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Abstract. A parabolic initial boundary value problem and an associated elliptic Dirichlet
problem for an infinite weakly coupled system of semilinear differential-functional equations
are considered. It is shown that the solutions of the parabolic problem is asymptotically
stable and the limit of the solution of the parabolic problem as t — oo is the solution of
the associated elliptic problem. The result is based on the monotone methods.
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Let S be an infinite set. Let G C R™ be an open bounded domain with C?T¢
boundary (a € (0,1)) and D := (0,T) x G, where T < co. Let D :=[0,T) x G.

We consider a boundary initial value problem for an infinite weakly coupled
system of semilinear autonomous differential-functional parabolic equations of the
form:

Oul(t o ,

% — L]t x) = [z, u(t, z),u(t,) for t>0, z€G, i€, (1)

u'(t,x) =h'(x) for t>0, x€0G, i€ S, (2)
u'(0,2) = h'(z) for z €@, icS (3)

and the associated Dirichlet problem for an infinite weakly coupled system of semi-
linear differential-functional elliptic equations of the form:

—L'u](z) = fi(z,u(z),u(-)) forzed, icsS, (4)
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u'(x) = hi(x) forxz € dG, ic S, (5)

where . .
Ll w) = Y aby@)ul, (60) + 3 bl (1)
k=1 _ j=1
are strongly uniformly elliptic in G,

i G xB(S)x Cs(G) 3 (x,y,2) — fi(x,y,2) €R

for every ¢ € S. The notation f(x,u(z),u(-)) means that the dependence of f on
the second variable is a function-type dependence and on the third variable is a
functional-type dependence. In (1), f(z,u(t,x),u(t,-)) means that the dependence
on the third variable is a functional-type dependence with respect to z, but a function-
type dependence with respect to t.

The following results extend and generalize the results of D.H. Sattinger [7],
H. Amann [3] and S. Brzychezy [4].

We use the following notation. Let B(S) be the Banach space of all bounded
functions w: S — R, w(i) = w' (i € S) with the norm [|w||g(s) := sup;e g [w'|. B(S)
is endowed with a partial order w < w defined as w* < w* for every i € S. Elements
of B(S) will be denoted by (w');cs, too. Let C(G) be the space of all continuous
functions v : G — R with the norm [vllc(@) == max,eq [v(x)]. In this space, v < ©
means that v(x) < 9(z) for every x € G. By C'*%(G), where [ = 0,1,2,... and a €
(0,1), we denote the space of all functions continuous in G with derivatives of order
less or equal [ being Holder continuous with exponent « in G (see [6, pp. 52-53]) and
by C**(D), where [ = 0,1,2,... and « € (0,1), we denote the space of all functions

continuous in D with all derivatives % being Holder continuous with exponent

ain Dif 0 <2r+s <1 (see [5, pp. 37%;8%). By H'?(G) we denote the Sobolev space
of all functions whose weak derivatives of order I are in LP(G) (see [1, pp. 44-46]). A
notation g € C'T%(0G) (resp. g € H"P(OG)) means that there exists a function g €
CH(@) (resp. g € H'?(G)NC(QG)) such that g(z) = g(x) for every x € dG. In these
spaces, norms are defined as ||gl[ci+a(ag) = infgecita(@)vecocga)=g(x) [18llcra(a)
and |9l a0 (o) = nfgegar(@)nc (@) voeocig(e)=g() 18] H27 (@), respectively.

We denote z = (2')es € Cs(G) if z : G — B(S) and 2* : G — R
(i € S) is a continuous function with sup,cs ||2*(2)||c(@) < oo. The space Cs(G)
is a Banach space with the norm |[|2[|c (@) = sup;es [|2°(z)llc(q) and the par-
tial order z < Z defined as z'(z) < Z*(z) for every z € G, i € S. The spa-
ce CLF*(G) is the space of all functions (2')ics such that 2! € C**(G) for
every i € S and sup;cg ||z’ (z)||ci+a(g) < oco. In this space, the norm is defi-
ned as ||z(x)||czs+u(é) = sup;eg [[2(7)| crra(g). In similar way, CL (D) is the
space of all functions (z');cs such that 2! € C*(D) for every i € S and
supics |17 (@) rse oy < 00 With the norm [12(z) | orre () = SuPies 1 (@)l crenp).

