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RATES OF CONVERGENCE
FOR THE MAXIMUM LIKELITHOOD ESTIMATOR
IN THE CONVOLUTION MODEL

Abstract. Rates of convergence for the maximum likelihood estimator in the convolution
model, obtained recently by S. van de Geer, are reconsidered and corrected.
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1. INTRODUCTION

Consider independent, identically distributed random variables X, Xs,..., X, in
a measurable space (X, .A) with distribution P. Suppose that

dP

fo="Gn

€ F,

where p is a dominating, o-finite measure, and F is a given class of densities with
respect to . Throughout the whole paper, fn will denote the maximum likelihood
estimator (MLE) of fy and the accuracy of the estimation will be measured in the
Hellinger distance defined as

Mo Jo) = (;/(\/?— m)’ZdM)% .

Our interest will be focused on upper bounds for the convergence rates, when F is
a class of convolution densities.
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The paper is organized as follows. In this section, basic notations are introduced
and some technical results are formulated. In Sections 2 and 3, the rates of conver-
gence, given in [3] and [2] for two special convolution models, are reconsidered and
corrected.

For a class K of functions on (X,.A), let conv(K) be the convex hull of K, and
conv(K) be its closure in the pointwise convergence topology.

For a measure @ on (X, A) and ¢ > 0, we denote by N(4, K, Q) the d-covering
number and by H(J,K,Q) the d-entropy of K with respect to the Lo(Q)-norm.
Formally, for K C L2(Q), the d-covering number N (4, K, Q) is defined as the number
of Ly (Q)-balls with radius ¢, necessary to cover K. The d-entropy of K is H(4, K, Q) =
log N(6,K, Q).

The following theorem, proved in [3], is an example of a relatively simple tool
for obtaining the rate of convergence for the Hellinger distance between fy and f,, in
case fo belongs to a convex class of densities. For a set of indices ) and some fixed
ko(-,-), let KK ={ko(-,y) : y € Y} be a class of densities on (X,.A) with the envelope
function K := sup,cx k, and let fo € F = conv(K). For o, | 0, let us define the

class of functions
_ k(-
o { (B2 5 03],

and moreover, let us denote by P,, the empirical measure based on observations

X1,y X (e, Py =25"" 6x,.)

n

Theorem 1. Assume that for some non-decreasing sequence p, > 1

K2
/ Tdﬂﬁpia n:1727"'a
0

fo>on

and

im limsupP< sup <5> N(5,l€n,Pn) > C) =0,

1
C—00 pooco 0<8<8o \ Pn

for some 0 < w < o0 and &y > 0. Then, for

7—7212 / de,ua n=12...,
fo<on
T > n_(2+w)/(4+4w)pﬁ/(2+2w), n=12,...,

there is

h(fm fO) = OP(Tn)'

The following lemma will be used in entropy calculations. Although it is prooved
in [1], we present another proof, along the lines suggested in [3], because the technique
applied will be useful in the next section.
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Lemma 1. Let
G ={g9:[0,00) = [0,1],g non-increasing}.

Then there exists a constant C such that for each probabilistic measure @ on [0,00),
H(6,G,Q) < C6™1, for all § > 0.

Proof. It is easy to see that
G C cono(KC), (1)

where KC = {1,y : y € [0,00)}. It is a consequence of the fact that conv(K) consists
of functions Z?zl Willy, |y, Where 0 =y < ... <yp <00, 1 2wy >...>w, >0
and n € N, and that any function ¢ € G can be approximated by a sequence of
functions from conv(K).

Inclusion (1) implies that H(4,G, Q) < H(d,conv(K), Q). Therefore, by the Ball
and Pajor Theorem (see, e.g., [4]), it suffices to show that there exists a constant Cy
such that for each probabilistic measure ()

N(6,K,Q) < Cr62

Note that G is a subset of the ball of radius 1 centered at zero. Hence, for § > 1 the
entropy equals 0 and the statement of the lemma holds. Therefore, it is enough to
consider ¢ € (0,1).

