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A MAJORIZATION RELATION FOR A CERTAIN CLASS
OF %-QUIVERS WITH AN ORTHOGONALITY
CONDITION

Abstract. In [1, 2, 3], x-algebras and *-categories over the field C of complex numbers
were quasi-ordered with respect to the complexity of the structure of their x-representations
with a majorization relation »>. A notion of x-wildness was also introduced there for an
algebra (a category) if the algebra majorizes the *-algebra C*(F2). In this paper, we
discuss some methods for proving that an algebra is *-wild and obtain criteria for certain
“standard” *-categories (ensembles with an orthogonality condition) to be *-wild.
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1. INTRODUCTION

A majorization relation > for x-algebras and *-categories was introduces in [1, 2, 3] as
follows: for categories K1 and Ko, the majorization 7 = K2 means that the problem
of classifying x-representations of the category Ko over the category of Hilbert spaces
is contained in that for the category ;.

Let @ be a x-quiver with relations. Let it generate a x-category K = K(Q) over
the field C of complex numbers, see [4, 5]. Let RepC (Rep @) be the category of
x-representations of the x-category K (x-quiver Q), see Section 2 for the definitions.

Let Fo = C < ug,ug | wiul = ufu; = e, i =1,2 >. A *-category K is said to
be «wild [1, 2, 3] if L = F5. The wildness indicates that the classification problem
is extremely complex; in a certain sense, F2 majorizes “all other” *-algebras and
x-categories, see [6].

An involution quiver @@ will be called an ensemble if the sets of its vertices and
edges can be written as @, = le) U Qg) and Q, = Q((ll) U Q((f), respectively. Here



6 0. V. Bagro, S. A. Kruglyak

the subsets that enter in the unions can have a nonempty intersection and even
coincide. They are defined as follows. For every pair of vertices in the sets le) and
Q§,2), there is precisely one arrow in Q((ll) going from the vertex in the set Qg,l) to the
vertex in the set QE,Q). The same must also be true for each pair of vertices in QE,Q),
5)1), and the arrows in ng). Hence, if o € le), then o* € Q((f), and vice versa. If
S}) ={a1,a2,...,an}, QE,Q) = {b1,ba,...,bp} and au,q,: a; — bi, e, € Q((ll), the
ensemble can be given by the two matrices

al a2 PR an b1 b2 PRI bm
* * *
bi | Qbyay Qbray --- Qbay, a1 | of . Qo - L
by | ap ap ap as | of af of
201 202 ¢ 20n % bias boaz bmas
A= . ) .. . and A* =
* * *
bm | %%,.a1 Ob,as -+ Qba, An | Qf 0 Qpg ooe O o

An ensemble @ given by the matrices A and A* and the relation

al a2 PRI an
ai Eal
. as Eas 0
A*A =
0
an Ea,

will be called an ensemble of dimension m x n with the orthogonality condition

0, ifi#j,

* * * _
Q101 + QgQ2j + o+ QG = {5 =
a;» -

defined in the vertices ai,as, ..., a,. This ensemble will be denoted by Q,,x -

In this paper, we find conditions for majorization of the x-categories, K(Q ;1) >
= K(Qpxnt) (Theorem 2) and prove a criterion for the *-category K(Q,,xnt) to
be x-wild (Theorem 3). As a tool for proving statements on the majorization, we
construct a quiver Q’am that is derived with respect to the arrow o« at the point
x = (x1,22,...,%n), ; € R, and prove Theorem 1 related to this construction.

2. CATEGORIES WITH AN INVOLUTION AND A MAJORIZATION
RELATION

Let K be a category with an involution * over the field C of complex numbers [4, 5]
such that a* = a for every a € Ob K. Hence, for every morphism a: a — b there is
a morphism a*: b — a such that 1) o** = a, 2) (af)* = f*a*, 3) (2101 + 2002)* =
=Z10f + %203, 21,22 € C. We assume that there is a zero object in K. In the sequel,
we call such categories x-categories.
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Together with the category K, we will also consider, as a system of generators,
an involution quiver (x-quiver) @ [4, 5] such that for each vertex a, a* = a, and
for each arrow a: a — b there corresponds an arrow a*: b — a such that o™ = a.
The category K is obtained from the category of paths of @ by factorization. The
category K will be called finitely generated if it can be defined by a finite *-quiver
and a finite set of relations (linear combinations of certain paths are set to zero).
A morphism ¢: a — b in the category K is called an isomorphism if there exists a
morphism ¢~!: b — a such that ¢=1p =g, and pp~!
called a congruence if ¢!

