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Abstract. We give a short survey on the theory of the mixed boundary-value problem for
the stationary Fourier equation in a non-homogeneous medium defined on any Lipschitz
domain @ C R"™ (n > 2). The compatibility condition for the thermal flux has been
established by the standard procedure of integration the divergence.
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1. INTRODUCTION

The present paper supplements and continues [2, 3, 4, 5, 8] and [1] and includes
a fragment of the general theory of the mixed boundary-value problem for the
diffusion equation in a non-homogeneous medium. The compatibility condition (4)
for the thermal flux has been established by the standard procedure of integration
the divergence (see e.g. [7] chap. I, (1, sec. 1.3)).

We look for a stationary distribution of a temperature T in a solid 2 (which arises
by sticking of some homogeneous materials €2y, ..., with thermal conductivities
01,...,0s. Heat sources f, a temperature b on a piece 92 of the boundary of
Q (so-called Dirichlet boundary) and overall heat-transfer coefficients «, 8 on the
remaining part of the boundary (that is, on 9777 := (9Q) \ (9;), called the Fourier
boundary) are treated as known. Let us say that in any homogeneous material 2,
the heat propagates in agreement with the Fourier law (1). On the borderland of
Q; and Q;, 7 # j , we postulate a consistency of normal components of the heat
fluxes, i.e. the local heat balance (2). Statement of this condition is a result of our
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co-operation with M. Danielewski and W. Krzyzanski [6]. Both of these laws have
a local character (they are described by differential operators) and follow from the
more fundamental integral law:

G [T = [np©t.0don() + [ fit.a)de
B oB B

(1)

for every B C () with a regular boundary

where the vector-valued function J is interpreted as a heat flux, ng means the inward
normal with regard to B, and op — the surface element on dB. In the present paper
we suppose that J is a “plywood” of Fickxian fluxes, i.e.

J(t,x):—9i~(g—i(t,x),...7§%(t,x)> for z€Q;, (i=1,...,8). (2)

The law (1) is more general than appropriate differential equations, because it
admits discontinuous heat fluxes; in particular the flux (2) is, in general, discontinu-
ous.

2. STATIONARY DISTRIBUTION OF HEAT
IN A NON-HOMOGENEOUS MEDIUM - INTRODUCTION

Let N 5> n > 2. Consider a bounded Lipschitz domain  in R™ (i.e. © is bounded,
open and connected, while the boundary 9 of Q satisfies the Lipshitz condition).
Suppose that 1 < s e N and Q4,...,Q, € top Q (i.e. ©; is open in 2, Vi). Moreover
Q1,...,Qs are pairwise disjoint and m (Q\ U;Zl Qj) = 0, where m stands for the
Lebesgue measure in R™. We assume that for every j the boundary of fulfills the
Lipschitz condition. So, the field n?: 9Q; — R™ of normal vectors, inward with
respect to (2;, has a domain of full measure in the sense of the surface element
o;: B(09;) — Ry on 99;. The domn’ may be only a subset of 9€; and the
symbol B (9€);) stands for the o-algebra of all Borel subsets of the topological space
08);. Lastly, let o: B(092) — R, denote the surface element of 0). Distinguish an
arbitrary Borel subset 0;) of 92 and denote:

orrr€) :i= (69) \ (619), a[[[Qj = (6QJ) n (31119) .

Now we shall give the classical formulation of the mixed boundary value-problem
for the stationary Fourier equation with singularities.

At this stage we do not discuss the regularity of considered functions. Assuming
the following
Data:

01%"7056}0700[;
f:Q—-R;
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b: 0102 — R;
Oé,/BZ aIIIQ *)Ra

we look for a function

T:Q—R
satisfying the following
Physical laws:
0=0; AT+ f in (j=1,...,s) (3)
and
oT or S
<0i% +9j%> () =0 forany i#j @
and o;-almost every z € (9€;) N (0K2;)
and the
Boundary conditions:
T=0» on 079, (5)
oT
8n =aTl + (3 on 09, (6)
where 2L := limg,5.—., n'(2)V.T (scalar product of the vectors n'(z) and V.T),

V= (%, e %), A:=divv =310 % and n: 9 — R” is the inward normal
with respect to €.

