is a realization of 7 in S(4,b, ¢). Hence we may assume that
Npg—1—N1 <T.
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If 7 = ((n1)¥) then max{ged(b+ 2,¢),gcd(b + 1,¢+ 1), ged(b, ¢ +2)} > ny > 4,
contrary to (2). If 7 = ((n1)¥"1,n; + 1) then d = 1 and hence r € {1,2} and
max{gcd(b + 1,c¢), ged(b, ¢ + 1)} > nq, contrary to (2). If 7 = (n1, (ny + 1)¥=1) then
r € {2,3} and hence max{ged(b+ 2,c+ 1),gcd(b+ 1,¢+2)} > ny + 1 > 5, contrary
to (3). Hence we may assume that k > 4 and ny = ng, ng =ng—1 =ny + 1.

Using similar method to that in the proof of Theorem 2.1 we may assume that
k—2>1ip >3 and that (ng—1 + ng—2) — (n1 + n2) < r. Then we obtain that either
7= ((n1)*2,(n1+1)2),r=20rn; =ng, ng_o2="np_1 =ng =n1+1,r=3. In the
first case b = igny, ¢ = (k — ip)ny and ged(b,¢) > ny > 4 contrary to (1). We may
assume that n; =ng, np_9o =ng_1 =np =n1+ 1 and r = 3.

If 7 = ((n1)?, (ny +1)¥72) then b = ig(ny +1) — 2, ¢ = (k —ig)(ny + 1) — 2 and
ged(b+2,¢4+2) > ny +1 > 5, contrary to (3). Hence we may assume that & > 6 and
ng = ni. Since r = 3, we obtain that d = 0 and hence ig > 4. If igp = k — 2 then
dn; +1 < b < c=2nq, a contradiction. Hence ic < k—3 and k > 7.

Since r = 3, we have n;, = nix = n1 + 1 and especially ny_s = n1 + 1. Then,
similarly to the proof of Theorem 2.1, we obtain a realization of 7 in S(4,b,¢). O

Corollary 2.3. The number of arbitrarily vertex decomposable spiders S(2,3,b,c¢)
and S(4,b,¢) is infinite.

Proof. Tt is not difficult to check that for b and ¢ such that b € {60s + 1,60s + 13,
60s +49,s > 0}, ¢ = b+ 3 the assumptions (1)—(5) of Theorem 2.1 and assumptions
(1)-(5) of Theorem 2.2 hold. O
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