= &p. An isomorphism ¢ is
= p*. A representation of the category K is an involutive
functor 7 over the field C, compatible with the involution, from the category K to
the category ‘H of Hilbert spaces, where the objects are separable Hilbert spaces and
morphisms are bounded linear operators from one space to another. The involution
on the objects of H is an identity, whereas, it is the adjoint operator on a morphism.

Representations of the category I themselves form a x-category Rep K who-
se objects are involutive functors 7 (*-representations) and morphisms are families
of morphisms of the category H which intertwine these functors (natural trans-
formations of the functors). Two representations are called equivalent, if they are
isomorphic in the category of representations, and are unitary isomorphic, if they
are congruent in the category of representations. As is known, see for example [4],
that if two x-representations are equivalent, then they are unitary equivalent.

Let us define a *-category of matrices M(K) over a category K. Its objects are
ordered collections (a1, as, .. ., a,) of objects of the category K (we do not exclude the
possibility of repetitions of a;). A morphism from (ay,ag,...,ay,) into (by,ba, ..., by)
is a matrix of dimension m x n that will be written as

al a2 PRI an bl b2 PRI bm
* * *
bi | ann aiz ... Qi ar | afy by ...k,
* * *
A= bz | @01 a2 ... az, 7 Af = G2 | Qfy 5y - o |
* * *
b | 1 Qa2 .. Qi an | af, o, ... ak.,

a;; € Homk(aj,a;). The composition and addition of morphisms in the category
M(K) is performed by using the usual matrix multiplication and addition.

Let us give a definition of an enveloping *-category, see [1, 2, 3].

Definition 1. Let K and K be x-categories. A pair (IE,‘I): K — IE), where ® is an
involutive functor from the x-category IC into the x-category IE, is called an enveloping
category of the category K if for any x-representation w: K — H there exists a unique
representation T : K — H such that the diagram
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1%

K—H

is commutative and any morphism in the category Rep IC that intertwines two repre-
sentations m1_and w2 in the category K intertwines the representations 71 and T2 in
the category K.

Let M(K) be the category of matrices over a #-category K, (/\//I_E_IC/)7 o: M(K) —

—_~—

— M(K)) its enveloping category. Any x-representation 7: K — H induces a repre-

—_~— —_~—

sentation IT: M(K) — H, hence, a representation IT: M(K) — H. If U: £ — M(K)
is an involutive functor. Then one can naturally construct the functor

Fy: RepK — Rep L.

By the definition, Fy(7) = MoV and, if C = (C,)acob k is a morphism of represen-
tations in Rep K, C,: m(a) — m1(a), (a1,as,...,ar) € Ob M(K), then [3]

F‘I’(C) = diag (Ca1>ca27 cee 7Ca1c) € HOIIIH(TF((Il) D @W(ak)7ﬁl(a1) SERR @71'1((lk)).

Definition 2. We will say that a x-category L directly majorizes a *-category K and
denote this by Lt>K if the category of matrices M(K) contains the enveloping category
(M(K),F) and a x-functor ¥: L — M(K) such that the functor Fg: Rep K — Rep L,
which is univalent by the definition, is full. A x-category L majorizes a x-category
K, denoted by L = K, if there exist *-categories Ki,Ko,...,K, such that L =
=L K>y > Kpp1 = K. We will say that a x-quiver Q1 majorizes a
x-quiver Q2 and denote this by Q1 > Qa, if K(Q1) > K(Q2) for the corresponding
categories.

The majorization relation is a quasi-order on the class of *-categories and *-
-quivers.

As a complexity reference for the problem of classifying x-representations of *-
-algebras and *-categories, we take the classification problem for pairs of self-adjoint
operators up to the unitary equivalence [6] or, which is actually the same thing, that
for pairs of unitary operators [1, 2, 3].