If @ has no atoms, i.e., Q[0, z) is a continuous function of z, the d-covering may
be constructed as follows. Take 0 < § < 1 and divide the interval (0,1) as in the
following figure,

4 4 4 4 4 4 >
1 1 1 1 1 1

0 52 252 S k62 1 (k+1)62

where k62 is the maximal multiplicity of 62, which is less than 1.
1 1 1
EIE A

1 1 1
ﬁ -1 fOr ﬁ = 577

where |-] is the floor function. Then we select a set of k + 2 points and a set of k
functions in the following way

Therefore,

o = 0,
Xy Q[Oaxl) = 527 fl(‘r) = 1[0,3;1)(33)3

T - Q[O,ZL’]C) = k627 fk(.’l)) = 1[0,Ik)(x)’
T+1 = OO.
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Obviously, for n = 0,...,k, there is Q[z,,Zny1) < §2. Take any y € [0,00). Then,
for some n € {0,...,k}, there is y € [xn, Znt1), and

H]-[O,y) - fn”iz(Q) = /1[2{1j"’y)dQ = Q[-Tnvy) < Q[xn7xn+1) < 62~

In other words, the Lo(Q)-balls of radius 4, centered at f1,..., fi cover the class K,
therefore

N(,K,Q) <k<d 2

Now let us consider the general case, when @ is any probabilistic measure. For
an arbitrarily chosen J, we construct, as previously, the sequence of centers, but if
for some n there exists no such z that Q[0,z) = nd?, then instead of z,,, we take x
such, that Q[0,z) < né? < Q[0,z]. For the chosen points z1,...,x;, there is | < k
and Q(zy,, Tni1) < 62. Let us take y € [0,00). If for some n € {1,...,1} y = x,, then

= 0. Otherwise, if y € (2, Zn+1) for some n, then

2
110, = Yool 700

2 2
10 = Yol = [ Tnc 4@ < Qo) < 8,
and, since [ < k, there is k < §2. O

2. CONVOLUTION MODEL WITH A MONOTONIC KERNEL

Let Y and Z be independent random variables on [0, 1]. Suppose that Z has a given
density kg with respect to the Lebesgue measure. The distribution 6 of Y is unknown.
We observe independent copies Xi,..., X, of X = Z + Y. Therefore,

1

foe F= /ko(-—y)dQ(y):ee@ ,
0

where O is the class of all probabilistic measures on [0, 1]. If we put K = {ko(-—y): vy €
[0,1]}, then F = conv(K) (see [3]). In this section, the special case of a monotonic
kernel ko(z) = 221{0 < x < 1} will be handled. As in [3], in order to simplify the
analysis of the shape of fy, we assume that 6 is the uniform distribution (a more
general case, when 6 has a density bounded away from zero and infinity gives similar
results).

We want to apply Theorem 1, so we need to calculate the covering number of
Kn={(k/fo)1{fo > on}: k € K}. With 0 being the uniform distribution, one obta-

1ms

x? for 0<z<1;
folx)=Sx(2—2) for 1<z<2
0 otherwise

and it is convenient to obtain the covering numbers in two steps.
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Define
RO = (B ke, RO = (Mg bek,).
Lemma 2 (see [3]). There exists a constant Ay such that
N6, KW P, < A67Y,  forall 6€(0,1) as.,
for each n sufficiently large.

In order to calculate the d-covering number for the class /622), let us deal with
the class K first. It is asserted in [3] that there exists a constant C' such that for
any probabilistic measure on [0,2] there is N (6, K, Q) < Cd~L. The suggested line of
the proof is, however, incorrect (it is asserted that such an inequality holds true for
the §-covering number in the supremum norm. However, it cannot be true, because
for any ki # ko € K, there is ||k; — k2|, = 2 and, hence, for 6 < 1, there follows
Ny (9, K) = 00).