We will write that z = (2%);es € L&(GQ) if 2* € LP(G) for every i € S and
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sup;es [12°(2) || Lo () < 00. A notation z = (z);es € Hy?(G) means that z* € H'(G)
for every i € S and sup;cg ||2"(2)|| () < oo. In these spaces, norms are defi-
ned as ||Z(5U)||Lg(c) = sup;cs 12" (2)[| Lo () and Hz(:c)||st,p(G) = supies [|2° (@) 10 ().
respectively.

A function @ is said to be regular in D if & € Cg(D) and @ has continuous

. . 77 1 2~ . . . ~ . . .
derivatives %’;, —gf‘ , afva”m in D for j,k = 1..m. A function @ is said to be a classical
z; 0 0w, 0z

(regular) solution of problem (1), (2), (3) in D if @ is regular in D and fulfils the
system of equations (1) in D with conditions (2) and (3). A function @ is said to
be a weak solution of problem (1), (2), (3) in D if a(t,-) € L%(G), aaT(tt) € L*(G),
Lia’)(t,) € L*(G) and

<aﬂl(‘gi7x)’£($)> B <£Z['&Z](t,$)7£($)> = <fi(x,ﬁ(t,x),ﬂ(t, ))7£(I)>

for every t > 0, i € S and for any test function £ € C§°(G), where (-,-) is the inner
product in L?(G), i.e., (f,g) = fG fgdx and @ fulfils conditions (2), (3) in trace
sense.

A function @ is said to be regular in G if 4 € Cs(G) N C%(G). A function 4 is
said to be a classical (regular) solution of problem (4), (5) in G if 4 is regular in G
and fulfils the system of equations (4) in G with condition (5). A function 4 is said
to be a weak solution of problem (4), (5) in G if 4 € L%(G), L'[4'] € L*(G) and

—(L[a')(2), &(x)) = (f'(z, @(x),a()), £(x))

for every i € S and for any test function ¢ € C§°(G) and 4 fulfils condition (5) in
trace sense.

A solution u(x) of elliptic problem (4), (5) is said to be a stable solution of
parabolic problem (1), (2), (3) if for any ¢ > 0 there exists a 6 > 0 such that
[a(-) =h()lcge) < 6 implies [[a(-) —a(t,-)||cg(a) < € for each t > 0, where a(t, z) is
a solution of parabolic problem (1), (2), (3). A solution @(z) is called an asymptotically
stable solution of parabolic problem (1), (2), (3) if it is a stable solution of parabolic
problem (1), (2), (3) and im0 [|a(-) — a(t, )|l cg(a) = 0.

Functions %y = tg(t,=) and ¥y = Uo(t, ) regular in D, satisfying the infinite
systems of inequalities

08 (t) _ rilgil(t,x) < fi(x, do(t,x),do(t, ) for t>0, z€G, i €S,

ot
ah(t,z) < hi(z for t>0, x€0G, ieS, (6)
al(0,x) < hi(x) for z€G, i€l
QL) _ pifii)(t,a) > iz, Bo(t @), o(t,-)  for >0, x€G, i€ S,
oh(t, ) > hi(x) for t>0, 2€dG, icS, (7)

98(0,2) > hi(x) for x€G,i€S
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are called a lower and an upper function, respectively, for parabolic problem (1),
(2), (3) in D. In a similar way, functions iy = tg(z) and 0y = 0(z) regular in G,
satisfying the infinite systems of inequalities

{—U[%](xf < fi(z,do(z),G0(-)) for z€G, i€ S, ()

af(x) < hi(x) for x €0G, i€ S,
—L'[5g](x) > f'(w, to(x), D0()) for x€G, i€S, )
08 (z) > hi(x) for x € 0G, ie S

are called a lower and an upper function, respectively, for elliptic problem (4), (5) in G.
We define

K:={(z,y,2): ©€G, y€&[mg, M|, 2z € {ug,vo)},

where mg := (m{)ics, Mo = (M{)ics, m} := min, s ub(x), M§ = mMaX,ea v ()
and (ug, vo) = {¢ € LE(G): uo(z) < {(z) < wvo(x) for z € G}, if ug < vo.