Definition 3 ([3]). A *-category K(Q) (a x-quiver Q) is called x-wild, if K(Q) = Fa,
where Fo = C < uy,ue | wiuf =ufu;, =e,i=1,2>.

It is clear that if K is a *-wild category and Ky > I, then K is also x-wild. So,
it is useful to have a sufficiently large class of “standard” *-wild algebras (categories).
They include, for example, the *-algebra generated by 3 orthogonal projections two of
which are mutually orthogonal [1, 2, 6]. In this paper, we construct other “standard”
x-wild categories.
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3. DERIVED %-QUIVERS AND MAJORIZATION

Let a € Qq, @: a — b and, if a = b, then a = o*. Let © = (x1,22,...,2,) € R,
x; # xj for i # j and, in addition, x; > 0 if a #b. If 0 € {21, 22,...,2,}, Wwe assume
that x,, = 0.

For a quiver @, let us define a quiver Q, ., derived with respect to the arrow a
at the point x. To construct Q'

o,z We do the following.

1. Delete from the quiver @ the arrows « and a*and replace the vertices a and b
with the collections of vertices a1, ag, ..., a, and by, bs, ..., b,, gluing the vertices
a; and b; if x; # 0.
2. Each self-adjoint arrow 8: a — a that does not coincide with « is replaced with
the ensemble
ar  ax -+ ap

ai /3(11(11 /3(11(12 ﬁauzn
B = a2 ﬁa2a1 ﬁaQaQ ﬁazan = B*.

an, /30«71,041 BanaQ /Banan

The same is done for each self-adjoint arrow (: b — b.

3. Each pair of not self-adjoint arrows v: a — b and v*: b — a is replaced with the

ensemble
ai e Ap—1 an
ai Yaiay s Yaran—a Yaian
T = ,
an—1 Yan—1a1 -+ Yan—1an—1  Yan—1an
br, Yoray coo Obpan—1 Voran
ai e aAp—1 bn
* * *
ay Yaia1 s ryan,lal rYbnal
T = :
* * *
an—-1 Yaran—1 - Yap—1an-1 Tbnan—_1
* * *
an Yaran te Yan_1an rybn(ln

4. Each pair of arrows é: ¢ — a, 0*:a — ¢, ¢ # a, ¢ # b, is replaced with the

ensemble
a -+ OGp-—1 (075
* * * *
A, A* = ¢ 5a1c 5%71C 6anc .

The same is done for each pair of arrows ¢ — b and b — ¢, ¢ # a, ¢ # b.
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The relations for the quiver Q’Ow induced by the replacements are obtained from
the relations for the quiver @ in the following way.

In every relation for the quiver @, replace the morphism a with the morphism
matrix

ai as -+ ap

ay | T1€ay

a9 T2Eay 0 (1)
0

Qn Ina,

if a =0 and a = o*. In the case where a: a — b and a # b, replace o with the
morphism matrix (1) if z; # 0, i € 1T,n, and with the morphism matrix

ai [ an—1 an
ai T1€a,
a2 T2Eq,
Ap—1 ITn—1€an_1
b 0

if #, = 0. Also, replace the morphisms 3= *:a —a, 3 =3:b— b, v:a — b,
b —>a, 6:¢c— a, 0*:a — ¢ (c#a c#D), S:dﬂb,g*:bﬂd(d%a,
d # b) with the morphism matrices of the corresponding ensembles performing all
the operations by formally multiplying and adding the matrices and equating the
corresponding elements in the obtained identities. Naturally, one relation gives rise
to several relations, in general.

Example 1. Let, for example, Q be the quiver
B

o« ™o .
I — a=a

g ¢

with the relation a® — 602 +11a —6e, = (a—e4)(a—2¢,)(a—3g,) =0, z = (1,2,0).
Then @, , has the form

a2
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and the relations are

a1 az as a1 az as al as as
a |0 a1 |—€a, ay | —2eq,
as Eas . as 0 . as 726(12 =0
an —Eas| Qn —2e44| an —3€as

!
a,T

Hence, €4, = 0 and, consequently, as is the zero object. Finally, Q, , is the x-quiver

with no additional relations.