To put a definition of a solution of the problem (3)—(6) with full mathematical
accuracy, we have to go across the following

Heuresis. Let ¢: Q — R vanish on ;2. Using the Fourier equation in 2, integrating
by parts and applying (6) we calculate:

O:/(G-AT—i-f)apdm:

/f(pdm 0, /3 —pdo; — 9-/VT)(V<p)dm:

/fgodm— / 9](9 Japdaj 6, / (OzT-i-ﬁ)stU—Hj/(VT)(Vgo)dm

Qﬁaﬂ BIIISZj Qj

Adding the obtained equalities within the range of 1 < j < s we get:

- T
ZH /VT (V) dm + /(ozTJrﬁ)(pda +Z / Hj%godaj:

Q; B1119; I=lanaq; (7)
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We denote
M;; = QN (0Q;)N(0%;) for different ¢,5 € {1,...,s}
and remark that

Qﬂé‘QJ = UMij’ gj (Mil,ijiz,j) =0 for il #12
i#j

Hence, using (4) and dividing the set A := {(i,5) € {1,...,s}?: i # j} into packets,
we calculate:

Z/ I on j‘PdUJ— Z /9]5‘ j@d%: Z /Qajtpdol—

I Qnog; (L) EANT,, (i.)€ANT,,

= Z /Hkaak(pdal Z /018 spdop = Z / i 9n ]godaj

(BEANT,, (kD)EAN, (L) €A,

Thus 375 [ona0. 05 %gp doj = 0, which reduces the equality (7) to the form:

ag.o(T, ¢) = &(p), (8)
where
wallie) =Y 0 | [(VD(Te)dm+ [ aTeio|. (9)
j=l1 Q; Ar119y
/f(pdm ZQ / By do (10)
=L a0
and 0 := (61,...,05) (€ R®). O

Now we shall present an exact formulation of the boundary-value problem
(3)-(6). In order to attain this we introduce the following special space of test
functions:

®:={peH: ppgq=0} (11)

where as usually
Q) = {per2@): 22 . e L3(9Q)
Oxy’’ axn

and % is the only element of L?(Q) for which

_ 3¢> 12
(611 1/J> L2(Q) (@ | 97 ) 12(q) -
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Here
D(Q) := C=(Q) N {compact support} = {¢; Q — Rof class C® | {9 £ 0} C Q} ,
while L2() is defined as the factor space:

L?(Q) := {square summable real functions on Q} /

/ {almost everywhere vanishing functions on 2} .

The linear spaces L2(2), H'(2) are separable Hilbert spaces with the scalar
products

(P1 | p2)p2(q) = /p1p2
Q

(11 02) i) = (P11 92) o) + (Vo1 | Vo2) 2 rn) = (13)
() ()

- 8@1 8@2
= (o1 Lo + 2 (52 52
i=1 g v/ L2(Q)

The restriction )9, on the right hand-side of (11) is meant in the sense of the

respectively.

trace theory (see [9, 10]), i.e. it is a limit of the sequence ((go,,)lam) in the Hilbert
v=1

space L? (0;Q) (provided with the scalar product (b | b2) 20,0 ::_falQ b1b2 do) for
any sequence (,)°>, € (C* (R™))" such that (Pv)ja % ¢ in H'(Q) (see also (26)
below). So, ® is a separable Hilbert space with the inner product (13), as a closed
subspace of H(Q).

Definition 1. A function T € H'(Q) is a weak solution of the problem (3)—(6) for
given:

a) 61,...,05 €]0,00[;

L”*1(31HQ), asn > 2,
LYT2(01119Q) for somee >0, asn=2;

b) 0<ac€ {
c) £,
d) b=bjs,q for some b e H'(Q)

if and only if Tjs,o = b and (8) holds for any ¢ € ®.

All the restrictions to 91 or Or;r€) are here meant in the sense of the trace
theory. In particular, the restriction (aT'¢),,, o on the right hand-side of (9) is
o-summable, in virtue of (26). In Definition 1 we did not specify regularity of the
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data f, o, 8 considered in the classical statement of (3)—(6); we only assume that
the linear functional (10) is well defined and continuous as a function on the Hilbert
space ®, or, in other words, £ is a element of the dual space ®'. The condition
Tio,o = b and the variational equation (8) take in both the physical laws (3), (4)
and the boundary conditions (5), (6).

Example 3. Consider

e L%(Q) asn > 2,
L) asn=2

and

22
ﬁ c {L (81119) as n > 2, (14)

L1+E(a[[[Q) asn =2

for a certain € > 0. Then the functional £&: ® — R given by the formula (1) is
well-defined and continuous. It follows from (26).