Assumptions. We make the following assumptions:

(a) L is uniformly elliptic operator in G, i.e., there exists a constant y > 0 such

that . .
3 ah@)ge = nd €2 i€,
j,k=1 j=1

for all £ = (&1,...,&m) € R™, 2 € G and the adjoint operator £* to L exists.

e functions ajr = (a})ies, bj = (b%)ies for j,k = 1,...,m are of class

b) The functions a; i iess by = (Bies for ik = 1 £ el
C2t*(@) and fulfil the Lipschitz condition on 9G; also aly(z) = aj;(x) for every
1€8,j,k=1,...,mand z € G.

(c) h e Cat(@).
(d) There exists at least one ordered pair ug, vy € Ca"*(G) of a lower and an upper
function for problem (4), (5) in G, i.e.,

ug(z) < vo(x) for x € G.

(e) f(-,y,2) € CIT(G) for y € [mo, My], = € (uo, vo).
(f) For every i € S, z € G, y, 5 € B(S) and 2z, % € Cs(G)

[ (@,y,2) = £1(2,5,2)] < Ly(ly = gllses) + 112 = Zllos@):
where Ly > 0 is a constant independent of ¢ € S.

(g) f%is an increasing function with respect to the second and third variables for
every i € S.

(h) ug(x) < h(x) < vo(z) for every = € G.
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Remark. Let us see that if assumptions (d) and (h) are fulfiled, then the functions
uo(x) and vo(x) are a lower and an upper function for parabolic problem (1), (2), (3)
in D.

By applying the monotone iterative method, we may proove the following the-

orem.

Theorem 1. If assumption (a)-(h) hold then problem (1), (2), (3) has the unique
solution @ € C2™*(D) (0 < a < 1) within the sector (ug, vo)-

We will outline a proof of the theorem (cf. [5, pp. 49-56, 61-62]). We start from
the lower function ug and the upper function vy and we define by induction two
monotone sequences {u,} and {v,} as regular solutions of problem (1), (2), (3) with
Up—1 and v,_1 substituted for w in the right-hand sides of the system.

The essential part of the proof is showing that if the functions f? fulfil assump-
tions (e) and (f) and the substituted function 8 € Cg"*(D) (where 8 = u,_1 and
3 = vy,_1, respectively), then the function fi(z, 8(t,z), B(t,-)) € C3*(D).

The function 8 € Cot*(D), so

18(t,2) = Bt ") |5es) < Hp(t = |2 + |z —a'|%),

where Hg > 0 is some constant. Therefore,

! (. Bt ), B(L, ) — 1@, B, "), B, )| <
< |fi(, B(t,x), B(t, ) — f1(a', B(t,x), B¢, )| +
Ff1@ Bt @), Bt ) — 1, B 2", B )] <
< Hylw — a'|* + L ([18(t, ) = BI(E, 2")lss) + 18(t, ) = BE Mlog@) <
< Hple—2/|*+ LHg([t — |2 + |z — 2'|*) + Ly Hglt — /|2 <
< H(t—#]% + |z — o)),

where H = Hy +2L¢Hpg.

We obtain a solution of problem (1), (2), (3) as the limit of the sequences {u,}
and {v,}.

For elliptic problem (4), (5), the following existence theorem is known (cf. [9]):

Theorem 2. If assumptions (a)—(g) hold, then problem (4), (5) has a solution
i € Cs(G)NCE(G).

Let assumptions (a)—(h) hold. We study the behavior of solutions of the parabolic
problem with conditions independent of .

Theorem 3. Let vo(z) be an upper function of elliptic problem (4), (5) in G and
D) _ pifi)(t,a) = filx,ult,x),ult,-))  fort>0,z€G,i€S,

( ) = vj(x) for t>0, z€8G, icS, (10)
ut(0,7) = vj(r) for x€G, i€8.
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Then problem (10) has a solution o(t,x) € C%T* (D), which is nonincreasing with
respect to t and U(t,x) < vo(x) in D.

Proof. By virtue of Theorem 1, parabolic problem (10) has the unique solution
o(t,z) € C2H*(D).

The function wvo(x) is an upper function for elliptic problem (4), (5) and is
independent of ¢, so vg(z) is a solution of the following problem:

% — Lvi)(z) > fi(z,vo(x),v0(")) for t>0, x €@, i€ S,
vi(z) = vi(x) for t>0, x€0G, i€, (11)
vh(z) = vi(x) for x€@G, ieS.