Remark 1. In a standard way, a not self-adjoint loop v: a — a and its adjoint v*
can be replaced with two self-adjoint ones by choosing another system of generators
in the x-category K(Q), a = 7"'27*, 8= 75:*. So, it is always possible to assume
that the quiver Q has an arrow « with respect to which one can construct the derived

quiver Q' ..

Theorem 1. For a quiver Q, let Q’am be the derived quiver with respect to the arrow
a at the point x = (v1,%2,...,7,). Then K(Q) = K(Qf, .)-

Proof. Let M(Q, ) be the category of matrices over the *-category K(Qy, ). We
will prove the claim in the case where a: a — a is a self-adjoint arrow. If a: a — b,
a # b, the proof is similar. Let us construct the functor ¥: K(Q) — M(Qy, ) as
follows. Set

al a2 DRI an
a1 |T1€a,
U(a) = a2 T2Ea, '
Ay, Ina,,

U(B) = B if the arrow is not changed when constructing @/, ., and set ¥(8) to be

a,x?
the morphism matrix of the ensemble that replaces 3, otherwise. Relations for @y, ,
were defined so that the constructed mapping agreed with the relations for @@ and
! » and could be extended to a functor from the category K(Q) into the category

K(Qh.0).

Let us define the functor

Eg: Rep (Q/oz,x7 H) - Rep (Q7 H)

as follows. If m € ObRep (@, .., H), then 7 is extended to a representation II of the

o,z

category M(Q", ) on H, and we set Fy =ITo .

a,T
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Let C = (Ca)acqy, be a morphism of representations in Rep (@, .., H), Ca: 7(a) —
— mi(a). @ = (a1, az,...,a;) € ObM(QY, ), then set

(F\I,(C))a = diag (Cq,,Cass - - -5 Cay)
€ Hom rqy, ) ((W(al),ﬂ'(ag), o, m(ak)), (mi(ar), ™ (az), . . ., ﬁl(ak))>.

It is easy to check that Fg(C) is a morphism from the representation Fy (7) into the
representation Fy (1) (in the category Rep (Q,H)) and Fy is a functor. It is easy to
check as well that, being univalent by the construction, the functor Fy is also full.
Hence, Fy is an equivalence functor from the category Rep (Qy, ,,H) into some full
subcategory of the category Rep (Q,H) and, by the definition of the majorization

relation, we have K(Q) = K(Q5, .)- O

It is sometimes useful to describe the repeated construction of the derived quiver
with respect to arrows in an ensemble B or a subquiver of a quiver () as a single
construction of the derived quiver Q’B@ with respect to the ensemble 5.

Example 2. Let Q be the ensemble A and A*,

a1 as b1 b

* *

A o b1 11 12 A* . aq |0y Ggq
- b ) - * *

2 |21 (V22 ag |09 Qgy

with the relation

al az
Ap = BF O
az| 0 eq,
Consider a subensemble B, B* in QQ, where
b1 by

* * *
B* = aglage byl
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Let QM) = Q/B,w be the derived quiver for the quiver Q with respect to the subensemble
B at the point x that can be conveniently written as the matriz

a2
1
b1 zo 0
0
Tm
T = 9
Y1
y2 0
ba| O
Ym

where z; > 0, y; >0, x; # xj, yi #y; fori # j, 22 +y? = 1. We wrote the point x
as a matriz as to stress that, when constructing Q/B,w the ensemble B, B* is replaced
with the matriz

(1) (2) (m)

as as S Gy
a(l) T
2 160.;1)
2
ag ) Ig&agz) 0
: 0
aém) SL’mEagm)
(1)
Ay yleagm
2
(lé ) yQEGéQ) 0
: 0
aém) ym€agm>
and its adjoint.
The subensemble
b1 bo
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in the ensemble A*, A will be replaced with

aél) aéQ) a;m) aél) a;Q) agm)
1) 1)= 2)* ™m)* 1)* 2)* m)x 1
AD* — ay agl) agl) ...04(11) oz(u) oz(u) agl) , AW,
The relations in the quiver Q imply that
i i Dx (i D (i
zial) +yiak) =0, Y (ai)"al +af) ) = e,
i=1
or, since agil) = —%aﬁ), we get
Z agll)*a%) .
2 a
i=1 Yi

If the system of generators in the category KK(Q(M)) is changed by replacing the arrows

. (%)
agll) with B; = ayl? , then we get that the category K(Q™M)) is generated by the ensemble

) ol
2)x 1) 2)* m)* 2
AP = g 551) §1) -~-5£1 ", A

and the relation AP - AR) = ¢, .