The following lemma gives a corrected upper bound for the covering number.

Lemma 3. There exists a constant Ay such that for any probabilistic measure Q@ on
[0,2],

N(6,K,Q) < Agd 2, for all § € (0,1). (2)
Proof. Take ¢ € (0,1) and define ko(z) := 221{0 < < 1}. Let y;, i = 1,..., N, be
points chosen in such a way that Q(1+y;—1,1+vy;) < 6%, i=2,...,N (the proof
of Lemma 1 implies that N < 1/§2). Moreover, let yy. := kd, for k=1,...,|1/d],

yo = 0, and yn|1/6)41 := 1. For simplicity, we assume that the points y; are
arranged increasingly. Obviously, for i =1,..., N + [1/6] + 1,
yi—yi-1 <0 and Q(L+y;—1,1+y) <% (3)

As the centers of the balls for the d-covering of the class K, we take ko(- — ;) and
ko(- —y;), for i =0,...,N +|1/§] 4+ 1. Since

2(N+BJ+2>§582 for § € (0,1), (4)

it suffices to show that the balls cover K. Take y € [0,1] such that y # y; for all
i (otherwise, ko(- — y) is one of the chosen centers). Since y € (y;—1,y;) for some
ie{l,...,N+|1/6] + 1}, there is

. 2

[ hote =9~ ol - )] dQ(e) <

[0,2]
< [ aw-poriew+ [ Qe <

[y, 14y] (A+y,1+y:)
<Ay —yi1)? +4Q(1 + yi1, 1 +y;) < 867,
for this i, because of (3). In view of inequality (4), it follows that N (v/86, K, Q) < 852
for 6 € (0,1). Hence, N(§,K,Q) < 6462 for § € (0,1). O
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Note that (2) holds true for all finite (not necessarily probabilistic) measures
and apply Lemma 3 with dQ = ((1/3)1{fo > 0n}11,9/dP,)/A%p}, to obtain

(2 2 Pn\?
N(,K®,P,) < A%A, (7) . forall §€(0,1), (5)
on the set
1
/ —51p,9dP, < A%p?
o
fo>on
So, for
1
/ *1[1,2]d$ < P%a (6)
fo
f0>(7n
there is

n—00 0<6<1 \ Pn

2
1imsupP< sup (6) N(9, K&Q),Pn) > A0A2> <

1
< limsup P </ fz—zl{fo > on i gd P > A2> —0, as A— oo.
n— o0 0Pn

Because of Lemma 2, if (6) holds, we can write

—0 n—oo 0<8<1 \ Pn

2
lim limsupP< sup (6> N(6,KD, P,) > A) =0,

for i =1,2.
Some effort is needed to see that the above remains true for the whole class K.
To this end, it will be shown that

N(,Kn, Q) < NG, KV, Q)+ N(6,K?,Q),  forall §e(0,1). (7)

Notice that the functions from I@n are continuous at x = 1 and can be obtained as
‘junctions’ of the functions from Idll) and 16512). It is not hard to verify that the balls
covering the classes Iall) and l%,(f) can be represented in R? as sets, bounded by two
functions from the corresponding class.

Therefore, if we construct the centers of the balls for the covering of K, as
‘junctions’ of the centers of the balls from the coverings of I@%l) and I@f), it is
sufficient to choose those pairs of centers only for which the representations of the
corresponding balls do touch each other at = 1. The number of such pairs is less
then the sum of the numbers of balls covering the sets I@,(ll) and ld?), so that (7)
holds true (see Fig. 1).

From that, for the whole class I@n, we obtain

2
lim limsupP< sup (6> N(6,K,, P,) > A) =0.