Applying the Szarski theorem on weak partial differential-functional inequalities [8]
to problems (10) and (11) we obtain:

(t,x) < wg(x) in D.
Now let
Ur(t,x) == 0(t + 7,2) for 7 > 0.
The function 0. (t, x) satisfies the following problem:

L) _ Ll (¢, @) = fi(w, b, (@), 0 (t, ) for t>0, €, i€,
o (t, @) = v(x for t>0, x€0G, ieS, (12)
0L(0,2) = 9'(1, ) < v(x) for z€G, i€b.

Applying again the Szarski theorem on weak partial differential-functional inequalities
[8] to problems (10) and (12) we obtain:

O (t, ) < 0(t,z) in D.
Let t1,to > 0 and t; < to; for 7 =ty — t1 there is
O(t1, @) > O (tr,2) = 0(t1 + 7, x) = O(t2, 2) in D,

so 9(t, ) is nonincreasing with respect to t. O
Theorem 4. Let ug(z) be a lower function for elliptic problem (4), (5) in G and

) _ pifi)(t ) = fix,ult,z),ult,-) for t>0, x€G, i€S,

u'(t,z) = up(z) for t>0, 2€0G, ieS, (13)

u(0,z) = u () for e G, i€S.

Then problem (13) has a solution i(t,z) € C3t*(D), which is nondecreasing with
respect to t and u(t,x) > ug(x) in D.

Now we show the main result of this paper. We prove that the uniform limit at
t — oo of a solution of the parabolic problem is a solution of the elliptic problem.



Stability of solutions of infinite systems of (...) 179

Theorem 5. If u(t,z) is a reqular uniformly bounded solution of the parabolic boun-
dary initial value problem

wltn) _ pilyil(t,z) = fi(a,u(t, ), ult,”)  for t>0, z€G, i€ S,
( ) = vh(x) for t>0, x€0G, ieS, (14)
u'(0,2) = v () for xe€ G, i€,

and there exists a @ such that lim;,o [[u(t, ) — a(-)|lcgq) = 0, then the function 0
is a reqular solution of elliptic boundary value problem (1), (5).

Proof. First we will prove that 4 is a weak solution of elliptic problem (4), (5).
Parabolic problem (14) has the unique regular solution by Theorem 1. Multi-
plying the equations in (14) by a test function £ € C§°(G) and integrating, we get

<<%l(§z;,x)’§(x)> — (LWt 2),€(x)) = (' (@, ult,z), ult, ), &(x))

for every £ € C§°(G), t > 0, i € S, and using the adjoint operator £* to L’

L) = Y (e }{jgfi— (@)

we obtain

<8“1§’“”),£<x)>‘< (t,2), L[] () = (f' (@, ult, x), ult, ), ()

for every £ € C§°(G), t > 0, i € S. Next, we choose any T > 0, and integrating with
respect to ¢ on the interval [0,7T] and multiplying by 7 we get

T T
10/< >t;0/ ' (t, @), L[E] (x)) dt =
:%/gww@mww»ﬂmwtum
0

for every £ € C5°(G), i € S. Now, we pass to the limits in (15) as T — oo. For every
1€ 85,
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U (T,r);u (07x)£($)

because < #2Cmax,cq|¢| — 0 as T — oo and G is a bounded

domain.

Next, for every i € .S

T

T i X .
Tlggo;;/<ui<t,x>,c*i[a<x>>dt=Tlggo<W,cﬂ[ﬂ<x>> -
0
. fT u’i(t7 x)dt i _ - at T ui (t, l’)dt y B
- <Tlggo Jo 000 [E](w)> _ <Tlggo EA AL L [ﬂ(x)> _

And for every i € S

lim
T— o0

T
! / St 2), u(t, ), E@)dt — (Fi(z, a(x), (), €(x))
0

lim

<T.%O Jo '@, ut, @), ult, ) = £, i), G0t é:(96>>|

lim : £(@)

< By Fiu(t ), ut, ) = fie i), al))dt >
<

= |(Jim (£ ulT,2), u(T,) = (@, (@), 2()), )|
< (Jim |f @, u(,2)u(T ) = (. i(2), a()], 6@ ) <

< (Jlim (Laflu(T, ) = (@) () + Lallu(T, ) = a()losi@), [6@)]) =

= (0, [¢()]) =

SO .

lim = / (Fiw,ult, @), ult, ), () dt = (F (i), (), E(@))

T 00 T Y ) ) Y ) ) ) )

0
Therefore, _ _ 4
= (' (z), L7[E](2)) = (f* (2, a(x), (), €(2))

and

—(L'[a')(x), &(x)) = (f' (@, a(x),a()),€(x)),

x
so 4 is a weak solution of elliptic problem (4), (5).

