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EULER’S BETA FUNCTION DIAGONALIZED
AND A RELATED FUNCTIONAL EQUATION

Abstract. Euler’'s Gamma function is the unique logarithmically convex solution of
the functional equation (1), cf. the Proposition. In this paper we deal with the function
B: Ry — Ry, B(x) := B(z,x), where B(z,y) is the Euler Beta function. We prove that,
whenever a function h is asymptotically comparable at the origin with the function alog +b,
a > 0, if : Ry — Ry satisfies equation (5) and the function h o ¢ is continuous and
ultimately convex, then ¢ = .
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1. PRELIMINARIES

The Euler Gamma function (cf., e.g., [8]), usually defined by the formula:

I(x) = /t“:_le_t dt, xeRy
0

(where Ry stands for (0, +00)), satisfies the functional equation

pl+1)=zp(x), zeRy (1)=1 (1)
It is also the limit
I'(z) = lim Ty(z), =z €Ry. (2)

of the functional sequence
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where z[™ is the forward product polynomial
e =z@+1)...(x4+n), neNU{0}, zeR,.
The general solution of equation (1) is given by:
p(a) =ple)l'(z), =eRy,

where p: Ry — Ry is a periodic function with period 1. One may ask under what
additional conditions the function I' is the unique solution of (1). The following
famous result of H. Bohr and J. Mollerup [2] (cf. [1]) gives an answer to the question.

Proposition 1. If a function ¢: Ry — Ry satisfies equation (1) and logoy is a
convex function on an interval (¢, +00) C Ry, then p =T.

The proof of the Proposition may also be found in [5], or in [7], Theorem 10.4.1,
p. 407). The role of convexity in the theory of the Gamma function is thoroughly
discussed in [4].

In the Ph.D. thesis [9] of the second author (cf. also [10]) there is showed
that in the Proposition the logarithmic function may be replaced by any function
asymptotically comparable at infinity with the logarithm.

2. BETA FUNCTION DIAGONALIZED

The Euler Beta function (cf., e. g., [8]), usually defined by the formula:

1
B(z,y) = /t””_l(l —t)vtdt, x,yeR,
0

is connected with I':

I'(@)T'(y)
Iz +y)’
We define the function 5: Ry — Ry by the formula

O(z) := B(z,z), =€ R,.

B(I,y): I,y€R+.

Therefore Ll
8e) = Ty T € Ry, @
and we get from (1)
B+ 1) = [(x+1))? _ 22(D(x))? _ x B(),

T2z +2) (224 1)22I(22) 22z +1)

Thus the function ¢ = (§ is a particular solution of the functional equation

Pz +1) = = yela), @ ERy, (5)

222 + 1
such that ¢(1) = 1.
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Given a function h: Ry — R let ®) be the following class of functions:
P, = {p: Ry — R : ¢ satisfies (5), ¢(1) =1, ho is continuous and convex}

We aim at proving that ®;, = {S} whenever h is a function asymptotically
comparable at the origin with log. The paper is mostly based on results taken from
[9]. Some facts may be found in our paper [3] in which the problem of characterization
of g-Gamma functions has been dealt with.

3. LINEAR DIFFERENCE EQUATION

Equation (5) is a particular case of the linear difference equation of the first order:

plr+1) =g(x) p(z), =Ry, (6)

which, in turn, is a special case of the iterative functional equation

with the given functions f and g. The properties of solutions of equation (6), collected
in the subsequent lemma, can be deduced from formula (3.1.4) and Theorem 3.1.1.
on p. 97 of [7], valid for the latter equation. The sketch of a direct proof of the
lemma, is supplied for the sake of completeness.

Lemma 1.

1) If a function ¢: Ry — Ry satisfies equation (6) then

n

p@+n)=¢@) [[o@+k), zeRy, neN, (7)
k=0
and
pn+1)= H g(k), meN. (8)
k=1

2) If the functions 1, p2: Ry — Ry satisfy equation (6) and ¢1]0,1) = ©2/0,1],
then ©1 = pa.

Proof. Ad 1) Formulae (7) are checked by induction. Substituting z =n + 1 in (6),
and x =1 in (7) we see that g(n+ 1)p(n+1) =g(n+1) HZ;& g(1+ k), and (8) is
also true.