Physically, the functional ¢ from Example 3 corresponds to wvoluminal heat
sources f (that means that the second integral on the right hand-side of (1) is
arbitrarily small for sufficiently small m(B)). Definition 1 admits also singular heat
sources, e.g.

f:q)aape/pcpdaM—Zﬁj / Bpdo € R (15)
M

J=1 Orrr€y

where 3 satisfies (14), while M C € is a hypersurface in R” (i.e. M is a submanifold
of R™, codim M = 1), o is the surface element on M and, finally,

22
o {L (81119) as n > 2, (16)

L1+5(8111Q) as n = 2.

The functional (15) belongs to @’ because the condition (16) has the same structure
s (14). Physically, the function p: M — R is a density of the surface heat sources.

Proposition 1. The following conditions are equivalent:

a) ag.o s an admissible scalar product in ® (i.e. it is induces in ® the topology

inherited from H(2));
b) o ({a#0}UdQ) >0.
Proof. (a)=-(b). Suppose, contrary to our claim, that

oc({a#0}UoQ)=0. (17)
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Then ® = H(Q), while ¢ = 1 is an element of ®, so,

0<agalp, @)= 0 ( /(W’)(W) dm + / app do) =0.
j=1 ; OrirYy

J

—_———
0

In this way the hypothesis (17) has led to a contradiction.
(b)=>(a). The bilinear form ap: ® x & — R is continuous, symmetric and
non-negative, so it induces the semi-norm:

P3¢ —plg, =1/a0,alp,p) € Ry. (18)

It is sufficient to show that the semi-norm (18) is stronger than the original norm

el o) =/ (@] @) (19)

induced by the inner product (13). Of course, for any ¢ € ®

elga =0 /\W\Q dm + / ap’do | >
j=1 Q;

o111
> (mjn@i) Vol 2 + / ap? do
7
OrrrQd

Consider an arbitrary Borel set ¥ C 9 for which ¢(X) > 0. Then by Lemma 1
which will be proved below the functional

2

1
1 — = 2 v —
H () 3¢ —loly: \IVw\ILerU(E) /wda €ERy (21)
>

is an admissible norm in H'(Q2), so, Jes € Ry Vo € H'(Q): |¢ly > e [l¢ll 1 (q)-
In the case of o(9;Q) > 0 we put ¥ = 9;Q and, remembering (20), obtain:

19llg.0 = (min6i) IVell 2 = (mind,) ¢l > (mind;) - s - 9l o

for any ¢ € H'(Q). q.e.d.
It remains the case 0(9;€2) = 0. Then

0<ofa#0)=c| |J {a>et|< D o{a>e}

Q3e>0 Q3e>0
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and so, there is an e, € ]0,1[ such that o({a > e.}) > 0. Putting ¥ = {a > ¢.} and
using (20) we estimate:

620> (ming:) [ IVel2s +e. / o | >

{a>e.}

> (min@i) CEy - ||V<,0H2L2 + / <p2 do | >

{a>e.}
> ey (min&) A Ivel?. + L P’do | =
- i L0 a(®)
)

— e (min:) - fol} > e (mind,) - el - O

Lemma 1. Consider ¥ € {o > 0}. Then the functional (21) is an admissible norm
in the Sobolev space H'(2).

Proof. Of course the semi-norm (21) is H!(Q)-continuous. In other words, the norm
(19) is stronger then the semi-norm (21).

Suppose ¢y, = 0 for a fixed p € H'(Q). Then [|[V¢|| ;. = [ pdo = 0. But Q is
connected, so, be the generalized du Bois-Reymond Lemma, ¢ = ¢ for some ¢ € R.
Consequently,

Oz/apdazc-a(Z)
b
and ¢ =0, ¢ = 0. Thus, ||y, is a norm.

In those circumstences, it is sufficient to show (thanks to the Banach open ma-
ping theorem) that the norm (21) is complete, i.e. the pair (H'(f2),|-|y;) is a Banach
space. And so, assume that a sequence (¢,) € (H*(Q2))Y is regular in the sense of
|s;- Then the sequences (Vi,) and ( [y, ¢, do) are regular in the Hilbert spaces
L? .= L?*(92,R") (of square summable vector fields) and R, respectively. Therefore,
there are F € L? and r € R, such that

lim Vg, — F|;-=0 and lim /(pl,da:r.
b

In particular, by the definition (12), for any solenoidal test vector field ¢: Q — R"
(ie. ;... 0 € D(Q), divey = 37} I = 0) we have:

o0V

(F[Y)p2 =— (Voo [¥) 2 = — (o0 | di"‘/})m(sz) =0.