—0 n—oo 0<6<1 \ Pn
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A
) 1-1
) 2-1
@ 3-1
D ¢S 3_9
@ 4-2
4-3
© ® 44
@ 54
® 5-5
® 6—5
®
B

Fig. 1. Schematic representation of the balls covering jeS (to the left of AB, which
corresponds to z = 1) and K (to the right of AB). In order to construct a center of the
ball for the covering of K,, two centers are joined to form a (not necessarily continuous)
function on [0,2]: one from the covering of K and one from the covering of K. For
example, a (continuous) function from K, that crosses the z = 1 line at the point S would
belong to the ball centered at the junction 3—1. On the right, the list of junctions sufficent
to form a covering of K, in this particular configuration. Obviously, the covering number
of K, is not greater than N (J, iiﬁl”, Q) + N9, I€£LQ>, Q) -1

The envelope function of the class K takes the form
K(l’) = 21’1[071) (l’) + 21[172] (CL’)

Hence, using the specific form of fy,

\/ 1 1
/ —dm—4 4w/an+210g V__ont’ = log —
fO _ -1 On
fo>on
and
/ fodz = 703/2 % —V1l—-0,+ %(1 —0,)%?% = %02/2 +o (0’2/2> .
fo<on
Because

/ — 11 gdr = log’\/;%+i’ﬂlog1,

n
fo>on
in order to satisfy condition (6) and the assumptions of Theorem 1, we need to hold

1
p2 > Alog oo 72> Bo3/? and 7, > COn"Y3pl/3

n
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—4/9

with suitably chosen constants. So, with the optimal o, < n , we arrive at the

rate

h(fn, fo) = Op (n_l/s(logn)l/ﬁ) )

Note that the rate asserted in [3] was Op(n=3/%(logn)/®), but that result does not
seem to be correct, because of the faulty proof of Lemma 3 in [3].

3. CONVOLUTION MODEL WITH A STRICTLY CONVEX KERNEL
Let us now consider the convolution model with a strictly convex kernel
ko(w) = [3 — 122(1 — x)] 1j0,1)(2),

which was studied in [2]. Again, the rate Op(n=3/%(logn)'/®), asserted in [2], does
not seem to be correct, because the d-covering number for the class K cannot be of
the order 61 (kg is discontinuous at 0 and 1).

For y; < y2, one has

/(ko<- ) — kol — y1))?dQ =
= / (ko(- —y2) _k()('_yl))2 aQ + / kg(-—yl)dQ—i— / kg(‘—yz)dQ <

[y2,1+y1] [y1,y2) (1+y1,14y2]

< [36(y2 — y1)]* + 9Q[y1, y2) + 9Q(L + y1, 1 + ya].

Hence, reasoning as in the proof of Lemma 3, one can easily see that, for some
constant A and for any probabilistic measure @ on [0, 2],

N(5,K,Q) < As™2 for all § € (0,1). (8)

Let us assume that 6 has a density go with respect to the Lebesgue measure,
and that, for some constant ¢; > 0,

1
=gy e, forallye[01]. 9)
1
Then,
K?(x) / 1 ( 1 )
der =9 dr <cglog| — |, 10
fola) Toly ™ = 28 5, 0
fo>on fo>on
and
/ fo(z)dx > c302, (11)

fo<on

for some suitable, strictly positive constants co and c3 depending on c;.
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Using (8) with dQ = dP,(1/f§)1{fo > 0n}/(CpZ), one obtains

~ 2
N(5,Kn, P,) < AC (%”) for all & € (0,1),

on the set
1 2
ﬁdPn < Cpn
fo
fo>on
So, for
1
/ L <, (12)
Jo
f0>0'n
there is

C—0 nooo 0<6<1 \ Pn

2
lim 1imsupP< sup <5> N (0, I&n,Pn) > C’) =0.

In view of (10), (11) and (12), the following inequalities must hold, if we want to
apply Theorem 1

2 and Ty > nil/gp}/?’.

1
2 2
Pn Z &1 log 0_77 Tn Z €30,

n

Hence, again, we arrive at the rate

this time with the optimal o, < n~

h(fus Jo) = Op (n™/*(10gm)!/°)

1/3
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