Ad 2) This follows from the form ¢ = ppg of the general solution to (6), where p is
a l-periodic function, and ¢ is a particular solution to (6). O
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The other lemma contains a formula derived from (2), (3), (4), (5) and 1) of
Lemma 1. We introduce the notion:

T 2
671(56) = Fn( )

=———  x€R;, neN, 9
F2n+1(2LE) + ()

where T, is defined by (3). Of course, because of (2) we have

B(x) = lim B,(x) x€R;. (10)

n—oo

Lemma 2. If a function p: Ry — Ry satisfies equation (5) then

pletntl) (_n \" o) )
p(n+1) (2n+1> Bn(z)’ €Ry, meN (11)

Proof. . From (5) with x replaced by « +n + 1 one gets

2 ()

eetntl) = ome T @ )@ T pmr@ (12)

Thanks to (3) we obtain

n*n!

To(z)’

(2n +1)22(2n + 1)

[ "] —
X =

(2.’1?)[2n+1] —
Coming back to (12) we find that

n 2 Topia (22 n!)?
2n + 1) ’ F:(;(;()2 ) ’ (27(7‘_31)! : (p(x)’ zeRy, nelN (13)

@(x+n+1)(

But (10) applied to g(z) = z/(2(2z + 1)) yields

n! (n!)?
1) = = .
Pt = S i~ @t D)
This, (9) and (13) show that (11) actually holds true. O

4. MAIN RESULT

Now we are in position to formulate and prove the already announced result.

Theorem 1. Leta € Ry, b e R, and let h: Ry — R be a continuous function which
is convex on an interval (¢, +00) C Ry and satisfies the condition

h(z) = alogz + b+ o(1), z— 0T, (A)

Then ®, = {S}.
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Proof. Fix an z € (0, 1], take a solution ¢: Ry — R, with ¢(1) = 1, of equation (5)
and assume that the function
fi=hoyp

is continuous and convex on (c¢,+o00) C Ry. Thus the difference quotient of f is
an increasing function of one argument with the other fixed, cf. [6], Theorem 7.3.2,
p. 153. Taking the quotients in the intervals [n,n+1], [n+ 1,z +n+1], [n+1,n+2],
consecutively, we obtain the inequalities

Fnt 1) = () < T Fatnt 1)~ fnt 1) < fn42) 1), neNA (e, +oo).
(14)
Introducing, for short, the notion:

Hy(z) =flz+n+1)—(z+1)f(n+1)+2f(n), neNU/ (c,o0), (15)
we may rewrite (14) in the form
0< H,(z) <z Hp(1). (16)
Using equation (5) with x replaced by x + n we get

. plx+n+1) . (x+mn) 1
lm ——— = lim ————— = —|
n—oo (x4 n) n—oo 22z +2n+1) 4

whence
lim p(x+n)=0, neN.

n—oo

(This equality remains true when z = 0 but it requires a separate argument, however,
the same as above. The departure point is then equation (5) with x = n which yields

p(n+1)/e(n) =n/(2(2n+1)).)
Now we may use the relation (A) with that x replaced by ¢(x + n) to arrive at

f(z+n) =hlpx +n)] = allog [p(z + n)] + b+ o(1), n— oo (17)

(In the rest of the proof all symbols o(1) refer to x — 0T.)
With ¢ standing for log o we obtain from (17) the following relations:

flx+n)=ag(x+n)+b+o(1);
fn+1)=ag(n+1)+b+o(1);
f(n) =ag(n)+b+o(1).

Finally, on introducing G, (z) defined by (15) with that f replaced by g, we get

H,(z) = aGp(z) + o(1). (18)
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Now we want to find the limit of G,,(1) as n — oo. According to (15) we may write

- B pn+2) ) | _
Gn(l) = 9(n+2)=29(n+1)+9(n) = log | o5 - Z0my | = los

(n+1)2n+1)
n(2n + 3)

Therefore Gy, (z) = o(1). Relation (18) for x = 1 implies H, (1) = o(1). Since inequ-
alities (16) hold, H, (z) = o(1) as well. Finally, formula (18) yields

Gn(z) = o(1). (19)

What is left is to calculate G, (). First of all, from (15) (with ¢ in place of f),
we have for n € NU (¢, 00)

Gn(z):=gx+n+1)—(x+1)g(n+1)+xg(n) = log {@(:(ZZJ{)I) ) (¢(i(i)1)> } .

Now we apply (11) and equation (5) for z = n and observe that

(mﬁ 1)295 | i(f;) | (2(2nn+ Uﬂ e K%?il)x ' ;L(g)] |

This means that (cf. (10))

Gn(z) = log

. ERRCIC))
nILH;oG"(x) =1 gﬁ(x)

On the other hand, (19) says that the limit is zero. Hence we have proved that
p(x) = B(x), ze(0,1].

Part 2) of Lemma 2 implies that such solutions of (5) coincide in their whole
domain of definition, i.e., if ¢ € ®; then p = 3, as claimed. O
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