In view of the arbitrariness of 1, the regular distribution

(F]: Q) 5 A L [ Ma)F(2)dz € R”
Q



Discretization of the stationary distribution. . . 27

is conservative, i.e. there exists a scalar distribution V € ©’(Q) for which

[Fi] = — for any 1<i<n. (22)

€T
It follows from the de Rham theorem (see [12]). Simultaneously, 9 fulfils the Lip-
schitz condition, thus, V is a regular “square — summable” distribution, i.e. there is
a function v € L?(Q2) such that V = [v] (see [13, 11], or [10]). By (22), v € HY(Q)

andV1<i<n 037” = F; in the sense of the definition (12). Finally, the function

1 1
v +@ T—/vda (e H(Q))
€H(Q) 3

constant function

is the limit of (p,) in the normed space (H'(f),||s). Then, the norm (21) is
complete. O
In the same way we can prove the following analogons

Lemma 2. The functional

2

HI(Q) S —|olp = /‘VxQDF dx + /go(x) dr| €Ry
Q Q

is an admissible norm in H* ().
In particular, there is a constant C' € R, dependent only on 2, such that
el 2y < Cligllp  for any ¢ € HY(Q). (23)

It is one of two well-known Poincaré inequalities.
We say that a sequence (En)nen of finite-dimensional linear subspaces of a
normable space F is an inner approzimation of E if for every point e € E

J\;im dist (e, En) = 0, (24)

where dist(e, Ex) := inf {|e —¢|: ¢ € Ex} and || is an admissible norm in E (of
course, the condition (24) does not depend on choice of such a norm). Fixing a norm
|| p in £ we may consider the Banach space M>(E) of all bilinear continuous forms
on F x E, with the norm

1Vl azy () = sup {v(er, e2)] = ler| g < 1, le2| 5 < 1}

Now, we will prove a theorem on the existence, uniqueness and continuous
dependence of the solution of (3)—(6) on the data. The solution T will be constructed
as a limit of the sequence (Tn)%_, in H'(R).
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Theorem 1. Suppose o ({a # 0} U0rQ) > 0. Then, for arbitrary given data a)—d)
(from Definition 1), there exists the only solution T of the problem (3)—(6). More-
over, if:

b e H* () is any extension of b (i.e. b=Dbjs,0),

(PN)nen @8 an inner approximation of @,
and:

N — 00 .

HNH 0 in R?,
1 (61119), when n > 2
LY (0r11Q), when n=2,

N—oco . {
ay — « in
By V=T in HL(Q),
e g in @,
then:

a) VINeN Fluy € dy:

ay  (un,p) =En(p) —an  (bn,p) for @€ ®y; (25)

0,an 0,aN
b) Ty :=un + by N=or in HY(Q).

The symbols ”V!” and ”3!” above denote ”for sufficiently large” and ”there exists
the unique”, respectively (see, at once the comment (27)).
Proof. Existence. In agreement with Proposition 1, the bilinear form ag o (in restric-
tion to ® x ®) is an admissible scalar product in ®. Let v € ® mean the Riesz
representation of the functional

10350 g(p) — apalbp) €R
in the sense of the scalar product ag . Then
T:=u+b
is a solution of the problem (3)—(6) because Ty, = 5‘319 = b and for any ¢ € ®:

ae,a(T7 SO) = ae,a(Uﬁ SO) +a97(1(57 SO) = E(SO)

L)
Uniqueness. Let T be a solution of (3)—(6). Then T —T € ® and for each ¢ € ®:

a9,a(T - T7 90) = a9,a(T7 90) - a9704(1~—’7 90) = g(@) - g(@) = 0.
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Putting cp:TfT we get: T-T=0.
Approzimation. For a fixed exponent r € [1, 00[ consider the Sobolev space

r T a a r
Wi (Q):{@GL(Q): a_gi""’% GL(Q)}.
IT_ 0%,

in the sense of definition (12)

It is a Banach space with the norm

1
P

. n a(p '8
el = | [ 16| Y =z
Q = o

Using fundamental facts from the trace theory and the Sobolev embedding theorems
(see [10, 9]) one can prove that the restriction operator
(n—1)r

WL (Q) = L (09) (26)

is well defined and continuous.
Hence, in particular,

an N:ioaga in M, (Hl(Q))

0,an
Consequently, the sequence (Iy)nen of functionals
d —_
In:®59 - Loen(p)—ay  (by,o) €R
0,an
converges to [ in the Banach space ®', as N — co. By Lemma 3,

N—oo .
uy — u in .