4. ENSEMBLES WITH AN ORTHOGONALITY CONDITION
We will call an ensemble

aq as -+ ap

bi |1 aiz ... aqp

ba |21 o ... on

A= . .. .| A

bm Am1 Am2 ... Amp




A majorization relation for a certain class of x-quivers. .. 15

with the relation

; @ij: a; — by,

an ensemble of dimension m x n with the orthogonality condition

0, if i#j,

* * *
Q7,015 + Qo5 + -+ Qi Qo = . . .
1i-41g 2129 mi—mJ €ais if i=3

in the vertices a1, as,...,a, and denote it by Q,,xnL-
Theorem 2. The following relations take place for the categories:

1. K(Qryir) = K(Quoxnt) fork>2,1>2, and any m,n € N;
2. K(Qry1t) = K(Quxns) for k>3 and any m,n € N.

Proof. Since the majorization relation is transitive and K(Q,,, xn,+) = K(QmyxnoL)
for m1 > mo and ny > ns, it remains to prove that

a‘) K:(QZXZJ-) - K:(menl-);
b) K:(Q(m-fl)xli) - K:(meni)v
¢) K(Qsx1+) = K(Q2xa1).

Ad a) Follows from Example 2 and Theorem 1.
Ad b) Suppose we have an ensemble ’C(Q(m-ﬂ)xﬁ) given by the matrix

by by ... bt

R * % *

and the relation A*A = e,. Construct the derived quiver Q" = @, ., ,, where
z = (T1,%2,...,%n), T; #xj for i # j, 0 < x; < 1. As a result we get the ensemble
al PRI an
b1 11 ... O1p
B = , B*

b lmi -+ Cmn
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with the relation

ai A,

ar |(1 = 2})ea,

BB =: w0

an (1 —22)eq,

2

By replacing, in the category K(Q’), the generators a;; with 3;; = /4 /1 — a2, we

j7
get the ensemble Q,,, .. Consequently, by Theorem 1, we see that ’C(Q(m+1)X1L) -
-~ ’C(meni)

Ad c) Let @ = Qzx1+. As in b), construct the derived quiver Q. ., where z =

= (x17x2)7 I # o, O < XT; < 1. We see that ’C(Q/) = ’C(QQXQJ-) a‘l’j[d‘7 Consequently7
K(Qs3x1+) = K(Q2x2+) by Theorem 1. 0O

We also have the following theorem.

Theorem 3. The category K(Qpy;r) is *-wild if and only if k > 2 and 1 > 2, or
k> 3.

Proof. The proof is actually given in [1] when proving Theorem 4.
Let Fo = C < ug, ug | wjuf = uju; = e >. Let us show that K(Qsy 1) = C*(Fz).
Suppose K(Q3x11) is given by the ensemble A*, A with

b1 by b3

* k% ok
A" = ala; abaf| .

Set

aiazasaqas

a1 a2 a3 a4 G5

p(H)

22) bgl) e0eee

b;710 e 0 0 O 1 @) 1
U(a) = N V(az) = by”|02e e us 0 N

510 02e0 0

®)
510 0 03e0 7[00 € 0w

U(asz) = /T —U(a1)* ¥lay) — U(az)* ¥(as),

where I = diag {e, e, e, e, e} and N is chosen so that [|¥(aq)*U(ay)— P (a)* P (as)]| <
< 1 in the matrix algebra Ms5(C*(F2)). It can be directly checked that the functor
Fy: Rep (C*(F2)) — Rep(Q3x;+) is univalent and full. Finally, the proof of the
theorem follows from Theorem 2. O
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