Since @ is bounded in G, 4 € LY(G) for any p € [1,00]. Let p > m. Thus
fz,a(z), a() € Lg(G).
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Now we consider problem

{—U[wi](x) = fi(z,a(z),a()) for z€G, i€ S, 16)

w'(z) = h'(z) for x € 0G, i €S,

System (16) is a system of Dirichlet problems with a single equation each. We
apply the Agmon—-Douglis—Nirenberg theorem to every problem separately and get
w = (w2, € He?(G). By the Agmon-Douglis-Nirenberg theorem, each of the
problems included in (16) has the unique solution, so & = w € Hg’p (G).

Because the Sobolev space H*P(G) is continuously imbeddable in C°*%(G) for
p > m and then

[ llgore(ey < Cllwllmmney, i €S,

where C is independed of i [1, p. 144], we get

i e CY Q).

Applying the Schauder theorem to (16) for @ € C’g+°‘(@) separately for every
i € S, we obtain
o€ CEr(@). O
Now using Theorem 5 we show the stability of solutions of the parabolic problem
with the conditions independent of time.

Theorem 6. Let assummptions (a)—-(h) hold.

(i) If @ is a mazimal regular solution of problem (4), (5) such that h fulfils u(x) <
h(z) for x € G, then the function U is an asymptotically stable solution from
above of parabolic problem (1), (2), (3).

(i) Ifw is a minimal regular solution of problem (4), (5) such that h fulfils h(x) < u(z)
for x € G, then the function u is an asymptotically stable solution from below of
parabolic problem (1), (2), (3).

(i) If u is the unique (i.e., @ = u = u) regular solution of problem (4), (5), then the
function u is an asymptotically stable solution of parabolic problem (1), (2), (3).

Proof. (i) From the theorem on weak partial differential-functional inequalities [8],
Theorem 3 and Theorem 5, each solution u(t,x) of problem (1), (2), (3) such that

ug(z) < h(z) <wvo(z) in G

satisfies
ug(x) < a(t,z) <wult,z) <o(t,x) < vo(x) in D,
where @, U are solutions of problems (13) and (10), respectively.
The function 7 is a maximal regular solution of problem (4), (5); thus the
solution ¥(t, ) satisfies
u(z) < o(t,x) < vo(x).
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Hence 0(t, x) is bounded from below and, by Theorem 3, is a nondecreasing function
with respect to t, so lim;_, 0(¢, ) exists. From Theorem 1 we know that

ldllcztepy < B

for 0 < a <1, where B > 0 is a constant indepedent of 4, ¢, x, so {a(t, ) }+cjo,00) are
equicontinuous functions. G is a compact set. Thus 9(¢, x) converges uniformly as t —
0o. By Theorem 5, this limit is a solution of problem (4), (5). u(x) < limy_,o 9(¢, z)
and @(x) is a maximal solution of problem (4), (5). Consequently,

tlgr;(} o(t, z) = u(z).

Hence u(t, z) such that u(z) < u(t,z) < 0(t,x) converges uniformly to u(z), so
u(x) is asymptotically stable solution from above of problem (1), (2), (3).

The proofs of (ii) and (iii) run similarly. O
Corollary. If the function h = h(t,x) depends on t, but is bounded by functions
h(z), h(z) € C2t*(@) independent of t such that uo(z) < h(z) < h(t,x) < h(z) <
vo(z) fort >0, x € G and an asymptotically stable solution u of

W — L]t z) = fi(z,u(t,z),u(t,)) for t>0, z€G, i€S,
ul(t,x) = hi(t,z) fort>0, z€0G, i€ S,
u'(0,2) = h*(0,z) forzeG, iefS

exists, then

w(r) <u(z) <da(x) for €,
where U is the minimal solution of

—Luf)(t, ) = fi(x,ult,z),u(t,")) for ze€G, €S8,
u'(t,x) = hi(x) for € 0G, i €S,

and u is the maximal solution of

—Lu(t,z) = fi(z,ult,z),ult,")) for x€G, i€,
ui(t, x) = hi(z) for x€0G, i€ S.
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