Finally,
Ty =uny+by = u+b=T in H'(Q). O

The after-mentioned assertion, originating mainly from Ritz and Riesz, is a
result of great weight in the discretization problems. Namely, modifying slightly the
proof of so-colled projective theorem (see [14]) we obtain the following

Lemma 3. Let (En)nen be an inner approzimation of a Hilbert space E. Consider
a functional | € E' and a bilinear continuous form a: E X E — R satisfying the

condition

a(807 L)0) > 0

eeE\{0} |pl3

(where || is the norm of E). Consider additionally sequences
(In) € (ENY  and (any € My(E)Y)

convergent to | and a, respectively (in the Banach spaces E' and My(E), respectively).
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Then:
a) VINeN Fluy € En:

an(un,¢) = In(p) for any ¢ € En;

N—oo .
b) uy — u in E,

where u is the only vector of E such that a(u,-) = 1.

Certainly, if a is additionally symmetric, then a is an admissible scalar product
in E, while the vector u is the Riesz representation of [ in the Hilbert space (E,a).
Remark that there exists such large integer Ny € N as the form apy is coerciti-

ve for every N > Ny. Then the part a) of the above proposition takes the form
“YN >N3dluy € En...”. This concerns also Theorem 1. In particular,

N
if €10, 00[* and ay > 0 for every N € N, than we can put Ny =0 (27)

(i.e. the part a) of proposition of Theorem 1 takes the form “VN € NIluy € & ...,

N
The assumption “V N € N: g€ ]0,00[*” is natural whereas the approximation ay
do not have to be non-negative for some first N. For example, it may happen when
ay is the finite expansion of « in a Fourier series.

The pure Neuman boundary value problem needs an individual treatment, be-
cause in the case of @ =0 and 9;Q = () we can not use Proposition 1.

Theorem 2. Assume o =0 and 012 = 0. Consider arbitrary data 0 = (04,...,0s) €
€]0,00[" and & € (Hl(Q))/ (see a), c) from Definition 1).

1) Then the following conditions are equivalent:
(i) there exists a solution of the problem (3)—(6);
(i) &€(1) =0, where 1(€ HY(Q)) is the function equal identically to 1 (€ R).

2) Suppose that £(1) = 0 and consider an arbitrary number h € R. Then there exists
the unique solution T of (3)—(6) such that

/ T()dz = h. (28)

Q
Furthermore, if (En)nen 148 an inner approximation of the Hilbert space
HY(Q)n{[ =0} and:

w2 b in R,

N — 00 . S
QN—> 6 in ]0,00[,

ev X in (HYQ),
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then:

a) VN e NJluy € En:

ay O(UNMP) =¢in(p) for ¢ € En; (29)

)

b) Ty i=un + mighy =T in HY(Q).

The linear subspace
H™(Q):={ pec HY(Q): /(p(x)dm =0
Q

of HY(Q) is closed in the Sobolev space H'(Q), so it is a Hilbert space with the inner
product (13) (in fact, it is a closed hyperplane in H*(S2)).

Proof. Since for any ¢ € H(Q)

2 : 2
nalioe) = 0 [IVapldo= (win ) [1Vaslan 0
) Q
the restriction of the bilinear form ag o to (H 170(9))2 is a scalar product inducing
the norm (18) which, on the strenght of Lemma 2, is equivalent to the original norm

(19).
Suppose T is a solution of (3)—(6) fulfilling the condition (28). Then the centring-
function )
=T ———=h
YT @

is in the hyperplane H>%(Q) and for every ¢ € H():

1
analu ) = ano (14 b ) = analT.p) = () (31)
because of the obvious equality

a9,0(1a (p) =0. (32)
Ad 1) (i)=-(ii). We suppose there is a solution T of (3)—(6). In accordance with
(31),
£(1) = apo(T,1) =0.

(ii)=(i). Let u € H»9(Q) stand for the Riesz representation of the functional
§m1o(n) in the sense of scalar product Q0| (H1-0(02))2- Then the function

1
T::u-i-mh (33)
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is a solution of (3)—(6) satisfying (28). Indeed, remembering (32), we have:

1
ap,0(T,¢) = ag,0(u, ) = ag,o <U’§0 - W/W”“) =
Q

€H1.0(Q)

1
=¢ w—m/wdm =£&(p)

Q

for every ¢ € H(Q).
Ad 2) Assume £(1) = 0 and consider h € R . In the previous step we have
showed that the function (33) is a solution of (3)—(6) satisfying (28).

Uniqueness. Let T be a solution of the problem (3)-(6), (28). Then the difference
T — T belongs to H1%(Q) and

ag,o(T =T, ¢) = ago(T,¢) — ago(T,¢) = £(p) — E(p) =0

for each p € H(Q). Putting o =T — T we get: T —T = 0.
Approzimation. By Lemma 3, there holds part a) of the proposition and
un Y% w in the Hilbert space HY9(Q). Finally,

1 N —oco 1 . 1
Ty = —h ——h=T H'(Q). O
N UN+m(Q) N u+m(Q) in ()
In the heat theory the above number h is interpreted as the total heat of the
medium.

REFERENCES

[1] Bozek B., Holly K.: Stacjonarny rozklad ciepla w osrodku niejednorodnym (Sta-
tionary distribution of heat in the non-homogeneous medium). Informatyka
w Technologii Materialéw, t. 1, nr 2, 2001, 61-72.

[2] Bozek B., Holly K., Jaskélski J.: Stacjonarny rozkiad ciepla w tloku. Materialy:
“International Science Conference on Internal Combustion Engines KONES’92” |
Wroctaw — Szklarska Poreba, September 1992, 57—63.

[3] Bozek B., Holly K., Jaskélski J.: Variance methods for thermo load of elements of
IC engine. 20th International On Combustion Engines (CIMAC 1993), London
1993, D74.

[4] Bozek B., Holly K., Jaskolski J.: Mized boundary value problem for the statio-
nary distribution of heat in a non-homogeneous medium. International Scientific
Conference on Internal Combustion Engines and Motor Cars “MOTAUTO0O’93”,
Sofia-Semkovo 22-25 November 1993, 13-20.



Discretization of the stationary distribution. . . 33

[5]

Bozek B., Holly K., Jaskélski J.: Numeryczne aspekty wyznaczania rozktadu tem-
peratur w ttoku silnika wysokopreinego z wktadkami. Teka Komisji Naukowo-Pro-
blemowej Motoryzacji PAN o/Krakéw, z. 6: Konstrukcja, badania, eksploatacja,
technologia pojazdéw samochodowych i silnikéw spalinowych, 1995, 5-18.

Danielewski M., Krzyzanski W., Figura B., Kita P., Pecak G.: The non-reduced
solution of the Fischer model, grain boundary diffusion in R3. Metallofiz. Nove-
ishie Tekhnol. 55 (21) (1999).

Duvant G., Lions J.L.: Les inéquations en méchanique et en physique. Paris,
Dunod 1972.

Holly K., Bozek B., Danielewski M., Krzyzanski W.: Wlasciwo$ci termiczne ma-
teriatow niejednorodnych i wyznaczenie rozkladu temperatur dla stanow stacjo-
narnych ztozonych elementéow konstrukcyjnych. Forum Materialoznawstwa Ener-
getycznego, Politechnika Krakowska 25-27 listopada 1993, nr 31.

Lions J.L., Magenes E.: Problémes aux limites non homogénes et applications.
vol. 1 et 2, Paris, Dunod 1968.

Adams R. A.: Sobolev Spaces. New York, Academic Press 1975.

Tartar L.: Nonlinear partial differential equations using compactness method.
M.R.C. Report 1584, Univ. of Wisconsin, 1976.

Rham de G.:, Variétés différentiables. Hermann, Paris 1960, 154.
Rudin W.: Functional analysis. McGraw-Hill Book Company, 1973.

Temam R.: Navier-Stokes equations. Amsterdam—New York—Oxford, North-
Holland Publishing Company 1979.

Bogustaw Bozek
bozek@uci.agh.edu.pl

AGH University of Science and Technology
Faculty of Applied Mathematics
al. Mickiewicza 30, 30-059 Cracow, Poland

Received: March 2, 2004.



